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Abstract

We introducea methodologyfor radiometricreconstruction, thesimultaneousrecoveryof mul-
tiple illuminantsandsurfacealbedoesfrom multipleviews,assumingthatthegeometryof thescene
andof thecamerasis known. We formulatethe linear theoryof multiple illuminantsandshow its
similaritieswith thetheoryof geometricrecoveryof multiple views. Linearandnon-linearimple-
mentationsareproposed;simulationresultsarediscussed;and,�nally , resultson real imagesare
presented.
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1 Intr oduction

An importantgoal in computervision is to beableto reconstructthegeometricandradiometricprop-
ertiesof a scene.In this paper, we assumethat thegeometryof thesceneandof thecamerasis known
or hasbeenrecovered,andshow how to recoversimultaneouslymultiple illuminantsandre�ectances,a
taskthatwedesignateastheradiometricreconstructionproblem.Themaininsightof this work is that
theradiometrycanbereconstructedusingmultipleimages,eachof themtakenwith adifferentunknown
illuminant, in muchthesameway asthegeometryof a rigid scenecanbereconstructedusingmultiple
imageswith unknown but differentviewpoints.

The imageintensitymeasuredat a given pixel dependson four world components:Illumination,
re�ectance,scenegeometry, andcamerageometry. If the geometricandradiometricvariablesareall
unknown, the problemof recovering them clearly becomesunder-constrained, no matterhow many
views areavailable. Here,we proposea paradigmthatdecouplesradiometricreconstructionfrom ge-
ometricreconstruction. The latter involvesdeterminingboth the geometryof the surfacesandof the
camerasfrom multiple imagesof thescene.It is well understood,bothin theory(see[6, 14] for recent
accounts)andin practice(see[34] for a recentsurvey). Giventhegeometry, we infer all theradiometric
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variables:varyingalbedoes,andonedistinctpoint light sourceandambientillumination for eachim-
age.Comparedto thephotometricstereoapproaches,thereis no needto usea constantviewpoint, thus
allowing usto take advantageof existingsolutionsfor thegeometricreconstructionproblem.Theseso-
lutionshave provento bereliableandapplicablein avarietyof unconstrainedenvironments.Then,in a
secondstage,radiometricparametersthataremoresensitive arerecoveredusingour proposedmethod.
Wedonot requireprior knowledgeabouteitherre�ectanceor illumination.

Thedecouplingof geometryandradiometrythatwe advocatemakessensefor many applications.
For example,thiswork wasinitially motivatedby theneedto performchangedetectionusingimagesof
thesamegeographicsitestakenatdifferenttimesof day. In suchacase,digital terrainmapsareavailable
or canbe computed.It thenbecomesnaturalto combinethe mapsandthe actualimagesto estimate
the illumination parameters,recover surfacealbedoesandcheckthat they remainconstantover time.
A similar situationariseswhenconstructing3–D modelsof objectsor peoplefrom video sequences
for renderingor animationpurposes.The illumination may vary from imageto image,for example
becausetheobjector subjectbeingmodelledmoveswith respectto �x edilluminants. In this situation,
it is oftenpossibleto usestructure-from-motiontechniquesthatarerelatively insensitive to illumination
changesto reconstructthegeometry, aswill beshown in theresultsectionof this paper. Thenext step
is thento attenuatethelighting effectsin theoriginal imagesto createhigh-qualitytexturemaps.More
generally, providedthattheimagesdonotexhibit extremelighting variations,geometricreconstruction
techniques,suchasstereobasedonnormalizedcross-correlation[9], canbemadeto handleillumination
effects. Theonly requiredprior knowledgeis the internalgeometriccalibrationof thecameras,which
in mostcircumstancescanbeobtainedusingeitherphotogrammetricor self-calibrationtechniques.

Previous work is summarizedin table1 anddiscussedin detail in the next section. It falls into
two broadcategories,dependingon whetheror not thegeometryis known a priori. Approachesbased
on photometricstereorequirethat multiple imagesbe taken from a �x ed point of view with multiple
illuminants,andaim at recovering the shapeaswell asthe re�ectance. In addition,to obtainan un-
ambiguoussolution,thesemethodsrequireknowledgeof the illuminantsor of partsof the geometry.
Theseapproachesall rely on a Lambertianmodelwith distantpoint light sources,andhave beenfound
to be sensitive to modelingdeviations [8]. Inversemethodsbasedon moresophisticatedillumination
andre�ectancemodelsrequiretheknowledgeof thegeometry, andcannotrecover simultaneouslythe
re�ectanceandilluminant in a generalsituation.At leastoneof thetwo needsto beknown accurately.
Becausetherequiredprior measurementsaredif�cult to obtainoutsideof acontrolledenvironment,the
applicabilityof all thesemethodshasbeenlimited.

To thebestof our knowledge,no generalalgorithmor even formal framework for radiometricre-
covery from multiple views andmultiple illuminantsexists. Thegoalof this paperis to introducesuch
a framework, to proposealgorithmsto implementit, andto give experimentalresults. As a �rst step
towardsthe generalproblemof radiometricreconstruction,we will investigatethe particularcaseof
Lambertiansurfaces,whichwe believe will bethefoundationfor work with moregeneralmodels.

In Section2, wediscusspreviouswork. While thefactthatpixel intensitiesarein abilinearrelation
with surfacealbedoandilluminationradiancesis well known, it hasnotbeenusedbeforein thecontext
of multiple illuminantsandmultiple views. In Section3, we describethelinearradiometryof multiple
illuminants,andcomparethis problemwith thegeometryof multiple views. Basedon theseparallels,
wegiveacharacterizationof theminimaldatarequired,andthenproposein Section4 alinearalgorithm
for therecovery of theradiometryof multiple views. Simulationshows this linearmethodto bequite
sensitive to measurementnoise.To obtaina morerobustsolution,we turn in Section5 to a non-linear
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method,which is theradiometriccounterpartof thebundleadjustmentapproachto geometricrecovery.
Section6 discusseslimitationsof thecurrentsystemandareasfor futuredevelopments.

2 Previous work

In the shapefrom shadingparadigm([19] includesmany of the classicalpaperson the subject),it is
assumedthat there�ectanceis Lambertiananduniform. This makesit possibleto infer surfaceshape,
aswell asthedirectionof theilluminant from asingleimage[38] or from multiple images[28].

The main limitation of shapefrom shadingis that re�ectancehasto be uniform or known. In the
photometricstereoparadigm,by using multiple images,eachtaken with the sameviewpoint, but a
differentilluminant, it is possibleto recover anon-uniformalbedo,aswell asthesurfaceorientation.In
earlywork [33,35,18] illuminantsneededto beknown. A linearmethodto recoverLambertiansurface
albedofrom threeimages,eachtakenwith adifferentpoint light source,hasbeenproposed[1]. Instead
of relyingon anexplicit knowledgeof thethreeilluminants,thismethod,in thespirit of theshapefrom
shadingmethods,relieson thepreliminaryobservationof anobjectof uniformre�ectanceto determine
them.

Subsequently, it wasshown [17] thatevenwhentheilluminantsareunknown, thealbedoandshape
canstill be recoveredusingSVD, which generalizedphotometricstereo.However, theprice to pay is
thatbothof albedoandshapearesubjectto anarbitrarylineartransformation[17]. This wasextended
[37] to includeanambiantilluminationtermin additionto theLambertianre�ectance,andtheambiguity
resultwascorrected,resultingin amoreaccuratecharacterisationasaGeneralizedBas-Reliefambiguity
[3], which is intrinsic to the problemandcanbe entirely resolved only by suf�cient prior knowledge
aboutthe object's geometry. If it is known that the objectbelongsto an instanceof a class(suchas
humanfaces),theambiguitycanberesolved to a degreewherenovel syntheticimagesunderdifferent
posesandlighting look realistic[12]. Thesemethodsarepowerful andaddressamoredif�cult problem
thanwe do. In particular, if a suf�cient numberof 3D measurementon theobjectareknown, they can
recoverboththeilluminantandre�ectance.However theirprecisionhasnotbeendocumented,northeir
applicability to unconstrainedor large environments,wherethe requirementto vary the illumination
while maintainingthecameraat thesameviewpoint canbedif�cult to meet.

Theprimarypurposeof all theapproachespreviously citedwasto recover theshapebasedon the
Lambertianmodel.Radiometricparameterssuchastheilluminationor thealbedowereabyproduct.A
secondfamily of methods,morein thespirit of our approach,aimsto recover radiometricparameters
assumingthatthecameraandobjectgeometryis available.

In inverselighting [24,25] it is assumedthatthere�ectanceis Lambertian,andknown or constant.
The illuminant is modeledasa linear combinationof a basisof prede�nedlights. Thereis a linear
relationshipbetweenthe coef�cients of the linear combinationand the pixel values,which makes it
possibleto recover theformerfrom asingleimage.

With thedualapproach,re�ectancemodeling,whichconsistsin assumingthatthepoint light source
is known, it is possibleto recover sophisticatedre�ectancepropertieswith specularanddiffuseparam-
eters[20, 2, 31, 24]. A rangeimagingsensorwasusedby theseauthorto recover thegeometry. This
hasbeenextendedto allow for multiple known point light sources,aswell asindirect illumination ef-
fects,resultingin impressive re-renderingsof controlledenvironments[36]. Thegeometrywasmodeled
preciselyby manualmethods.
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Framework Camerageometry Scenegeometry Re�ectance Illumination
Geometricreconstruction recovered recovered reasonablevariation reasonablevariation
Shapefrom shading single recovered constant recovered
Photometricstereo constant recovered recovered known
Generalizedphotometricstereo constant partly recovered partly recovered partly recovered
Inverselighting single known known or constant recovered
Re�ectancemodeling known known recovered known
Radiometricreconstruction known known recovered recovered

Table1: Radiometricreconstructionin relationwith previousgeneralframeworks

Theseapproachesareable to recover rich modelsof either the illuminant or the re�ectance,but
unlike themethodthatwepropose,they cannotrecoverboth.Onemethodwhichhasthiscapabilitywas
recentlyintroduced[30]. Usinga linearrelationbetweenlighting coef�cients andpixel values,reliable
resultswereobtained.However this approachcannotbe consideredto be generic,asit dependson a
speci�c situationwheretheshadow of anobjectof known shapeis projectedontoanobjectof known
shape.It wouldn't beapplicablein sceneswhereshadows cannotbemeasuredwith goodaccuracy.

In all the previously cited work, the camerasare assumedto be radiometricallycalibrated. The
non-linearradiometrictransferfunctioncanberecoveredusingmultiple imagesconsistingof different
exposuresof a �x edsceneandillumination,whentheexposuresareknown [4] or evenunknown [26].

3 Linear Model for the Radiometry of Multiple Illuminants

In thissection,wedevelopthetheoryfor Lambertianre�ectancemodels,which leadsto a linearmodel.

3.1 The Lambertian model

Wemodeltheeffectof illuminationasthesumof aLambertiantermfrom apunctualdistantlight source,
andan ambientterm accountingfor mutualillumination andsky light effects. For a surfaceelement,
suchasa triangularfacetin a surfacemesh,of normaln andalbedo� thatprojectsinto an imagei at
coordinates(u; v), thelight intensitystrikingthephotographic(or CCD)plate(or radianceat theimage
plane)is givenby:

L i (u; v) = � (lT
i n + � i ) (1)

whereL i (u; v) representsthe radiancearoundthe projectionof the surfaceelement(for exampleav-
eragedover the facet's projection),l i is the light sourcevector, � i is the ambientlight. Eachsurface
elementis characterizedby 3 parameters,thedirectionof n, andthealbedo� . While n is aunit vector,
l i is not: its magnitudeencodesthe light source's “magnitude.” The completeillumination modelfor
eachimageis thereforegivenin termsof 4 parameters:

� Thethreecomponentsl i 1; l i 2; l i 3 of l i .

� Theambientlight � i .
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Theseparametersaredescribedby theilluminationvector, thevectorof four components:

L i = [l i 1; l i 2; l i 3; � i ]T

Usingtheilluminationvector, andthenotationN =
�

n
1

�
, Eq.(1) canbewrittenmorecompactlyas:

L i (u; v) = � L T
i N

3.2 Radiometric calibration

Themeasuresthatwe canaccessarepixel gray-level values.However, thequantitythathasa physical
meaningis theradianceat the imageplane.Thepixel gray-level bearsa certainrelationship(typically
monotonic)to theradiance.Thatis, for eachcamerai ,

I i (u; v) = Fi (L i (u; v)) (2)

whereL i (u; v) is the light intensitystriking the imageplaneof cameraj at coordinate(u; v), F i is an
unknown radiometrictransformation(includingdigitizationandotherscanningeffects),andI i (u; v) is
theresultingpixel value.Notethatall of thisgeneralizesto wavelength-dependent measures,but wewill
describethescalarcaseonly herefor simplicity of exposition.A camerai is saidto beradiometrically
calibratedwhenthefunctionF i is known.

Imagesaretypically not radiometricallycalibrated,andunlessthecalibrationis donebeforehand,
thereis rarelysuf�cient information(suchasmultiple exposuresof a samescene[26]) to recover ex-
actly theunknown functionsF i from them. However, in practice,a �rst approximationis obtainedby
describingFi asan af�ne transformationspeci�ed with a radiometricscalefactor ai andradiometric
offsetbi :

Fi (L ) = ai L + bi (3)

A general,andmoreprecisedescriptionof F i couldbeobtainedby addingnon-linearparametricterms.

This parallelsthegeometriccalibrationproblem,wheretherelationshipbetweentheprojectionson
thephysicalimageplaneandthecoordinatesin termsof pixel arein a �rst approximationconsidered
to belinear, anddescribedby thecameraintrinsic parameters(focal, aspect-ratio,etc..).Adding a few
non-lineargeometricdistortiontermsis suf�cient, exceptfor themostexactingof applications,where
non-parametricmodelsof distortionmustbeused.

Anothersimpli�cation ariseswhenit is known thatthecamerais thesame,thatis its calibrationdoes
notvary. Indeedfor thepurposeof detectingchange,it oftentimessuf�ces to remove thedependency of
F on i :

I i (u; v) = F (L i (u; v))

whereF is now thesameunknown transformationappliedto thelight intensity.

In this paper, we will useonly theaf�ne modelso thatwe canmaintainthe linearity of thewhole
model. It will be shown that even within this limitation, thereis enoughinformationto recover one
of the parameters,the radiometricoffset. Whenusinga non-linearapproachwithin our radiometric
multiple imagemethodology, asuf�ciently largeamountof datawouldallow to recovermorenon-linear
parametricterms. We don't claim to investigatethoroughlythe issueof radiometric(self) calibration,
but will just illustratein a simplecasehow it canbesolved in theradiometricreconstructionproblem,
muchthesamewayasself-calibration[23] hasbeensolvedin thegeometricreconstructionproblem.
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3.3 Multiple images

Thekey ideaof ourapproachis to usemultiple imagesof thesamesurface,takenwith differentillumi-
nations.Weassumethatthegeometryof thesurfacesandcamerashasbeenpreviouslyrecovered,which
makesit possibleto expressall the3-D spatialrelationshipin a commoncoordinatesystem.Because
of theLambertianhypothesis,theimageradiancedoesnotdependonthepositionandorientationof the
cameras,andthereforeall themeasurementsmadewith a commonillumination canbegatheredinto a
single“image”, providedthattheradiometriccalibrationis takeninto account.

For simplicity's sake, in this paper, we restrict ourselves to the casewhereonly one point light
sourceis usedat a time. Eachimagei is thereforecharacterizedby its illuminationvectorL i . Besides
theminimumrequirementthat therearetwo non-proportionalillumination vectors,thevaluesof these
vectorsdo not needto be all different (seeSection4). In this context, the only relevant geometric
informationarethenormalsn j , of eachsurfaceelementj , whichweassumeto have beendetermined.
Theonly radiometricparameterfor eachsurfaceelementis its albedo� j .

We have p surfaceelements,with n different illuminants,which give rise to the p � n radiance
valuesL ij andpixel gray-level valuesI ij , accordingto Eq.(1) andEq.(3) :

I ij = ai L ij + bi = ai � j L T
i N j + bi (4)

Sincetherearea totalnumberof p + 4 � n + 2 � n unknowns:

� albedoes� j ; j = 1: : : p,

� illuminationvectorsL i ; i = 1: : : n,

� radiometriccalibrationparametersai ; bi ; i = 1: : : n,

and a total numberof p � n equations,with a suf�cient numberof different surfaceelementsand
illuminations,we expectto beableto solve theproblemof radiometricreconstruction.Note that if all
thealbedoes� j areknown (asin [25]) theproblembecomeslinear, insteadof bilinear, andcanbesolved
with asingleview.

This formulationshows that theradiometricreconstructionproblemis similar to thegeometricre-
constructionproblem,wherewe are given p 3-D points M j seenin n different views of projection
matricesP i , andtry to recover theM j andP i from the2n � p equationsm ij ' P i M j . It is known [5,
16] that for this problemthe solutioncanin general,for uncalibratedcameras,be recoveredonly up
to a projective transformationH , since if the previous equationsare satis�ed, so is the equation:
m ij ' (P i H )(H � 1M j ). In the caseof calibratedcameras,H is an EuclideantransformationQ E ,
adisplacementandscaling.

3.4 Ambiguities and minimal data

Goingbackto theradiometricreconstructionproblem,wenoticefrom Eq.(4) thatif:

ai ; bi ; � j ; L i
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is asolution,thenanotheracceptablesolutionis obtainedfor any scalars > 0 andk i ; i = 1: : : n

ai

ki
; bi ;

� j

s
; ski L i

It canbeveri�ed that this is theonly ambiguitywhich canhold generically. Theambiguitydueto the
multiplier s is a uniform scaleambiguity, which meansthat we cannotdistinguishbetweenbrighter
surfaceslit by a dimmerilluminant or darker surfaceslit by a moreintenseilluminant. This ambiguity
is similar to thedepth-speeduniformscaleambiguityencounteredin thegeometricreconstructionprob-
lem. Thefact thatonly thepositive valuesof theglobalscales areacceptablecomesfrom thephysical
constraintthatthealbedoesbepositive. Notethatthis is similar to theconstraintthatthepointshave to
lie in front of thecamera,yieldingapositive depthin thegeometricreconstructionproblem.In thecase
of radiometricallycalibratedcameras,thescaleambiguityis theonly genericambiguityof theproblem.

Theambiguitydueto themultiplierski meansthatfor cameraswhich arenot photometricallycali-
brated,it is notpossibleto distinguishbetweentheintensityof theilluminantsandtheradiometricscale
factorof thecamerawithout furtherassumptions.Becauseof thisessentialindetermination,in thiscase
we couldarbitrarily reducetheambiguityby settingai = 1; i = 1: : : n. Oneway to resolve this am-
biguity would be to usemoreconstraintson the setof images,suchasthe fact that somecalibration
parameters,illuminants,or bothareidentical.This is analogousto theconstraintsoncameraparameters
usedfor geometricself-calibration[23].

Theambiguitydueto theuniform scales reducesthenumberof signi�cant unknownsby 1, while
theambiguityduethemultiplicatorsk i reducesthis numberby n in theuncalibratedcase.Therefore,
thetotalnumberof unknownsin theproblemis 5� n + p� 1 in theuncalibratedcase,and4� n + p� 1
in the calibratedcase.From this count,we cancalculatethe minimal amountof dataneededto have
a uniquesolution. The fact that thesenumbersaresuf�cient in thegenericcasewill be con�rmed by
speci�c examplesdescribedin thenext section.In thecalibratedcase,weexpectauniquesolutionwhen
np � 4n + p � 1, whichwe rewrite asp � 4n� 1

n� 1 . Therefore:

� with 2 views,auniquesolutionis expectedfor 7 surfaceelements,

� with 3 views,auniquesolutionis expectedfor 6 surfaceelements,

� with 4 views andmore,auniquesolutionis expectedfor 5 surfaceelements.

The table2 summarizestheparallelbetweenthe geometricreconstructionproblemandthe radio-
metricreconstructionproblem.

4 A Linear Solution

4.1 Theory

In thegeometricreconstructionproblem,it is known [21,22] that,giventwo views,any 2-D projections
correspondingto thesame3-D point satisfyanalgebraicconstraintm T

k F klm l = 0 which is linearwith
respectto a representationof themotionbetweentheviews, andbilinearwith respectto themeasures.
This givesa linearalgorithmfor motionrecovery. We aregoingto seein this sectionthat thesituation
is similar in theradiometricreconstructionproblem,but somewhatsimpler.
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Geometricreconstruction Radiometricreconstruction

model

3-D points
M j = (X j ; Yj ; Z j ); j = 1 : : : p (3p)
projectionmatrices
P i ; i = 1 : : : n (11n)

albedoes
� j ; j = 1 : : : p (p)
illuminationvectors:
L i = (l i 1; l i 2; l i 3; � i ); i = 1 : : : n (4n)

calibration
cameraintrinsicparameters
m pixel = A i m̂
A i (5n)

radiometricscaleandoffset
I = ai L + bi

ai ; bi (2n)

measurements
2-D points,pixel coordinates
mij = (x ij ; yij ) (2pn)
calibrated:m̂ , imageplanecoordinates

surfaceorientations
N j = (n j 1; nj 2; nj 3; 1), knk = 1 (2p)
gray-level values
I ij (pn)
calibrated:L ij , imageplaneradiance

equations
pinholemodel
m ij ' P i M j (2pn)

Lambertianmodel
I ij = ai � j L T

i N j + bi (pn)

ambiguity
P j $ P j QP QE

QP ; QE (8 uncalibrated+ 7)
L i $ ski L i

ki ; i = 1 : : : n; s (n uncalibrated+ 1)
physical
constraint

positivedepths positivealbedoes

linear
constraint
for 2 views

rigidity of thescene
m T

k F(P k ; P l )m l = 0

uniquenessof albedo
�

I k � bk

� I l + bl

� T �
al L T

l
ak L T

k

�
N = 0

Table2: Parallelbetweenthegeometryof multipleviews andtheradiometryof multiple illuminants

Givena surfaceelementof albedo� andnormaln thatprojectsinto two imageswith illuminantsk
andl, its albedocanbeestimatedusingEq.(4) as:

� k =
I k � bk

akL T
k N

; (5)

or as

� l =
I l � bl

al L T
l N

; (6)

whereindex k (resp.l) denotesgraylevels,light sourcevectorparameters,andradiometriccalibration
parametersin the imagek (resp. l). Sincethevalueof thealbedois supposedconstant,we canwrite
� k = � l andmultiply this equalityby thedenominators,whichgives:

�
I k � bk

� I l + bl

� T �
al L T

l
akL T

k

�
N = 0 :

Thiscanbeexpandedas:

I l ak lTk n + I l ak � k � bl ak lTk n � bl ak � k = I kal l
T
l n + I kal � l � bkal l

T
l n � bkal � l : (7)

If wedenotetheilluminationvectorsasL T
k = [L k1; L k2; L k3; L k4] = [lTk ; � k ] andL T

l = [L l1; L l2; L l3; L l4] =
[lTl ; � k ], it canbeseenthatEq.(7) is linearin the12variables:
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akL ki ; al L l i ; akL ki bl � al L l i bk ; 1 � i � 4 :

Notethat,if wehadusedthe8variablesakL ki bl ; al L l i bk insteadof thelast4variablesakL ki bl � al L l i bk ,
wewouldhave obtainedasetof 16 nonlinearly independentvariables.

This approachrelieson theeliminationof thealbedoesin orderto computesimply theilluminants.
Oncethey areobtained,thealbedoareeasilycomputedusingEq.(5).

4.2 The calibrated case

In thecalibratedcase,becausetheai andbi areknown, theintensitiescanbetransformedsothatwecan
assumewithout lossof generalitythatai = 1 andbi = 0. Eq. (7) canberewrittenas:

U T f = 0

U = [I l n1; I l n2; I l n3; I l ; � I kn1; � I kn2; � I kn3; � I k ]T

f = [lk1; lk2; lk3; � k ; l l1; l l2; l l3; � l ]
T (8)

wherenT = [n1; n2; n3].

Combiningtherows U for eachsurfaceelementprovidesa linearsystemof theform ~Uf = 0. This
formulationshowsthatin thecalibratedcasethereis auniquesolutionupto ascalefactorwith 7 generic
surfaceelements,providedthatthereis no ranklossfor thematrix ~U .

In practice,we have morethansevensurfaceelements,but theresultinggrayvaluesarenot exact.
Therefore,we seeka least-squaressolution:

min
f

k ~U f k subjectto kf k = 1 (9)

Theconstraintjf k = 1 is necessarybecausethe illuminantsarede�ned up to a globalscalefactor.
What this meansis that while the ratio of the normsof eachilluminant vectoris �x ed (andtherefore
recoveredcorrectlyby solving the linear system),asdiscussedin Sec.3.4, the global scalefactor is
arbitrary. However, its sign is not. Oneway to set the correctsign is to computethe albedoesusing
Eq. (5). If thealbedoesturn out to benegative, thenall thevaluesof theillumination aremultiplied by
� 1.

4.3 Threeviewsand more

Oneinterestingfeatureof this linear algorithmis that if we have morethantwo views, we cansolve
simultaneouslyfor all the illuminants,just by concatenatingthe equalitiesof Eq. (7). The unknowns
areall the componentslkr and � k of the illuminants,which aregatheredin a vector f of dimension
4� n. This is possiblebecausethereis oneilluminantattachedto eachimage,whereasin thegeometric
recoveryproblem,themotionparametersareattachedto pairsof images.For example,if wehave three
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views, a surfacevisible in eachview yields the threeequations,obtainedby expendingrespectively
� 1 = � 2, � 1 = � 3, � 2 = � 3:
2

4
I 2n1 I 2n2 I 2n3 I 2 � I 1n1 � I 1n2 � I 1n3 � I 1 0 0 0 0
I 3n1 I 3n2 I 3n3 I 3 0 0 0 0 � I 1n1 � I 1n2 � I 1n3 � I 1

0 0 0 0 I 3n1 I 3n2 I 3n3 I 3 � I 2n1 � I 2n2 � I 2n3 � I 2

3

5 f =

2

4
0
0
0

3

5

(10)

with:

f = [l11; l12; l13; � 1; l21; l22; l23; � 2; l31; l32; l33; � 3]T

Clearly, thetwo �rst equationsareindependent,andthelastoneis a linearcombinationof them.More
generally, a surfacevisible in n views yieldsexactlyn � 1 independentequations.With p surfaces,the
numberof rows is p(n � 1), andthenumberof columnsis 4n. Becauseof thescalefactor, thenumber
of independentequationsis at mostmax(p(n � 1); 4n � 1), which is exactly consistentwith theresult
foundin Section3.4.

All theanalysisandcountsof variablesdonepreviously gave ustheminimumdatawhich is neces-
saryto obtaina uniquesolution. To prove that this datais suf�cient whenthe illuminantsandsurface
normalsaregeneric(or, in otherwords,in generalposition)webuilt aspeci�c systemof linearequations
for eachvalueof (p;n) suchthatp = 1::7 andn = 1::5. We thenusedtheMaplet m computeralgebra
systemto checktherankof thesystem,andcon�rmed that thereis no rank loss. Table3(a)shows the
rankof thesystemof equationsin thegenericcase.

images 2 3 4 5
surfaces

1 1 2 3 4
2 2 4 6 8
3 3 6 9 12
4 4 8 12 16
5 5 10 15 19
6 6 11 15 19
7 7 11 15 19

images 2 3 4 5
surfaces

1 1 2 3 4
2 2 4 6 8
3 3 6 9 12
4 4 8 12 16
5 5 9 13 17
6 6 10 14 18
7 7 11 15 19

Genericilluminationvectors Planarilluminationvectors

(a) (b)

Table3: Numberof linearly independentequationsfor smallnumberof imagesandsurfaceelements,
obtainedusingcomputeralgebra.Bold typeindicatesthatthereareenoughequationsto yield a unique
solution(up to aglobalscalefactor)

4.4 Degeneracies

Whenthedatais not in generalposition,whichmeansthatsomerelationshipsexist within it, two types
of degeneraciescan occur, one which is causedby illuminants, the other by the object's shape. In
whatfollows,wegive theresultsof apreliminarystudyof degeneratecon�gurations,in whichwe limit
ourselvesto thecasewhereeitherthedistribution of illuminantsor normalsis generic.
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Let us�rst examinethecaseof two illuminants.If thetwo illuminationvectorsareproportional,the
four �rst columnsof thematrix ~U areproportionalto thefour lastcolumns,Therankof thematrix is
thereforeatmost4, andsois thedimensionof thespaceof solutions:As expected,the�rst illumination
vector is unconstrained,the secondoneequalto the �rst. More generally, whenall N illumination
vectorsareproportional,it canbeseenthatthematrix ~U generalizingtheform in Eq. (10) hasrankat
most4 � (n � 1): Thelastn � 1 groupsof four columnsareindependent,while the�rst four columns
area linear combinationof them. In the geometricreconstructioncase,this degeneracy corresponds
to identicaloptical centers. The distancebetweenilluminantsplaysa role similar to the baselinein
geometricalreconstruction.It is expectedthatthelarger it is, themorestablethesolutionwill be. This
will becon�rmed by theexperimentspresentedin Sec.4.6.

Besidesthis obviously expecteddegeneracy, we found almostno caseof degeneracy causedby
illuminantswith genericsurfacenormals.Of particularinterestis the fact that for n = 5, thesystem
doesn't looserankin thegenericcase,which impliesthattheinformationobtainedby usingmorethan
four illuminantsis not redundant.This is despitethefact(�rst noticedin [27,32]) thattheillumination
vectorsbeingof dimensionfour, any systemof � ve or moreillumination vectorsis linearly dependent,
andasa result,thespaceof images(in thecommonimageplane,or equivalently, takenfrom thesame
viewpoint) is itself of dimensionfour. Moreover, asshown in Table3(b), we veri�ed thatgenerically,
thereis no ranklossfor p � 7 assoonasthereareat leasttwo independentillumination vectors,even
if all theotherillumination vectorsarelinearly dependenton thesetwo vectors(or, in otherwords,if
all the illumination vectorsareplanar). As an applicationof this result,given ten views, only oneof
which hasa differentilluminant which is not yet identi�ed, we areableto computethetenilluminants
andthenclassifynine imagesashaving thesameilluminant. Beingableto useall tenviews provides
additionalrobustnessagainstnoise.Finally, themethodis applicableevenif all thelight sourcevectors
are identical—thatis, when the point light sourcesare the same—but at leasttwo illuminants have
differentambientcomponents.As expected,in sucha situation,the algorithmbecomesmuchmore
sensitive to noise.

It is known that a planarsurfacecausesdegeneraciesin geometricalreconstruction.Likewise, a
planarscene,for whichall thenormalsareidentical,is highly degeneratefor radiometricreconstruction.
ExaminingagainEq.(8), it is apparentthattwo surfaceelementswhichhave thesamenormalyield two
proportionalrowsU , theproportionalityfactorbeingtheratioof thealbedoes.Therefore,therankof the
systemwould beat mostn � 1, no matterthenumberof surfaceelements.A moregeneraldegeneracy
occurswhenall thesurfacenormalsarecoplanar(asin acylindrical surface).It canbeveri�ed thatthen
therankof thesystemis genericallyat most3n. For eachof then light sources,thecomponentalong
the directionorthogonalto all the normalsis ambiguous.We concludethat for the matrix ~U to have
full rank, it is necessarythat we have at leastseven surfaceelementswith differentorientations,and
thatall theseorientationsbenon-planar, which is amuchstrongerrequirementthanthenon-coplanarity
requirement.In practice,while this requirementmightbeproblematicwith simplepolyhedralscenes,it
is generallysatis�edfor smoothsurfaces.It is alwaysagoodideato watchthesingularvaluesof matrix
~U to detectany possiblerankloss.

4.5 Recovering the offsets

In the uncalibratedcase,becauseof the ambiguitybetweenthe intensityof the illuminant andthe ra-
diometricscaledescribedin Sec.3.4, the only calibrationparameterswhich canbe recoveredis the
radiometricoffsetsbi .
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Eq.(7) canberewrittenas:

V T g = 0

V = [I l n1; I l n2; I l n3; I l ; � I kn1; � I kn2; � I kn3; � I k ; n1; n2; n3; 1]T

g = [L k1; L k2; L k3; L k4; L l1; L l2; L l3; L l4; mkl1; mkl2; mkl3; mkl4]T

wherewehave usedthenotations:
�

L j i = l j i ; i = 1: : : 3
L j 4 = � j

and
�

mj l i = bl l j i � bj l l i ; i = 1: : : 3
mj l4 = bl � j � bj � l

For n illuminants,thenumberof intermediatevariablesis 4 � (n + n(n� 1)
2 ) = 2n(n + 1). We have

veri�ed thatthesevariablesarelinearly independentin thegenericsituation.

In theuncalibratedcasethereis a uniquesolutionup to theambiguitydescribedin Sec.3.4assoon
aswehave 11 surfaceelements.

The systemof linear equationsobtainedby concatenatingthe previous equationis solved in the
samewayasfor thecalibratedcase.Thento recover theoffsets,wenoticethat:

(L pj L qi � L pi L qj )bk = (bpL qi � bqL pi )L kj � (bpL qj � bqL pj )L ki

= mpqi L kj � mpqj L ki (11)

Sincethisequationis valid for all theindicessuchthat

k = 1: : : n
1 � i < j � 4
1 � p < q � n
p = k or q = k ;

wecanestimaterobustly then offsets.In our implementation,wehaveusedthesimplestwayto exploit
theredundancy. Weaverageall thevaluesof bk derivedfrom Eq.(11).

4.6 Synthetic Experiments

Thealgorithmdescribedbelow is very simple. It is theradiometricequivalentof theeight-pointalgo-
rithm for geometricreconstruction.Unfortunately, wearegoingto seein this sectionthatlikewise,it is
quitesensitive to imagenoise.Weusesyntheticdatato assessthissensitivity.

Thereare threemain parametersthat we canvary: The amountof noise,the numberof surface
elements,andthe numberof illuminants. For eachspeci�c choiceof theseparameters,we randomly
draw valuesfor the light sourcevectors. We thenrandomlydraw valuesfor the surfacenormalsthat
aresuchthat thesurfaceelementsarefront-lit, that is suchthat thedot productsof thenormalwith all
theilluminant orientationsarepositive. We thenpick randomvaluesbetween0 and1 for thealbedoes,
computetheexpectedgraylevel valuesandaddnoise.It is takento beGaussian,andexpressedin terms
of relative errorwith respectto themaximumgray-level value.Finally, we run our procedureusingthe
normalsandnoisygray-levelsto recover estimatedilluminantsandcomparethemto therealvalues.

12



Given this procedure,if we allowed the illuminant orientationto spanthe whole space,the set
of availableorientationsfor the surfaceelementswould becomeincreasinglysmall asthe numberof
illuminant increased.It would decreasethe algorithm's robustnessandbias the resultsagainstlarge
numberof cameras.To avoid this, we restrictthe illuminants' orientationto be within 45 degreeson
eithersideof thez axis,therebyguaranteeingthatthemaximumanglebetweenthemis alwayslessthan
90 degrees.

To comparetrueandrecoveredilluminants,we form ”concatenatedilluminantvectors”by concate-
natingall the componentsof illuminations in all images,�rst using the true illumination valuesand
secondusing the recoveredone. We take the ”distance”betweentwo suchconcatenatedilluminant
vectors

�!
V1 and

�!
V2 to be

Dvect(
�!
V1 ;

�!
V2) = 1 �

�!
V1:

�!
V2

jj
�!
V1 jjjj

�!
V2 jj

: (12)

It is onewhenthetwo vectorsareproportionalto eachotherandzerowhenthey areperpendicular. This
distanceis ameasureof therecovery error.
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Figure1: Sensitivity of thelinearalgorithmusing2 or 3 imagesandfrom 0.2%to 0.5%gray-levelnoise.Each
point in thescatterplotsdepictsonerun of thealgorithm. Its x-coordinateis thedistancebetween
theilluminantsandits y-coordinatestherecoveryerror.

In the�rst line of Figure1, we show theresultsof four suchexperimentsusingtwo illuminantsand
noisevaluesof 0.2%, 0.3%, 0.4%and0.5%. In the secondline, we show the correspondingresults
usingthreeilluminantsinstead.Eachpointof eachscatterplot correspondsto onerunof thealgorithm.
Its y-coordinateis the recovery error of Eq.(12). In the two-illuminant case,its x-coordinateis the
distanceD vect of Eq. (12) betweenthetwo individual illuminant vectors.In thethree-illuminantcase,
its x-coordinateis theaveragedistanceof thethreepossiblepairsof illuminants.

Theseresultsarepresentedin a different fashionin Figure 2. We divide the rangeof distances
betweenilluminants,that is thex-axisof thegraphsof Figure2, into 20 bins. Within eachbin, for all
runswhoserandomlychosenilluminantshave a distancethat falls into thatbin, we computeandplot
the90 percentilevalueof all the recovery errors,that is, thesmallestvaluethat is larger than90% of
theserecovery errors.Again in thethree-illuminantcase,weusetheaveragedistancebetweenpairs.
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Figure2: Sensitivity of thelinearalgorithmto gray-levelnoisein termsof the90percentileof recoveryerrors.
Eachcurve correspondsto a differentamountof gray-level noise.(a) Usingtwo images.(b) Using
threeimages.

Naturally, the recovery error increaseswith the amountof noise. It also increaseswhenthe dis-
tancebetweenthe individual illuminantsdecreases.This alsois to be expectedsince,asthis distance
approacheszero,the illuminantsbecomecloserto beingcollinearandthesystemsof equationscloser
to beingdegenerate.

Note that increasingthenumberof illuminantsfrom two to three,andbeyond,doesnot bring any
meaningfulimprovement.Theusefulnessof theextraequationsappearsto beseverelyrestrictedby the
additionalnumberof unknowns.
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Figure3: Sensitivity of the linear algorithm to the numberof surfaceelements. Each90 percentilecurve
correspondsto adifferentnumberof elements.(a)2 imagesand0.3%gray-levelnoise.(b) 2 images
and0.4%gray-level noise.

All theexperimentsdepictedby Figures1 and2 wereperformedusing200surfaceelementsfor each
run of the algorithm. To illustratethe method's sensitivity to this number, we reranour experiments
usingdifferentnumbersof surfaceelements.Figure3 depictsthe results. In practice,assoonasthe
numberof surfaceelementsbecomeslargerthan50, theresultsbecomestatisticallyindistinguishable.

Thesesimulationsshow that the linear algorithm is quite sensitive to noise. This sensitivity is
actuallycomparableto that of the eight-pointalgorithm [22, 15]. To derive satisfactory resultswith
it, pointsmustbe locatedwith anaccuracy of onepixel in 512� 512 images,which correspondsto a
relative errorof 0:002 (0.2%). Practicehasshown that sucha geometricprecisionis quiteattainable,
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andsometimesimproved uponby usingsub-pixel detectors.Furthermore,it is often possibleto use
a higher resolutionimage. On the other hand,the dif�culty with radiometricreconstructionis that
the valueswe measurearedigitized gray levels, which aretypically numbersbetween0 and255. In
this case,anerrorof onegray-level is 0:004(0.4%)andimproving uponthis precisionis problematic.
Unfortunately, asseenabove, at this level of precisionthe linearalgorithmis alreadystartingto make
signi�cant errors.We thereforeturn to a non-linearapproachto solvingtheproblemthatwill prove to
bemuchlessnoise-sensitive.

5 Non-linear Solution: Radiometric Bundle Adjustment

Theradiometricbundleadjustmentmethodis thecounterpartof thegeometricbundleadjustmentused
in photogrammetry[13]. It is promisingbecausethelatteronehasprovedto beoneof themostrobust
methodsfor geometricreconstruction.In thisapproach,weseekto �nd thevaluesof the5 � n + p � 1
unknowns� j ; j = 1: : : p, andL i ; bi ; 1: : : n, whichminimizetheerrorfunction:

X

i

X

j

(I ij � (� j L T
i N j + bi ))2 (13)

whereI ij arethemeasured-graylevelsin theimages,andthesumsaretakenoverall theimagesandfor
eachprojectionof a surfaceelement.In, practice,theminimizationis performedusingtheLevenberg-
Marquardtalgorithm[29]. Weusethelinearalgorithmpreviously describedto getastartingpoint.

Themaindrawbackof thismethodis thatinvolvesnon-linearoptimizationto solvetheleast-squares
problemof Eq. (13). Its size is proportionalto the numberof surfaceelements,and can therefore
becomelarge. However, aswill beshown below, theincreasein reliability is well worth theadditional
computationalburden.Furthermore,asshownby Figure3,200surfaceelementsaremorethansuf�cient
to constraintheproblem.Therefore,for largeproblems,notall surfaceelementsneedto beused.

5.1 Synthetic Experiments

We ran experimentssimilar to thosedepictedby Section4.6, but usingthis non-linearapproachand
muchhighernoiselevels. The resultsaredepictedby Figure4. As in Figure2, the individual curves
correspondto differentlevelsof gray-level noise.They arethe90 percentileof recovery errorsshown
asfunctionsof the distancebetweenilluminants. In the caseof two images,the resultsareexcellent
at the0.5%and1.0%noiselevels, levelsfor which thelinearalgorithm's resultsarealreadybecoming
incorrect.Theprecisionthendegradesgracefullyasthenoiselevel increases.Also, unlike in thelinear
case,usingthreeilluminantsinsteadof two yieldsamarkedimprovement.Themethodis still sensitive
to noisebut, becausea 1.0%noiselevel correspondsto about3 gray-levels in a typical 8-bit image,it
becomesmuchmoreapplicable.

The non-linearalgorithmalsorecoversan estimatedalbedovaluefor eachfacet. In Figure5, we
divide thex-axisof thegraphsin thesame20 binsasbefore.Wecomputeandplot the90 percentileof
theroot mean-squaredifferencebetweenrecoveredalbedoesandrealones,insteadof the90 percentile
of the distancebetweentrue and recoveredilluminantsas in Figure4. Note that the graphsof both
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Figure4: Sensitivity of thenon-linearalgorithmto gray level noisein termsof the90 percentileof recovery
errors.Eachcurvecorrespondsto a differentamountof gray-level noise.(a) Usingtwo images.(b)
Usingthreeimages.
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Figure5: Sensitivity of thenon-linearalgorithmto gray level noisein termsof the90 percentileof the root-
meansquareerror betweentrue and recoveredalbedoes. Eachcurve correspondsto a different
amountof gray-level noise.(a)Usingtwo images.(b) Usingthreeimages.
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Figure6: Sensitivity of thenon-linearalgorithmto errorsin thenormals.Each90percentilecurvecorresponds
to a differentamountof randomizationof thenormals.(a) 2 imagesand1.0%gray-level noise.(b)
3 imagesand1.0%gray-level noise.
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Figure7: Sensitivity of thenon-linearalgorithmto outliers.Each90percentilecurvecorrespondsto adifferent
proportionof outliers. (a) 2 imagesand1.0%gray-level noise. (b) 3 imagesand1.0%gray-level
noise.

�gures have exactly thesameshapes,indicatingthatourdistancemeasurebetweenilluminantsis alsoa
goodindicatorof thequalityof albedorecovery.

Sofarwehaveassumedthatthenormalswerepreciselyknown. In practice,thiswill of coursenever
bethecase.Normalswill only beknown up to someprecision.To testthein�uence of thisuncertainty,
we ran additionalexperimentsby alsorandomizingthe normalvectors. We addedGaussiannoiseto
eachof their 3 componentsandrenormalizedthe vectorsto make themunit vectorsagain. Figure6
depictsthe resultswhenrandomizingthe normalsusingnoiseof variancerangingfrom 0.02 to 0.20
and introducing1.0% of gray-level noise. Note that the result is relatively insensitive to fairly large
imprecisionsin thenormals.

Anothersourceof errorsthatmustbetakenintoaccountaregray-levelsthatarenotmerelyimprecise
but actuallycompletelywrong,”blunders” in photogrammetricterms. They areguaranteedto arisein
realscenes,for examplebecausesomesurfaceelementsarespecularor in shadow. To handlethese,we
replacethesimpleLevenberg-Marquardtminimizationof Eq.(13)by aRANSAC styleapproach[7]. It
takesthefollowing steps:

1. Randomlydraw, with replacement,a subsetS of surfaceelements.Useit to estimatetheillumi-
nantsparametersby minimizing thecorrespondingsumof residuals

X

i

X

j 2 S

(I ij � (� j L T
i N j + bi ))2 :

Using theseillumination parameters,estimatethealbedo� j of eachsurfaceelementsassuming
thatit is Lambertianandnot in shadow. For eachsurfaceelement,form theelement's residual:

r esj =
X

i

(I ij � (� j L T
i N j + bi ))2

If themodel'sassumptionsholdfor aparticularsurfaceelement,thisresidualshouldbesmall.We
take theirmedianvaluefor all surfaceelementsto beameasureof thequalityof theillumination
estimates.

2. Performthiscomputationseveraltimesandkeeptheilluminationestimatethatyieldsthesmallest
medianresidual.Wedenoteit r esmed.
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3. Improve this estimateby performingiteratively reweightedleastsquaresas follows. For each
surfaceelementj , computea weightwj = exp(� r esj =resmed) that is inverselyproportionalto
thecorrespondingresidualandminimize

X

i

X

j

wj (I ij � (� j L T
i N j + bi ))2 :

Performthis minimizationseveral time andrecomputether esj residualsandcorrespondingwj

weightsevery time. After a smallnumberof iterations,theoutliershave very smallweightsand
areeffectively discounted.

Figure7 shows theresultsof thisprocedure,still usinga1.0%graylevel noiseandaddingupto 15%of
outliers.

5.2 Using Real Images

(a) (b) (c)

(d) (e) (f)

Figure8: CartographicModeling: (a,b)Two aerialimagesof asitetakenat two differenttimesof theday. (c)
Therecoveredterrainmodel,shadedusingtheilluminantcomputedby oursystemfor image(a). (d)
A higherresolutionimageof theareaenclosedby therectangularframein (a). (e)A shadedview of
thecorrespondingterrain,againusingtheilluminantrecoveredby oursystem.(f) Thecorresponding
de-lightedimage.

In Figure8, we show two aerial imagesof the samesite, but taken at different timesof day and
from slightly different viewpoints. We treatedthemas a stereopair. We reconstructedthe terrain's

18



0

200

400

600

800

1000

1200

1400

1600

0 50 100 150 200 250

N
um

be
r 

of
 p

ix
el

s

Original gray levels

Threshold

0

200

400

600

800

1000

1200

1400

1600

0 50 100 150 200 250
N

um
be

r 
of

 p
ix

el
s

De-lighted gray levels

Threshold

(a) (b) (c) (d)

Figure9: Dynamic rangebeforeand after illumination correction: (a) Histogramof the original imageof
Figure8(d). (b) Histogramof thede-lightedimageof Figure8(f). (c,d)Thepixelswhosegraylevel
is smallerthan50, in theoriginal andde-lightedimagerespectively, areshown in black. Note that
the two imageshave thesameoverall dynamicrangebut that, in thecaseof thede-lightedimage,
only a smallnumberof pixelsaretruly dark. Thesearethepixelsthatbelongto theshadows in the
upper-right cornerof theimage.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure10: FacialReconstruction:(a,b,c)Threeimageof a moving headacquiredusinga staticcamera.The
non-diffusecomponentof the lighting comesfrom theupperleft cornerof the imageandtheright
side of the faceappearsdarker. (d) The reconstructedheadmodel shadedusing the illuminant
computedby our system.(e,f,g)Thecorrespondingde-lightedimages.Theblackareascorrespond
to pixels whosegray level is very differentfrom the onepredictedby the Lambertianmodel. (h)
Cylindrical texturemapproducedby combiningthe(e),(f) and(g) imagesand�lling theholesusing
a texture�lling algorithm.
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(a) (b)

Figure11: Threeviews of the3-D modelof Figure10(d): (a) Texture-mappedusingtheoriginal images.(b)
Texture-mappedusingtheimageof Figure10(h)thathasbeencomputedusingthede-lightedimages.

shapeusinga deformablesurfacetechniquewe developedin earlierwork [11]. Notethat,becausethe
illuminant is differentfor the two scenes,we �rst rana differenceof Gaussianoperatoron the images
beforeperformingthereconstruction.Theresultis a triangulatedmesh.Wecomputedtheaveragegray-
level of eachmeshfacet's projectionin eachimage.We thenfed thesegray-levelsalongwith thefacet
normalsto ouralgorithm.Figure8(c)showsthemeshshadedusingtheilluminantrecoveredfor the�rst
image. Note that thedark partsof theshadedmeshareon thesamesideof therelief astheshadows,
indicatingthat the illuminant's orientationis, at leastroughly, correct. In thesecondrow of Figure8,
we show a higherresolutiondetail of the �rst image,thecorrespondingshadedmodelandthealbedo
at eachpixel locationthatwould producetheobserved imagegray-levels,assumingthattheilluminant
we computedis correct. The resultingde-lightedimageexhibits muchlessstructurethantheoriginal
one,eventhoughit hasthesamedynamicrangeastheoriginaloneasshown in Figure9: Therearestill
somevery darkpixels in theshadowedareasof theupperright corner, but not elsewhere.Theshading
effectshave beengreatlyattenuatedbecausethey areaccountedfor by changesin shape.

In Figure10, we presenta similar behavior in a differentcontext. The threeimagesof the �rst
row wereacquiredusinga staticcamerawatchinga moving head.The lighting is not diffuseandone
sideof the headappearsto be muchdarker thanthe other. Furthermore,therearemany specularities
that make our taskmoredif�cult. We computedthe headmotion andreconstructedits shapeusinga
facial reconstructiontechniquealsodevelopedin earlierwork [10]. As before,becausethe illuminant
changesfrom imageto image,weextracted3–Dshapeinformationusingatechnique,normalizedcross-
correlation[9], thatis relatively insensitive to suchchanges.Again,theresultis a triangulatedmesh.In
Figure10(d), it is shadedusingthe illuminant recoveredby our system.In this casethereis only one
light sourceandthe headis moving with respectto it. Becauseour geometricreconstructionmethod
alsoderivesthemotion parameters[10], we canreducethenumberof degreesof freedom:Only one
of illuminant is free andthe othersaretaken to be rotatedversionsof it. To overcomethe in�uence
of specularities,we furtherreducethenumberof degreesof freedom:We constrainthefacetsthatare
symmetricwith respectto a vertical planethat goesthroughthe middle of the headto have the same
albedoes.

In the secondrow of Figure10, we show de-lightedimagesderived asbefore. In theseimages,
pixels whosegray level is very different from the onepredictedby the Lambertianmodelareshown
in black. Again, theeffectsof shadinghave beengreatlyattenuated.Of course,ignoringspecularities
hasleadto the incorporationof specularcomponentsinto diffusealbedoes.As a result,theestimated
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albedoesaretoo largeon theforeheadandcheeks.This is a clearindicationthatsecularitiesshouldbe
explicitly modeled.Nevertheless,thesede-lightedimagescanthenbeusedto producethetexture-map
of Figure10(h). This is achieved by �rst generatinga cylindrical projectionof the headmodeland
then,for eachprojectedpoint, �nding theimagesin which it is visibleandaveragingthecorresponding
gray-levels. This texture-mapcanin turn to synthesize3–D modelssuchasthoseof Figure11. For
comparisonpurposes,we alsoshow the 3–D model texture-mappedusingthe original images. Note
that,whentheimagesarenot correctedfor lighting, onesideof thefaceappearsmuchdarker thanthe
other.

6 Conclusionand discussion

We have introduceda new methodologyfor recoveringtheilluminantsandsurfacealbedoesfrom mul-
tiple views taken with multiple illuminants. Whencoupledwith a methodfor shapereconstruction,it
allows usto recover boththegeometricandradiometricattributesof a scene.We have alsoshown that
in a linearsetting,theonly observablecameraradiometricparameter, theoffset,canberecovered.

Wehavedevelopedthetheory, which indicatetheminimaldataaswell asdegeneratecon�gurations
andsetsthe limits for radiometricreconstruction.We proposedtwo differentalgorithmicimplementa-
tions:

1. A linear approach. It allows fastcomputation,but is sensitive to noise.

2. A radiometric bundle-adjustmentalgorithm. It involvesnon-linearoptimization,thatmakesit
slower but alsomuchmorerobust.

Usingsyntheticdata,we have quanti�ed thesensitivity of thealgorithmsto imagenoise,outliers,
imprecisionof surfacenormals,distancebetweenilluminants,andnumberof surfaceelements.Because
reliable resultscan be obtainedusing relatively few surfaceelements,we have not found the extra
computationalexpenseinvolved by the non-linearmethodto be a severedrawback. The usefulness
of this algorithmhasbeenillustratedby two experimentsthatshow that,evenwith a minimal number
of real images,we can obtain3–D modelsand plausibleestimatesof the light sourcedirectionand
albedoes.Theimplementationrepresentsa�rst steptowardsasolutionof theradiometricreconstruction
problem,ratherthana completesolution,andcouldbecombinedwith existingapproaches.

This work, like many, is basedon Lambertianre�ectancemodel with ambiantlight and distant
point sources.The surfaceelementsthat do not conformto it aretreatedasoutliersanddiscardedas
suchby thebundle-adjustmentalgorithm. Note,however, that the recovery algorithmis implemented
usinga generalleast-squaressolver in which theconstraintsderivedusingtheLambertianmodelcould
easilybe replacedby onescomputedusingmorecomplex illumination modelssuchasthosethat take
specularitiesinto account.

Similarly, we do not explicitly modelshadows andtreatshadow areasasoutliers. Thereare,how-
ever, shadow extractiontechniquesthatdonotdependongeometryandcouldbeused.Moreover, given
aknown surfacegeometry, theshadow boundariesprovidecluesasto thelocationof point light sources.
In aniterativescheme,aftera�rst estimationof thelight sourceshasbeenobtained,it wouldbepossible
to usethegeometryto predictpotentialshadowed areasandtake that informationinto accountin the
next iteration.
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In theabsenceof shadowsandspecularities,any combinationof light sourcescouldbeaccountedfor
by asinglepointsourceandanambiantterm.Understandingtheir rolesis thereforecrucialto extending
ourapproachfrom thesimplecasewherethereis asinglepoint-lightsourceperimageto morerealistic
situationsthat involve mutliple light-sourcesper image. In future work, we will thereforefocuson
introducingshadow andspecularitymodelsinto theproposedframework.
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