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Abstract

Weaddressthestructure-from-motionproblemin thecontext of headmodelingfromvideosequences
for whichcalibrationdatais notavailable.Thistaskis madechallengingby thefactthatcorrespondences
aredif�cult to establishdueto lack of textureandthata quasi-euclideanrepresentationis requiredfor
realism.

We have developedanapproachbasedon regularizedbundle-adjustment.It takesadvantageof our
rough knowledgeof the head's shape,in the form of a genericfacemodel. It allows us to recover
relative head-motionandepipolargeometryaccuratelyandconsistentlyenoughto exploit a previously-
developedstereo-basedapproachto headmodeling.In thisway, completeandrealisticheadmodelscan
be acquiredwith a cheapandentirely passive sensor, suchasan ordinaryvideo camerawith minimal
manualintervention.

Wechoseto demonstrateandevaluateour techniquemainly in thecontext of head-modeling.Wedo
sobecauseit is theapplicationfor which all the tools requiredto performthecompletereconstruction
areavailableto us. We will, however, arguethat theapproachis genericandcouldbeappliedto other
tasks,suchasbodymodeling,for whichgenericfacetizedmodelsexist.

1 Intr oduction

In earlierwork, we have proposedan approachto �tting complex headanimationmodels,including ears
andhair, to registeredstereopairsandtriplets. Here,we extendthis approachsothat it cantake advantage
of imagesequencestakenwith asinglecamera,without requiringcalibrationdata.

Ourchallenge,here,is to solve thestructurefrom motionproblemin acasewhere

� Correspondencesarehardto establishandcanbe expectedto be neitherprecisenor reliabledueto
lackof texture.

� A Euclideanor Quasi-Euclidean[Beardsley et al., 1997] reconstructionis requiredfor realism.
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� The motion is far from being optimal for most of the auto-calibrationtechniquesthat have been
developedin recentyears.

To overcomethesedif�culties, we have developedanapproachbasedon bundle-adjustmentthat takes
advantageof our roughknowledgeof the face's shape,in the form of a genericfacemodel, to introduce
regularizationconstraints.This hasallowedusto robustly estimatetherelative headmotion. Theresulting
imageregistration is accurateenoughto usea simple correlation-basedstereoalgorithm to derive 3–D
informationfrom thedata.Wecanthen�t a3–Dfacialanimationmask[Kalraetal., 1992] usingourearlier
work [FuaandMiccio, 1998,FuaandMiccio, 1999].

We choseto demonstrateandevaluateour techniquemainly in thecontext of head-modelingbecause
it is the applicationfor which we have all the tools requiredto performthecompletereconstructiontask.
However, thedif�culties discussedabove arenot speci�c to headmodelingandarepervasive. In thatsense
thesolutionweproposeis generic:It is applicableto any modelingproblemfor whicharoughshapemodel
is available.

Ourcontribution is arobustalgorithmthattakesadvantageof ourgenericknowledgeof theshapeof the
objectto be reconstructed,in this work a head,to effectively recover bothmotionandshapeeven though
the imagestypically exhibit little textureandarethereforehardto match.Furthermore,this techniquehas
beenfully integratedinto a completeapproachthat goesfrom imagesto high-quality modelswith very
little manualintervention.Thus,we cancreaterealisticandsophisticatedanimationmodelsusinga cheap,
entirelypassive andreadilyavailablesensor.

As moreandmorepeoplehave videocamerasattachedto their computers,our approachwill beusable
to quickly produceclonesfor video-conferencingpurposes.It will alsoallow theexploitationof ordinary
moviesto reconstructthefacesof actorsor famouspeoplethatcannoteasilybescannedusingactive tech-
niques,for examplebecausethey areunavailableor long dead.

In theremainderof thispaper, we�rst describerelatedapproachesto relative-motionrecoveryandhead
modeling. We thenintroduceour own approachto registrationanddemonstrateits robustnessusingreal
video sequences.Next, we show reconstructionsobtainedby usingthesemotion estimatesto registerthe
images;deriving 3–D informationby treatingconsecutive imagesasstereopairs;and,in theend,�tting the
animationmaskto the3–D data. Finally, we usesyntheticandMonteCarlo simulationsto show that the
assumptionswe make in this papercanbeexpectedto hold for typical cameracon�gurations. Our earlier
�tting procedure[FuaandMiccio, 1999] is describedbrie�y in theappendix.

2 RelatedWork

2.1 Bundle-Adjustment and Autocalibration

Bundle-adjustmentis a well establishedtechniquein the photogrammetriccommunity[GruenandBeyer,
1992]. However, it is typically usedin a context, mappingor close-rangephotogrammetry, wherereliable
andprecisecorrespondencescanbeestablished.Also,becauseit involvesnonlinearoptimization,it requires
goodinitialization for properconvergence.

Lately, it hasbeenincreasinglyusedin the computervision communityto re�ne the outputof auto-
calibrationtechniques.Thereagain,however, mostresultshave beendemonstratedin man-madeenviron-
mentswherefeaturepointscanbereliably extractedandmatchedacrossimages.Onecannotassumethat
thoseresultscarryover directly in thecaseof ill-texturedobjectsandlow qualitycorrespondences.
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Theseauto-calibrationtechniqueshave beenthe objectof a tremendousamountof work [Faugeraset
al., 1992,Hartley et al., 1992,LuongandViéville, 1996,Triggs,1997,Pollefeys et al., 1998] andeffective
methodsto derive the epipolargeometryand the trifocal tensorfrom point correspondenceshave been
devised [Zhanget al., 1995,FitzgibbonandZisserman,1998]. However, mostof thesemethodsassume
thatit is possibleto runaninterestoperatorsuchasacornerdetector[Pollefeys etal., 1998,Fitzgibbonand
Zisserman,1998] to extract from oneof the imagesa suf�ciently large numberof pointsthat canthenbe
reliablymatchedin theotherimages.However, whenusingimagessuchastheonesshown in Figure1, we
cannotdependonsuchinterestpointsbecausefacesexhibit too little texture.Wemustexpectthatwhatever
pointsweextractcanonly bematchedwith relatively little precisionandahigh probabilityof error.

(a)

(b)

Figure1: Inputvideosequences:Five out of nineconsecutive imagesof a shortvideosequencesof two different
people.Theimagesareof size376� 258and488� 208respectively

Autocalibrationalgorithmstendto be sensitive to sucherrors,as illustratedby Figure2. We treated
threeconsecutive imagesin the video sequenceof Figure1(b) astwo independentstereopairsthat share
thecentralimageandranZhang's imagematcher[Zhanget al., 1995] independentlyon both imagepairs.
Theresultingepipolargeometryis depictedby Figure2(b,d).Theseimageswereacquiredin our labwith a
relatively long focal lengthandtheheadmotionwascloseto beinghorizontal.Consequently, theepipolar
linesshouldalsobealmosthorizontalandtheepipolesshouldbevery far away. Theepipolargeometryof
Figure2(b,d) is, therefore,clearly wrong. Of course,we want to stressthat this exampleis not meantto
belittle in any way the quality of Zhang's algorithmthat hasbeenacknowledgedasoneof the bestof its
kind.1 Visualinspectionof thecorrespondencesshowsvery few mismatches.But, asfor mostalgorithmsin
thisclass,evenrelatively minormatchingerrorscancreatemajorproblems.

To someextent, this problemcanbealleviatedby usingmorethantwo imagesat a time [Beardsley et
al., 1997]. However, in our case,this approachcanonly beof limited usebecausetypical shortsequences
of moving faces,suchastheonesshown in Figure1, oftenfail to exhibit rotationalmotionabouttwo truly
independentaxes.As a result,thecorrespondingcamerageometriesarecloseto beingdegeneratefor these
methods[Sturm,1997,Zissermanetal., 1998].

1It alsohasthegreatmerit of beingfreelyavailableon thewebandwe arepreparedto make ourssimilarly availablefor testing
andcomparisonpurposes.
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(a) (b) (c) (d)

(e) (f) (g)

Figure2: Computingtheepipolargeometrywithout andwith a model.(a,b)RunningZhang'salgorithm [Zhang
et al., 1995] on two consecutive imagesof thevideosequenceof Figure1(b). Thematches,shown as
numberedcrosses,aremostly correct. However, the epipolargeometry, depictedby the solid lines is
not. (c,d) The outputof an independentrun of Zhang's systemon a differentimagepair. (e,f,g) The
epipolargeometryrecoveredby thealgorithmdescribedin thispaper. Thelinesin (e,g)aretheepipolar
linesthatcorrespondto thecrossesin (f).

In short,while thestructure-from-motionproblemis well understoodfrom a theoreticalpoint of view,
model-freetechniquesaretoosensitive to noiseto bedirectlyapplicablebothto ourspeci�c problemandto
all modelingtasksthatinvolve thedif�culties describedin theintroduction.

In thecaseof headtracking,a generic2–D facemodelcanbe usedto estimateroughlyestimatepose
from appearance[Lanitis et al., 1995]. However for 3–D reconstructionpurposesandmore precisees-
timation, usinga 3–D model is, in general,moreeffective. JebaraandPentland[1997] introduceshape
constraintsbasedon allowabledeformationmodesderivedfrom a collectionof Cyberwaretm scansof real
heads.Whensucha databaseis available,this certainlyis aneffective approach.However, to make it fully
general,onewould requirelarge numberof instancesof the target object,makingit dif�cult to derive in
practice.

By contrast,in thiswork,wewill show thatasimple,andeasilyobtainable,facetizedmodelcanbeused
to deriveeffectiveshapeconstraints.Thesearekey to apracticalsolutionof our reconstructionproblem.As
shown in Figure2(e,f,g),by usingtheseconstraints,wecanrecover a consistentepipolargeometry. This is
crucial for us becausewe treatconsecutive imagesin a sequenceasstereopairsthatprovide the3-D data
requiredto computetheresultsof Section4.
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2.2 HeadModeling

In recentyearsmuch work hasbeendevoted to modelingfacesfrom imageand rangedata. Thereare
many effective approachesto recoveringfacegeometry. They rely onstereo[DevernayandFaugeras,1994,
Fua and Leclerc, 1995], shading[Leclerc and Bobick, 1991, Samarasand Metaxas,1998], structured
light [Proesmanset al., 1996], silhouettes[Tangand Huang,1996] or low-intensity lasers. However, if
thegoal is to �t a full animationmodelto thedata,recoveringtheheadasa simpletriangulatedmeshdoes
not suf�ce. To be suitablefor animation,sucha modelmusthave a large numberof degreesof freedom.
Someapproachesusevery cleandata—thekind producedby a laserscanneror structuredlight—to instan-
tiate them[Lee et al., 1995]. Among approachesthat rely on imagedataalone,many requireextensive
manualintervention,suchassupplyingsilhouettesin orthogonalimages[LeeandThalmann,1998] or point
correspondencesin multiple images[Pighinetal., 1998].

Successfulapproachesto automatingthe�tting processhave involved theuseof optical �o w [DeCarlo
andMetaxas,1998] or appearancebasedtechniques[Kang,1997] to overcomethefactthatfaceshave little
textureandthat,asa result,automaticallyandreliably establishingcorrespondencesis dif�cult. This latter
techniqueis closelyrelatedto oursbecauseheadshapeandcameramotion arerecoveredsimultaneously.
However, theoptical�o w approachavoidsthe“correspondenceproblem”atthecostof makingassumptions
aboutconstantilluminationof thefacethatmaybeviolatedastheheadmoves.This tendsto limit therange
of imagesthatcanbeused,especiallyif thelighting is notdiffuse.

More recently, anotherextremelyimpressive appearance-basedapproachthat usesa sophisticatedsta-
tistical headmodelhasbeenproposed[BlanzandVetter, 1999]. This modelhasbeenlearnedfrom a large
databaseof humanheadsandits parameterscanbe adjustedso that it cansynthesizeimagesthat closely
resemblethe input imageor images.While the resultareoutstandingeven whenonly oneimageis used,
therecoveredshapecannotbeguaranteedto becorrectunlessmorethanoneis used.Becausethemodelis
Euclidean,initial cameraparametersmustbesuppliedwhendealingwith uncalibratedimagery. Therefore,
thetechniqueproposedherecouldbeusedto initialize theBlanz& Vettersystemin anautomatedfashion.
In otherwords,if we hadhadtheir model,we couldhave usedit to develop the techniquedescribedhere.
However, for practicalreasons,it wasnotavailable.Instead,weusedthemodeldescribedbelow.

2.3 FaceModel

In this work, we use the facial animationmodel that hasbeendevelopedat University of Geneva and
EPFL [Kalra et al., 1992]. It canproducethe different facial expressionsarisingfrom speechandemo-
tions. Its multilevel con�guration reducescomplexity andprovidesindependentcontrol for eachlevel. At
the lowestlevel, a deformationcontrollersimulatesmuscleactionsusingrationalfree form deformations.
At a higherlevel, thecontrollerproducesanimationscorrespondingto abstractentitiessuchasspeechand
emotions.

Thecorrespondingskin surfaceis shown in its restpositionin Figure3(a,b). We will refer to it asthe
surfacetriangulation. Our goal is to deformthesurfacewithout changingits topology. This is important
becausethefacialanimationsoftwaredependson themodel's topologyandits con�guration �les mustbe
recomputedevery time it is changed,which is hardto do on anautomatedbasis.
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(a) (b) (c) (d) (e)

Figure3: Animationmodel.(a)Wireframemodelusedto animatecompleteheads.(b) Shadedview of themodel
(c) Regularsamplingof thefaceusedto performbundleadjustment.(d) Shadedview of theresampled
triangulation.(e)Controltriangulationusedto deformtheface.

3 RelativeMotion Recovery

Ourcompleteapproachto head-modelingis summarizedby Figure4(a).Ourearlierwork [FuaandMiccio,
1998,FuaandMiccio, 1999] assumedcalibratedimages.In this section,we focuson the implementation
andevaluationof aregularizedbundle-adjustmenttechniquethatallowsustoperformthistaskin theabsence
of calibrationdata.Figure4(b)depictsgraphicallythestepsof thisprocedureandwedescribethemin detail
below.

Hair Texture Map

Generic Hair Model

Complete Head Model

Generic Face Model

Face Texture Map

Fitted Face Model Fitted Hair Model

Bundle Adjust.

2D Silhouettes3D Attractors

Images

Disparity Maps
Additional Feature Points

5 Required Feature Points

Image Triplet

Bundle Adjustment

Vertex Matching

Vertex Projection

Rough Allignment

 

  (In one image only)

5 Required Feature Points

Generic Face Model

(a) (b)

Figure4: Headmodelingprocedure:(a)Flow chartof thewholeprocedure.Themanuallyandsemi-automatically
entereddataappearson theright hand-side.The locationof 5 2-D pointsmustbesupplied,the restis
optional. The dottedrectanglein the diagram's upperleft sideencompassesthe regularizedbundle-
adjustmentprocedurethatthis paperfocuseson. It is depictedin moredetailsin (b). (b) Flow chartof
thebundle-adjustmentprocedureitself asdescribedin Section3.

Here,we choosesequencesin which thesubjectskeepa fairly neutralexpressionandwe treatthehead
asa rigid object.Weassumethattheintrinsiccameraparametersremainconstantthroughoutthesequence.
In theory, givenhigh precisionmatches,bundle-adjustmentcanrecover bothintrinsic parametersandcam-
eramotion [GruenandBeyer, 1992]. The sameholdstrue for recentauto-calibrationtechniquesbut, as
discussedin Section2.1,typicalvideosequencesof headimagesarecloseto exhibiting degeneratemotions
as far as thesetechniquesareconcerned[Sturm,1997,Zissermanet al., 1998]. Thereagain,extremely
precisematcheswouldberequired.
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In practice,however, faceimagesexhibit little texture andwe mustbe preparedto dealwith the po-
tentially poor quality of the point matches.Therefore,we have chosento roughly estimatethe intrinsic
parametersandto concentrateoncomputingtheextrinsiconesusingbundle-adjustment:Weuseanapprox-
imatevaluefor thefocal lengthandassumethattheprincipalpoint remainsin thecenterof theimage.

By sodoing,we generate3–D modelsthataredeformedversionsof therealheads.Whenthemotion
betweenthe cameraviewpoints is a puretranslationor the camerasareassumedto be orthographic,this
deformationcanbeshown to beanaf�ne transform[LuongandViéville, 1996]. In thegeneralcase,how-
ever, the useof approximateinternalparameterscausesviolationsof the epipolargeometry. It hasbeen
shown [Baratoff andAloimonos,1998] that reconstructionerrorscausedby suchviolationscan,in some
cases,bemodeledasaCremonatransform,which is quadratic.

In thissection,we userealvideosequencesto show that,in practice,thedeformationis still adequately
modeledby an af�ne transform. In Section5, we will usesyntheticdataandMonte Carlosimulationsto
verify that, for typical cameracon�gurations,modelingthedeformationasanaf�ne oneis, in general,an
excellentapproximation.Furthermore,theclosertheapproximatevalueof thefocal lengthto its truevalue,
thecloserthataf�ne transformis to beingasimplerotation,translationandscaling.In otherwords,thefact
thatour resultsarepreciseupto anaf�ne transformthatdoesnotdeformthefaceseverelyis noaccidentand
doesnot dependon thespeci�c geometryof thesequencesusedhere.We will alsoarguethattherelatively
poorqualityof thematchesthatcanbeobtainedona facecauseimprecisionsin motionrecovery thatareat
leastassevereasthoseproducedby theuseof approximateintrinsic cameraparameters.Therefore,there
is no compellingreasonto useamoresophisticatedapproachto cameramodelrecovery—forexample,one
thatcanalsorecover theinternalcameraparameters,aslongastheprecisionof thepointmatchescannotbe
drasticallyimproved.

3.1 Initialization

Onewell known limitation of bundle-adjustmentalgorithmsis thefactthat,in orderto ensureconvergence,
onemustprovide initial valuesfor bothcamerapositionsandthex, y, andz coordinates,whichshouldnot
betoo far from their truevalues.

To initialize theprocessfor avideosequencesuchastheonesdepictedby Figure1, wemanuallysupply
theapproximate2–D locationof � ve featurepointsin onereferenceimage:nosetip, outercornersof the
eyesandoutermouthcorners,asshown in Figure5(a). Note that we supply2–D locationsin oneimage
only, which is very easy, asopposedto trying to manuallyregisterthe points,which would requiremuch
morework if onewantedto do sowith any degreeof accuracy.

We usuallychooseasour referenceimageonein which thesubjectfacesthecameraandwe take this
imageto be imagenumberone. The systemthenautomatically�nds the positionandorientationof the
centralcamerathatbringsthekeypoints' projectionsascloseaspossibleto thosepositions.

Thisguaranteesthatpointsonthe3–Dfacemodelroughlyprojectontheimagedface.Wethenestimate
the positionsandorientationsfor the two imageson eithersideof the centralimage,asdescribedin the
following section.

3.2 Bundle-Adjustment usingApproximate Inter nal Parameters

To estimatethepositionsandorientationsfor thetwo imagesoneithersideof thecentralimage,webegin by
retriangulatingthesurfaceof thegenericfacemodelof Figure3(a,b)to producetheregularmeshdepicted
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(a) (b) (c) (d)

Figure5: Tie points:(a)The� vemanuallysuppliedkeypointsusedto computetheorientationof the�rst camera.
(b) Theprojectionsof theverticesof thebundle-adjustmenttriangulationof Figure3. (c) into thecentral
imageof Figure 1(a). (c,d) Matching points in the imagesimmediatelyfollowing and immediately
precedingthecentralimageof Figure1(a)in thesequence.Thesecorrespondenceshavebeencomputed
usinga simplecorrelationalgorithmandtakevisibility constraintsfor thecentralimageinto account.

by Figure 3(c,d) that we call the bundle-adjustmenttriangulation. As shown in Figure 5(b), our initial
orientationchoiceguaranteesthatthebundle-adjustmenttriangulation's verticesprojectionsroughlyfall on
theface.Wematchtheseprojectionsinto theotherimagesusingasimplecorrelation-basedalgorithm[Fua,
1993]. Figure5(c,d)depictstheresults.For eachof thesetie points,wewrite two observationequations:

Pr j
u(x i ; yi ; zi ) = uj

i + � u j
i

(1)

Pr j
v(x i ; yi ; zi ) = vj

i + � vj
i

where(uj
i ,vj

i ) is theexpectedprojectionof point i in imagej , thatis,oneof thewhitedotsin Figure5(b,c,d);
Pr j

u(x; y; z) andPr j
v(x; y; z) denotethetwo imagecoordinatesof theactualprojectionof point (x i ; yi ; zi )

in imagej usingthecurrentestimateof thecameramodels;and,� u j
i
; � vj

i
theprojectionerrorsto bemini-

mized.For eachj , Pr j
u andPr j

v dependon thesix externalparametersthatde�ne thecamerapositionand
orientation.

Given n tie pointsthatprojectin the threeimages,the positionparameterscanbe recoveredby mini-
mizing theobservationerrorsin theleastsquaresense,thatis by minimizing theobjective functionE:

E =
X

1� i � n

wi ei (2)

ei =
X

1� j � 3

� j
i ((Pr j

u (x i ; yi ; zi ) � uj
i )2 + (Pr j

v (x i ; yi ; zi ) � vj
i )2)) ;

with respectto six externalparametersof eachcameraandof thex, y andz coordinates.� j
i is eitherzero

or onedependingon whetherthetie point i is visible in imagej or not. w i is a weightassociatedto point
i . It is initially taken to be1 for all pointsandis thenadjustedasdiscussedbelow. Thesolutioncanonly
be foundup to a global rotation,translationandscaling. To remove this ambiguity, we �x thepositionof
the �rst cameraandoneadditionalparametersuchasthedistanceof onevertex in the triangulation.The
unknown parametersthereforearethe12 externalparametersof thesecondandthird cameraandthen x, y
andz coordinates.
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In practice,we representthecameramodelsfor all thecamerasas3x4 projectionmatrices.Thealgo-
rithm goesthroughthefollowing steps:

1. Generateaninitial 3x4 projectionmatrix for the�rst camerawith theprincipalpoint in thecenterof
theimage.

Pr j =

�
�
�
�
�
�
�

f ' 0 xdim/2 0
0 f ' ydim/2 0
0 0 1 0

�
�
�
�
�
�
�

; (3)

wherexdim; ydim aretheimagedimensionsandf 0 is anapproximationof thetruecameraconstant,
i.e. focal lengthtimesascalefactor, f , expressedherein pixelspermillimeter.

2. Computea 4x4 rotation-translationmatrix M suchthat the� ve keypointsof Figure5(a)oncemulti-
pliedby thismatrixprojectascloseaspossibleto thehand-pickedlocationsin thecentralimage.The
3x4matrix thatrepresentsthecameramodelfor the�rst imageis thenbetakento beTr = Pr j � M ,
ensuringthatthe � ve keypointsprojectin thevicinity of the� ve hand-picked locations.As a conse-
quence,all theotherverticesof thebundle-adjustmenttriangulationalsoprojectontheface,asshown
in Figure5(b). Theseprojectionsaretakento betheu1

i ; v1
i of Equation2. We thenmatchthepoints

that areexpectedto be visible in the two imagesthat immediatelyprecedeandsucceedthe central
imagein thevideosequence.We usea simplecorrelation-basedalgorithm[Fua,1993] to obtainthe
(uj

i ; vj
i )2� j � 3 of Equation2. Figure5(c,d)depictstheresults.Notethatnotall thepointsarematched

andthatthereis anumberof erroneousmatches.

3. Take theinitial positionsof theothercamerasto beequalto thatof the�rst.

4. Given theseinitial values,usethe Levenberg-Marquardtalgorithm [Presset al., 1986] to minimize
the objective function E of Equation2 with respectto the camerapositionsandthe tie points' 3–D
coordinates.

This yields thecameramodelsfor the two imageson eithersideof the centralimageandan estimate
of thebundle-adjustmenttriangulation's shape.To computethefollowing camerapositions,theimageim-
mediatelysucceedingthecentralimagebecomesthenew centralimage.We projectthebundle-adjustment
triangulation's verticesinto it, computethematchingpointsin the imagethat follows in thesequenceand
rerunthebundle-adjustmentalgorithmto computethepositionof thecorrespondingcamera.We theniter-
ateuntil theendof thesequence.We proceedsimilarly for theimagesthatprecedethecentralimagein the
sequence.

3.3 Robust Bundle-Adjustment

The procedureoutlinedabove is genericbundle-adjustment[GruenandBeyer, 1992], with �x ed intrinsic
parameters.If thecorrespondenceswereperfect,this wouldbesuf�cient to retrieve themotionparameters.
However thepointcorrespondencescanbeexpectedto benoisyandto includemismatches.To increasethe
robustnessof ouralgorithm,we augmentthestandardprocedurein two ways:
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1. Iterati ve reweightedleast squares. Becausesomeof the point matchesmay be spurious,we usea
variantof the Iterative ReweightedLeastSquares[BeatonandTurkey, 1974] technique.We �rst run the
bundleadjustmentalgorithmwith all theweightswi of Equation2 setequalto 1. We thenrecomputethese
weightssothatthey areinverselyproportionalto the�nal residualerrors.We minimizeour criterionagain
usingthesenew weightsanditeratethewholeprocessuntil theweightsstabilize.This typically takesthree
iterations.Morespeci�cally, for eachtie point,wecomputetheaverageresidualerror� i :

P
j � j

i (Pr j
u (x i ; yi ; zi ) � uj

i )2 + (Pr j
v (x i ; yi ; zi ) � vj

i )2

P
j � j

i

:

Wethentakewi to beexp( � � i
� i

), where� i is themedianvalueof the� i for 1 � i � n. In effect,weuse� i as
anestimateof thenoisevarianceandwe discountthein�uence of pointsthataremorethana few standard
deviationsaway.

2. Regularization. Thetie pointsaretheverticesof our bundle-adjustmenttriangulationandrepresenta
surfacethat is known to besmooth.We preventexcessive deformationby addinga regularizationtermED

to theobjective functionE of Equation2.

To computethis term,we �rst rewrite ourobservationequationsas:

Pr j
u(x i + dxi ; yi + dyi ; zi + dzi ) = uj

i (4)

Pr j
v(x i + dxi ; yi + dyi ; zi + dzi ) = vj

i

wherex i ; yi ; zi arethevertex coordinatesthatarenow �x edanddx i ; dyi ; dzi aredisplacementsthatbecome
theactualoptimizationvariables.

If thesurfacewerecontinuous,we could take ED to bethesumof thesquareof derivativesof thedx i ,
dyi anddzi acrossthesurface.Weapproximatethisby treatingthebundle-adjustmenttriangulation's facets
asC0 �nite elementsandevaluatingED asfollows. We introduceastiffnessmatrixK suchthat

ED = 1=2(dX t K dX + dY tK dY + dZ t K dZ ) (5)

approximates[Zienkiewicz, 1989] the sum of the squareof the derivatives of displacementsacrossthe
triangulatedsurfacewhendX , dY , anddZ arethevectorsof thedx i , dyi anddzi . In otherwords,ED is the
discretizationof

ZZ " �
@dX (u; v)

@u

� 2

+
�

@dY (u; v)
@v

� 2

+
�

@dZ (u; v)
@v

� 2
#

du dv :

Wecannow enforcesmoothnessby minimizing theregularizedobjective functionET :

ET = � ED +
X

i

wi ei (6)

ei =
X

j

� j
i ((Pr j

u(x i + dxi ; yi + dyi ; zi + dzi ) � uj
i )

2

+ (Pr j
v(x i + dxi ; yi + dyi ; zi + dzi ) � vj

i )2) ;

where� is a smoothingcoef�cient. As will be shown below, the result is not very sensitive to the exact
choiceof � andwe take it to be1.0by default.
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(a) (b) (c)

(d) (e) (f)

Figure6: Comparisonwith laserscannerdata: (a) Pro�le view of the bundle-adjustmenttriangulationof Fig-
ure3(c,d)beforeadjustment.(b,c)Frontalandpro�le view of thebundle-adjustmenttriangulationafter
bundleadjustmentbut before stereoreconstruction.(d) Laserscanneroutput. (e) Bundle-adjustment
triangulationof (b,c),af�ne transformedto beascloseaspossible,in theleast-squaressense,to (d), the
scanner'soutput.Thedeformationwith respectto (b,c)is mild andcloseto beingasimplescalingalong
thecoordinateaxes.(f) Recoveredrelativecamerapositionsfor thewholesequence.

In Section5 we will usesyntheticdatato show that this “regularizedbundle-adjustment”workswell in
thepresenceof both signi�cant tie pointscoordinatesimprecisionandof ratesof mismatchesof up to 30
%, whereasthestandardimplementationof bundle-adjustmentbreaksdown completely. In thecaseof the
imagetripletof Figure5,ourprocedureyieldsthebundle-adjustmenttriangulationdepictedby Figure6(b,c).

To quantifyourresult'squality, wehaveusedaMinoltatm laserscannerto acquirethemodelof thesame
headshown in Figure6(d). Thetheoreticalprecisionof thelaseris approximately0.3millimetersandit can
thereforebeconsideredasareasonableapproximationof groundtruth. Of course,in practice,eventhelaser
exhibits a few artifacts.However, sincethetwo reconstructionmethodsarecompletelyindependentof one
another, placesof agreementarevery likely to becorrectfor both.

To show that thedeformationinducedby our arbitrarychoiceof internalcameraparametersis indeed
closeto beingasanaf�ne transformation,wehave computedtheaf�ne transformA thatbringsthebundle-
adjustmenttriangulationclosestto the laser-scannermodel. As shown in Figure 6(e), the deformation
introducedby the af�ne transformis relatively mild. In fact, it canbe closelyapproximatedby a scaling
alongeachof thecoordinateaxes.Note,however, thattheresultingmaskstill doesnot seemvery realistic:
Thisis to beexpectedsinceweonly gatherinformationattheverticesof thebundle-adjustmenttriangulation
andnowhereelse. It is for this reasonthat thefurther �tting stepof Section4 is requiredto exploit all the
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availablestereodata.
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Figure7: Quantitative evaluationof the bundle-adjustmentalgorithm. (a) For the subjectof Figure1(a), pro-
portionof the3–D pointsin the laseroutputthatarewithin a givendistanceof thebundle-adjustment
triangulation,after it hasbeendeformedusinganaf�ne transform.We show threealmostsuperposed
curvescorrespondingto threedifferentvaluesof the regularizationparameter� . The fourth curve de-
picts theequivalentresultobtainedby �xing the3–D locationof thebundle-adjustmenttriangulation's
vertices. (b) Graphicdepictionof the distances.The surfaceof the laseroutput is intensity-codedso
that the white areasarethosethat arefurthestaway from the bundle-adjustmenttriangulation. White
correspondsto anerrorgreaterthan5 millimeters.(c,d)Samething for thesubjectof Figure1(b)

For amorequantitative estimate,weplot theproportionof 3–Dpointsin thelaseroutputthatarewithin
a given distanceof the deformedbundle-adjustmenttriangulation. We have performedthis computation
for threedifferentvalues—0.5,1.0,and2.0—of theregularizationparameter� . Theresultingplot appears
in Figure7(a). We have alsorepeatedthis entireprocedurefor thesubjectof Figure1(b), resultingin the
graphsof Figure7(c). Notethat:

1. For bothfaces,thethreecurvesareessentiallysuperposed,indicatingtherelative insensitivity of the
bundle-adjustmentprocedureto thevalueof � . Thecorrespondingmedianreprojectionerrorsarein
theorderof 0.25pixels,whichguaranteesagoodandconsistentepipolargeometry.

2. The mediandistancein all casesis approximately1 millimeter which, given the camerageometry,
correspondsto a shift in disparityof lessthan1/5 a pixel. Thesedistancesfor � = 1:0 appearin the
�rst columnof Table1. Theprecisionof thecorrelationbasedalgorithmweuseis in theorderof half
a pixel, outliersexcluded[Fua,1993]. We thereforeconcludethatour bundleadjustmentalgorithm
performsaneffective androbustaveragingof theinputdata.

3. However, if � becomestoo large,thebundle-adjustmenttriangulationbecomesrigid. Its shapecannot
adaptto matchthatof the face;thereprojectionerrorsof Equation2 becometoo big to guaranteea
satisfactoryepipolargeometry. To illustratethis point, in eachgraph,we have plotteda fourth curve
thatcorrespondsto theresultobtainedby �xing thebundle-adjustmenttriangulation's shapeinsteadof
allowing it to deform.Thereprojectionerrorsgrow muchlarger(> 1 pixel) andtheresultingepipolar
geometrystopsbeinggoodenoughfor high qualityEuclideanreconstruction.

To estimatenumericallythe severity of the shapedeformationprovoked by our procedurewe proceedas
follows: Given the the af�ne transformA representedby a 4 � 4 matrix, we perform a singularvalue
decompositionof its rotationalcomponent.This yieldsU tDV whereU andV are3 � 3 rotationmatrices
andD is a3� 3 diagonalmatrix. If A wereapurerotation,translationandscaling,all theeigenvaluesof D
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f 0 = 4200
Mediandist. after
Bundle-Adjust.

Deformationafter
Bundle-Adjust.

Mediandist. after
Model Fitting

Deformationafter
ModelFitting

Headof Fig. 1(a) 0.90mm 1.19 0.83mm 1.13
Headof Fig. 1(b) 1.10mm 1.09 0.92mm 1.14

Table1: Metric comparisonagainstthescanner'soutput.(Column2) Mediandistanceof thebundle-adjustment
triangulation's verticesto thescannedsurfaceafter af�ne transformation.(Column3) Measureof the
deformationproducedby this af�ne transformation.(Column4,5) Equivalentmeasuresfor the �nal
surface-triangulation.

wouldbeequalto thescalingfactor. Thus,we take theratioof D 'smaximumto minimumeigenvalueto be
ameasureof how muchA deformstheshape.Theresultsareshown in thesecondcolumnof Table1.

In theexamplesshown here,we have systematicallytaken theapproximatefocal lengthof Equation3
to bef 0 = 4200. Figure8 shows theeffect of changingthevalueof f 0. Usingthe imagesof Figure5, we
performedthesamecomputationfor valuesof f 0rangingfrom 3500to 5000.Weplot here
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Figure8: Changingthevalueof f 0 in the bundle-adjustmentprocedure.AFF, DEF, andPRJ, aredescribedat
theendof Section3.3. They areshown hereasfunctionsof f 0 in (a),(b),and(c), respectively.

AFF : themediandistancein mm of thescanneroutputverticesto theaf�ne transformedtriangulation;

DEF : theseverity of theshapedeformation,measuredasdescribedabove;

PRJ : the reprojectionerror in pixel, that is, the mediandistanceof the bundle-adjustmenttriangulation
vertices's projectionsto theexpectedvalues,suchasthewhitedots' locationin Figure5.

Forveri�cation purposes,wehavecalibrated—withoutusingthecalibrationdatain anyof ourcomputations—
thecamerausedto acquirethesequencesof Figure5 usingtheINRIA CamCalpackage[TarelandVezien,
1996]. It yields a valueof f approximatelyequalto 4000. It is only approximatebecause,CamCal,in
effect, canalsotradechangesin thevalueof f againstchangesof theestimateddistanceof thecamerato
thecalibrationgrid it uses.

In any event, thecurvesthat appearin Figure8 arerelatively �at in the vicinity of f = 4000andthe
correspondingvaluesof AFF, DEF, andPRJ, areentirelyconsistentwith thosefoundby runningMonte
Carlosimulations,aswill beseenin Section5.

By repeatingthis computationover all overlappingtriplets of imagesin the video sequenceswe can
computeall thecamerapositionsdepictedby Figure6(f). To ensureshapeconsistency acrossthesequence,
given a new triplet, we �x the camerapositionsfor the two imagesthat belongto a previous triplet and
allow only thethird oneto move. In effect, for eachnew image,wecomputethecamerapositiononly once
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and,then,�x it. In theory, onceall theimageshave beenregistered,we couldrerunour bundleadjustment
procedureusingall imagessimultaneouslybut wehave not foundthis to benecessaryin practice.

4 Re�ned HeadModels

(a)

(b)

Figure9: Fitting thecompleteanimationmask. (a) For the subjectof Figure1(a): The manuallysupplied2–D
featurespoints; shadedview of the completeheadmodel; the cylindrical texture map; and, textured
model. (b) For thesubjectof Figure1(b), themanuallysupplied2–D featurespoints; two shadedand
two texturedviewsof theheadmodel.

Given the cameramodelscomputedabove, we cannow recover additionalinformationaboutthe sur-
face.We usea simplecorrelation-basedalgorithm[Fua,1993] to computea disparitymapfor eachpair of
consecutive imagesin the video sequences.We thenturn eachvalid disparityvalueinto a 3–D point and
�t our animationmaskto these3–D pointsby minimizing anobjective function. This approachis depicted
by Figure4(a)andsummarizedin theappendix.For additionaldetails,we refertheinterestedreaderto our
earlierpublications[FuaandMiccio, 1998,FuaandMiccio, 1999]. Alternatively, we couldhave usedan
appearance-basedtechnique[Kang,1997,BlanzandVetter, 1999] thatoptimizesshapeandcameraposition
simultaneously. Becausesuchapproachesperformagradient-styleminimization,agoodstartingpointsuch
astheoneouralgorithmprovideswouldalmostcertainlybehelpful.

Figure9 depictsthe�nal modelsfor thetwo videosequenceswe have usedsofar. To ensurethatsome
of the key elementsof the face—cornersof the eyes,mouthandhairline—projectat the right places,we
have manuallysuppliedthelocationof theprojectionin oneimageof a few featurepointssuchastheones
shown in the�rst columnof Figure9: Our objective functionincorporatesa termthatforcestheprojection
of thegenericmask's correspondingverticesto becloseto them[FuaandMiccio, 1998,FuaandMiccio,
1999]. Note that the � ve manuallysuppliedpointsusedto initialize the bundle-adjustmentprocedureof
Section3.1, shown asdisks,form a subsetof thesefeaturepoints. In practice,we supplyall thesepoints
initially andthenlet thesystemrun automatically. To producethesefacemodels,themanualintervention
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Figure10: Quantitative andqualitative evaluationof thereconstructions'quality for bothsubjectsof Figure1. (a)
Proportionof 3–D laserpointsthat arewithin a givendistanceof theaf�ne-transformedfacesurface.
In both graphs,the solid line correspondsto the �nal headmodeland the dottedone to the bundle-
adjustmenttriangulationfor � = 1:0. (b) Pro�le imagesof both subjectsthat hasnot beenusedto
performthecomputation.(c) Thecorrespondingfacemodelshown in a similarpose.

requiredthereforereducesto supplyingthesefew pointsby clicking on their approximatelocationsin one,
andonly one,image,whichcanbedonequickly.

Becausestereotendsto fail in the hair regions, the shapeof the top of the headhasbeenrecovered
by semi-automaticallydelineatingin eachimageof thevideosequencetheboundarybetweenthehair and
thebackgroundandtreatingit asa silhouettethatconstrainstheshape[FuaandMiccio, 1998]. Giventhe
�nal headmodel,thealgorithmcreatesa cylindrical texturemap,suchastheoneshown in the�rst row of
Figure9.

In Figure10(a),weuseagaintheMinoltatm laserscanneroutputto evaluatethereconstruction's quality.
As in Section3.3, we computethe af�ne transformthat bestmapsthe reconstructedfaceonto the laser
outputandplot the proportionof 3–D laserpoints that arewithin a given distanceof the deformedface
surface. In bothcases,thecorrespondingcurvesappearsasa solid black line. For comparison's sake, we
alsoplot asa dottedline thecorrespondingdistribution for thebundle-adjustmenttriangulationin thecase
� = 1:0. As expected,usingadditionalstereodatahasbroughtan improvementasevidencedby the fact
that thesolid curve is above thedottedone. In the third columnof table1 we indicatethe corresponding
medianvaluesof thedistances.

To evaluatetheseresultsqualitatively, in Figure10, we show two side views of the headsthat have
not beenusedto performthecomputationandshow thereconstructedmodelsseenin a similar pose.Note
that thefaceoutlinescorrespondsquiteaccuratelyexceptwherestereocanbeexpectedto fail becausethe
surfaceslopesaway from thecamera:Bottomof thenoseandof thechin.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure11: A manwith a mustache.(a,b,c)Threecolor imagesof a sequenceof seven. (d) A pro�le view that
wasnot usedduring thecomputation.(e) Shadedview of the reconstructedmodel. Thepointson the
mustachearetreatedasoutliersandignored. (f,g,h) Texture-mappedviews of theheadmodel. In this
andfollowing �gures, theeyetexturecomesfrom astandardlibrary andcouldbeimprovedby usingthe
actualimagesof thecharacter'seyes.

In Figures11 and 12 we show additionalmodelsreconstructedfrom imagesacquiredwith a different
camera,a color one,but usingthe sameparametersfor our algorithm. All thesemodelscanbe animated
to producesyntheticexpressionssuchasthe onesshown in the �rst two rows of Figure12. Thesevideo
sequencesand3–D modelsareavailableon ourwebsiteligwww.ep�.ch/f̃ua/faces/.

To checktheapplicabilityof ourtechniqueto reconstructingfamousactorsfrom old movies,wescanned
a numberof scenesfrom “K ey Largo” with H. BogartandL. Bacalland“QueenChristine”with G. Garbo.
Obviously, mostof theshotscannotbeuseddirectlyby thetechniquedescribedin thispaperbecauseactors
talk or changetheir facialexpressions.However, all weneedis ashortclip, aboutonesecond,in which the
actorturnshisheadwithoutspeaking.In bothcases,wewereableto �nd andprocesssuchclips to generate
models.Unfortunately, we cannotshow theseresultsbecausethemovie companieshave not grantedusa
licenseto usetheimagesfor publicationpurposes.Nevertheless,aninterestingextensionof thiswork would
beto usethese3–Danimationmodelsto trackface'sdeformationasactorsexpresstheiremotionsand,thus,
learntheanimationparametersthatcouldbeusedto synthesizepersonalizedexpressions.

In future work, we plan to extendthis techniqueto whole body modeling,asillustratedby Figure13
and14. We foundthesestereopairson theweb. We manually, andvery roughly, aligneda genericfemale
torso model with the �rst imageof eachone. We then usedthis model as both our bundle-adjustment
triangulationand our surface triangulation: We projectedits verticesonto these�rst images,computed
matchesin thesecondandusedourregularizedbundle-adjustmenttechniqueto computetherelativeposition
of thecamera.We thenusedthis informationto rectify theimages,computea disparitymap,generate3–D
pointsanddeformthegenericmodel. In theabsenceof groundtruth, it is dif�cult to judgethequality of
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(a)

(b)

(c)

(d)

Figure12: Reconstructionandanimation.(a) Centralimageof a sequence,two texture-mappedviews of thecor-
respondingheadmodel;andtwo syntheticexpressions,openingof themouthandclosingof theeyes.
(b) Centralimageof anothersequence;threeviews of thecorrespondingheadmodel;anda synthetic
smile.(c,d)Reconstructedmodelsfor two additionalpeople

the resultbut the shapeappearsto be reasonableand,oncetexture-mapped,would look realistic. This is
very encouraginggiventhefact that,on theseimagepairs,Zhang's algorithm[Zhanget al., 1995] extracts
very few matchesandputstheepipoleswithin the images,which is clearlynot realistic. To extendthis to
full bodymodelingfrom videosequences,we intendto useanarticulatedbodymodel [Boulic et al., 1995,
Thalmannet al., 1996]. To accountfor thefact that thepersoncanmove, we will treatthe joint anglesas
variablesin theregularizedbundle-adjustmentminimization.

5 Validity of our Deformation Model

Therearetwo mainsourcesof errorsin our reconstructionprocedure:

1. Weuseapproximateinternalparametersfor thecameras.

2. The point matcheswe useas input to our bundle-adjustmentprocedurecan be impreciseor even
wrong.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure13: Body Modeling. (a,b)A stereopair foundon theworld wide web. Thediagonalblackbandshavebeen
addedafterthefactsothattheseimagescanbepublished.(c) Genericfemaletorso.(d) Projectionof the
generictorso'sverticesafterroughalignment.Notethatthealignmentis far from perfect.(e)Matching
points in the secondimage. Becausethe skin is fairly smooth,therearerelatively few of them. (f,g)
Recoveredepipolargeometry. Thelinesin (g) aretheepipolarlinesthatcorrespondto thecrossesin (f).
(h) Generictorsodeformedto matchthestereodata.

(a) (b) (c) (d) (e)

Figure14: Body Modeling. (a,b) Another stereopair found on the world wide web. (c,d) Recoveredepipolar
geometry. (e)Generictorsodeformedto matchthestereodata.

As discussedin Section3 and 4, we modeltheoverall deformationdueto theseerrorsourcesasanaf�ne
transform.Here,we usesyntheticdataandMonteCarlosimulationsto show that:

1. For typicalcameracon�gurations,thedeformationproducedby usingapproximatecameraparameters
is indeedvery closeto beinganaf�ne transformevenwhenthereis a substantialamountof rotation
betweenthe cameras. This deformationis not severe as long as the approximatefocal length is
“reasonably”closeto the actualone. Below, we will argue that for typical cameracon�gurations,
focal lengthestimatesthatarebetween80 % and120% of thetruthareamplysuf�cient.

2. Thepoorqualityof thematchesintroducesanotherdeformationthatcanalsobemodeledasanaf�ne
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transform.It doesnot substantiallydeformtheshapeif a suf�cient regularizationconstraintis intro-
duced.

This justi�es our useof a �x edfocal lengthandof anaf�ne transformto modeltheoverall deformationof
our reconstructedmodelswith respectto reality. Becausethetwo errorsourcesdescribedaboveproducede-
formationsof approximatelythesamemagnitude,thereis little point in usingamoresophisticatedapproach
to cameramodelrecovery whenmuchmoreaccuratepoint matchescannotbe obtained.The focal length
cannotbe reliably recoveredfrom suchdata. Underour �x ed focal lengthassumption,a small changein
focal lengthduringimageacquisitionwouldbemodeledasa translationof thecameraaway or towardsthe
subjectwithoutmuchlossof accuracy.

5.1 In�uence of the Inter nal Parameters

To gaugetheeffect of usingapproximateinternalparametersasopposedto exactones,we useda random
numbergeneratorto producesetsof 3–D points,suchastheoneshown in Figure15(a). For eachsuchset
M , we

1. De�ne acameramodelC0 with focal lengthf , locatedatdistancez from M ;

2. De�ne two additionalcameramodels,C1 and C2 that correspondto the samecamera,and focal
length,afterrandomlychosenrotationandtranslation;

3. Generatetheprojectionsof thepointsin M usingC0, C1 andC2 to producethe2–D pointsm0, m1,
andm2;

4. Runthebundle-adjustmentalgorithmof Section3 usingm0, m1, andm2 andanapproximatefocal
lengthf 0asinput. This resultsin thereconstructionof M 0, a setof 3–D points,with M 0 = M when
f 0 = f ;

5. Computetheaf�ne transformA thatbestmapsM 0ontoM in theleastsquaressenseandlet A:M 0be
thepointsin M 0 transformedby A.

Morespeci�cally, in ourexperiments,M is formedby randomlydistributed3–Dpointsin a20� 20� 10cm
volume,which approximatesa face's dimensions.C0, the �rst camera,is locatedat a distancez of either
50cm or 100cm from M . Themotionof C1 andC2 with respectto C0 is de�ned by randomtranslationand
rotationvectorsthatarescaledso that jj t jj , the translationvector's norm, is either5cm or 10cm andjj r jj ,
therotationvector's norm,is either0.1,0.2or 0.3radians.

All threecamerashave thesamefocal lengthf = 1mm andtheir principalpointsaretaken to be the
origin of the imageplanes'coordinatesystems.Note that thechosenvalueof f is arbitrary. Changingit
only producesanoverall scalingof theprojectionvalues.What is signi�cant is f 0=f , theratio of thefocal
lengthusedto run thebundleadjustmentalgorithmto therealone.

We thenranour bundle-adjustmentalgorithm,usingvaluesof f 0 rangingfrom 0:5mm to 2:0mm and
shifting theprincipal pointsby valuesof up to 0:03mm. For eachsetof pointsM , correspondingrecon-
structionM 0andaf�ne transformA, asin Section3.3,weevaluate
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Figure15: Syntheticdatausedto quantifythe in�uence of usingapproximateinternalparameters.(a) 3–D points
uniformly distributedin a boundingbox andthreesyntheticcameras.(b) Thecameracon�guration is
de�ned by Z , the distanceof the �rst camerato the 3–D points,andby the rotationand translation
vectorsR andT thatde�ne themotionof theothertwo cameraswith respectto the�rst.

AFF Validity of the af�ne approximation:The meansquaredistanceof A:M 0, the reconstructedpoints
afteraf�ne transformation,to M . In thegraphsbelow it is shown in a rangefrom 0 to 10mm. The
closerto zeroAFF is, thebettertheaf�ne approximation.

DEF Theseverity of thedeformation:We usethemeasureproposedin Section3.3. We performa singu-
lar valuedecompositionof A andcomputethe ratio of the largestto the smallesteigenvalueof the
resultingdiagonalmatrix.

PRJ The reprojectionerror: The meansquaredistanceof the projectionsof the reconstructedpoints to
theactualvalues.In thegraphsbelow, it is expressedin millimetersin a rangefrom 0 to 0:002mm.
For camerassuchastheoneswe have usedto acquiretheimagesshown in Section3, to convert the
projectionvaluesexpressedin mm to pixel values,oneoughtto multiply thesevaluesby a factorin
theorderof 4000to 5000.In otherwords,thisrangecorrespondsto reprojectionerrorsbetween0 and
approximately8 to 10pixels.

In Figure16, we show the valuesof AFF, DEF andPRJ asa function of the ratio f 0=f . Eachrow
correspondsto a particularcamerasetupwith z 2 f 50cm;100cmg andjj t jj 2 f 5cm;10cmg. If therewere
no rotationbetweenthecameras,thatis if jj r jj = 0, theaf�ne approximationwould beperfect[Luongand
Viéville, 1996], up to thenumericalaccuracy of our least-squaressolver. Bearingthis in mind,in eachcase,
weplot threeseparatecurves,for jj r jj = 0:1, jj r jj = 0:2 andjj r jj = 0:3.

For eachcon�guration,we performedonehundredtrials. Thecurvesdepictthemeanvaluesof AFF,
DEF andPRJ andtheerrorbarsrepresentvariances.Thefurtheraway thecamerasare,that is thegreater
z, thelessertheperspective distortionandthebettertheaf�ne approximationasmeasuredby AFF is. This
is not surprisingsincea large z correspondsto a situationwherethe cameracanalmostbe consideredas
an orthographiconeand, therefore,wherethe af�ne model is strictly correct. Similarly the smallerthe
rotationcomponentjj r jj , thebettertheapproximation.Notehowever thatevenfor the“worstcasescenario”
plottedhere—thatis, jj r jj = 0:3r ad, jjzjj = 50cm, and jj t jj = 5cm—AFF remainsbelow 1mm for
0:9 < f 0=f < 1:1 andbelow 2mm for 0:8 < f 0=f < 1:2. In otherwords,for typical facesequenceswith a
camerathatdoesnotcometoocloseto thehead,theaf�ne approximationis anexcellentone.
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ThePRJ curvesthatdepictthereprojectionerrorshave thesameoverall shapeastheAFF curves.For
our worstcasescenario,thereprojectionerrorsremainbelow 0:00025mm for 0:8 < f 0=f < 1:2. For real
camerassuchastheonesusedin this paper, this correspondsto errorssmallerthan1 pixel. In otherwords,
aslong asthebundleadjustmentalgorithmproducesresidualsthataresmallerthan1 pixel on average,the
af�ne approximationcanbeconsideredasvalid. This naturallyleadsto a very simpleheuristicto guessa
usablevalueof f 0 if noneis available:Performthebundleadjustmentcomputationfor severalvaluesof f 0

until oneis foundthatyieldssuf�ciently smallresiduals.

The previous resultswerecomputedwithout shifting the cameras'principal points. In Figure17, we
show threesetsof AFF, DEF andPRJ curvescomputedin ourworstcasescenarioandfor
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Figure16: Usinganapproximatefocal lengthfor differentcameracon�gurations.AFF appearsin the�rst column
as a function of the ratio of the focal lengthusedto performthe bundleadjustmentto the real one.
Similarly DEF andPRJ areshown in thesecondandthird columns.SeeSection5.1for details.
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shiftsof theprincipalpointsof 0, 0:01mm, 0:02mm, and0:03mm. For realcamerassuchastheonesused
in thispaper, thiscorrespondsto shiftsof approximately0, 50, 100and150pixels.Thisshift hasvery little
in�uence andall four curvesarealmostsuperposedin all threegraphs.Therefore,in practice,wecansafely
assumethattheprincipalpoint is in thecenterof theimage.

z: 50
jj t jj : 5
jj r jj : 0.1,0.2,0.3
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Figure17: Usinganapproximatefocal lengthandshifting theprincipalpoints. AFF, DEF andPRJ aredepicted
asin Figure16 for z: 50cm jj t jj : 5cm jj r jj : 0:3rad andincreasingshiftsof theassumedlocationof the
principalpoint.

5.2 In�uence of Mismatches

Thepointmatchesweuseasinput to ourbundle-adjustmentcannotbeexpectedto beeitherpreciseor error-
free. To quantify the effectivenessof our regularizedbundle-adjustmentalgorithm,we usethe synthetic
surfacetriangulationof Figure18(a)andthecorrespondingpyramidshapedbundle-adjustmenttriangula-
tion of Figure18(b).The�at partof thesurfacetriangulationis theplaneof equationz = 0 andthespherical
parthasa radiusof 35mm. Againwe usethreesyntheticcameraslocatedat a distanceof about60cm with
motionswith respectto oneanotherthat includea rotationalcomponentof approximately0:3r ad. In other
words,thiscon�gurationapproximatesthe“worstcasescenario”of Section5.1.

Giventhesecameramodels,weuseasinputto ouralgorithmtheprojectionsof pointsthathavethesame
x; y coordinatesasthebundle-adjustmenttriangulation's verticesbut belongto thesurfacetriangulation.To
simulatethe errorsthat canbe expectedfrom our stereomatcher, we corrupttheseprojectionsby adding
two kindsof noise:

1. White noisewith variance� noise 2 f 0:5pixel ; 1:0pixel g. This simulatesthe imprecisionof the
matches.Given the speci�c camerageometryusedhere,a disparityerror of 1.0 pixel translatesto
anerrorof 3 to 6 mm in termsof reconstructionaccuracy. This represents10 to 20 % of the35 mm
radiusof thesphere,andis thereforeasigni�cant amountof noise.

2. Outliers whosecoordinatesare random. Theseoutliers replacesomeof the actualprojectionsto
simulatemismatches.In theplotsbelow, weintroduceaproportionr ateout 2 f 0%; 10%; 20%; 30%g
of suchgrosserrors.

Given theserandomizedprojections,we ran our algorithm for valuesof the � regularizationparameter
rangingfrom 0.0 to 1.0. Thealgorithm's aim is to recover cameramodelsthataregoodenoughto perform
thestereoreconstructionof Section4. To gaugethis, we have adoptedthe following procedure:For each
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(a) (b)

(c) (d) (e)

Figure18: Syntheticdatausedto quantify the in�uence of mismatchesandthe robustnessof our approach.(a)
Half sphereusedasthesurfacetriangulationandsyntheticcameras.(b) Correspondingpyramidshaped
bundle-adjustmenttriangulation.(c,d,e)Shadedrepresentationsof thesurfacetriangulation'sprojections
in thethreecameras.

trial run, we usethe real projectionsof theverticesof thesurfacetriangulationandthe recoveredcamera
modelsto computetwo setsof 3–D points,a �rst oneM 12 usingcamera1 and2, andthesecondoneM 13

usingcamera1 and3. Weevaluate:

DST The averagedistancebetweencorrespondingpoints in M 12 andM 13: If the cameramodelswere
perfect,boththesesetsof reconstructedpointsshouldhave thesame3–Dlocationastheoriginal3–D
verticesandDST would bezero. In thegraphsbelow it is shown in a rangefrom 0 to 4mm, which
correspondto reprojectionerrorsin theorderof onepixel or less.

AFF The af�ne natureof thedeformation:Our reconstructionprocedure�ts a surfaceto thestereodata.
This �tting operationaveragesthe data. To simulatethis behavior and the bias introducedby our
regularizationterm,we take M 123 to be themidpointof correspondingpointsin M 12 andM 13 and
computethe af�ne transformA that bestmapsM 123 onto the original 3–D vertices. In the graphs
below, we plot themeansquaredistancebetweenA:M 123, thepointsin M 123 transformedby A, and
thoseoriginal vertices.Smallvaluesof AFF indicatethatthebiasintroducedby our regularizationis
well modeledby anaf�ne transform.

DEF Theseverity of thedeformation:Weusethesamemeasureasbefore.

Figure19 depictsthemeanvaluesof DST, AFF andDEF asa functionof � aftera hundredtrials for each
valueof � noise andr ateout . Thevariancesappearaserrorbars.
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� noise : 0.5
r ateout : 0.0to 0.3
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Figure19: In�uence of mismatches.DST, AFF, andDEF arerepresentedin the �rst, secondandthird column
respectively. Eachrow correspondsto onevalueof thenoise.In all graphs,eachcurvecorrespondsto a
differentvalueof rateout . SeeSection5.2for details.

In all graphs,we plot four curves, one for eachvalue of r ateout . The lowest curve correspondsto
r ateout = 0. In this speci�c case,the reconstructionerrorsare causedexclusively by the white noise
addedto theprojections.Theresultingdeformationis well modeledby anaf�ne transformthatis almosta
rotationasevidencedby thefactthatDEF is closeto 1.0. DST is approximately1:0mm, which translates
to reprojectionerrorsin the orderof 0.2 pixels. Note that, in this speci�c case,DEF increasesslightly
when � is non zero, indicating the bias introducedby the regularization. In all other cases,that is for
0 � r ateout � 20%, theexactoppositehappens:DST, AFF andDEF decreasetowardsvaluesthatarenot
signi�cantly larger thantheonescomputedfor r ateout = 0. For r ateout = 30%, DST startsto increase
signi�cantly but theaveragingoperationwe performresultsin valuesof AFF andDEF thatremainlow,
at leastwhen� is large enough. In otherwords,a small amountof regularization,that is � = 0:2 deals
effectively with outliersrateof up to 20%. Theuseof a larger regularizationtermmitigatesthe impactof
evenhigherrates,at thepossiblecostof asmallamountof af�ne deformationin theresultingshape.

Obviously, theexactshapeof thesecurvesis heavily in�uenced by theclosenessof the initial bundle-
adjustmenttriangulation's shapeto theactualone.Ourexperimentswith numerousrealsequencesof heads
shows thatthebundleadjustmenttriangulationof Figure3(c,d)is closeenough,afterstretchingin all three
directionsto accommodatevariationsin proportions,to yield excellent results. The valuesof DEF that
appearin table1 areconsistentwith thosereportedin thissection.
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6 Conclusion

We have shown thatby incorporatingmodel-basedconstraintsin the framework of bundle-adjustment,we
areabletoeffectively tacklethestructure-from-motionproblemin acasewherecorrespondencesaredif�cult
to establish.

As a result, we have beenable to develop an integratedand largely automatedapproachto �tting a
completeheadmodelto imageswithoutrequiringcalibrationdataandwith verylimited manualintervention.
Usingthis technique,suchmodelscanbeproducedcheaplyandfastusinganentirelypassive sensor, even
thoughthe imageswe usemay have relatively little texture. This hasdirect applicationsin the �eld of
videocommunicationandentertainmentandwill allow thefastgenerationof realisticavatarsfrom widely
availabledata.

Using, on the one hand,syntheticdataand, on the other hand, imagesand laserscansof the same
people,we have shown empiricallythatthemodelswecreatearevery goodapproximationsup to anaf�ne
transform.We choseto demonstratethecompleteapproachfor onespeci�c applicationfor which we can
performthecompletemodelingtaskfrom imagesto usablemodels.However, becausetheconstraintswe
imposeonly dependon the existenceof a genericshapemodel for the objectsto be reconstructed,this
approachcanpotentiallybegeneralizedto many otherdeformableshapes.Speci�cally, weareinterestedin
modelingthecompletebody. In futurework, we will usearticulatedmodelsto extendour approachto this
new application�eld.

Appendix

In this appendix,we summarizebrie�y the techniquewe have usedto �t theanimationmaskto the image
data[FuaandMiccio, 1998,FuaandMiccio, 1999]. Givena setof registered images,it is designedto �t a
facialanimationmodelwith minimalmanualintervention.In theexamplespresentedin thispaper, thevideo
sequenceswereinitially uncalibratedandregistrationhasbeenachieved usingthe techniqueof Section3.
However, calibratedstereopairsor tripletscanbeusedaswell. Theanimationmodel [Kalra et al., 1992]
weusecanproducethedifferentfacialexpressionsarisingfrom speechandemotions.Our �tting procedure
takesthefollowing steps:

� Obtain 3–D information: We computedisparitymapsfor eachimagepair, �t local surfacepatches
to thecorresponding3–D points,andusethesepatchesto computea central3–D point anda normal
vector.

� Model the Face: We attacha coarsecontrolmeshsuchastheoneshown in Figure3(e) to theface
of theanimationmodelandperforma leastsquaresadjustmentof thiscontrolmesh,sothatthemodel
matchesthe previously computeddata. We weight the datapointsaccordingto how close—inthe
leastsquaressense—they areto themodelanduseaniterative reweightingtechniqueto eliminatethe
outliers.We thensubdivide thecontrolmeshandrepeattheprocedureto re�ne theresult.

� Generate a texture map: We usethe original imagesto computea cylindrical texture map that
allows realistic rendering. This is achieved by �rst generatinga cylindrical projectionof the head
modelandthen,for eachprojectedpoint, �nding the imagesin which it is visible andaveragingthe
correspondinggray-levels.

Theonly manualinterventionthat is mandatoryis supplyingthe locationof the � ve key featurepoints
of Figure5(a) in onesingleimage. In orderto ensureproperanimation,it is importantto guaranteethat
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importantfeaturesof themodel—mouthandcornersof theeyesespecially—projectat thecorrectlocations
in theface.Thesystemis thereforesetup sothatwehave theoptionto supplya few additional2–Dfeature
pointssuchastheonesshown in the�rst columnof Figure9. Becauseonly the2-D locationof thesepoints
needto bespeci�ed,thiscanbedoneveryquickly.
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