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Abstract

We introducea methodologyfor radiometricreconstructionthe simultaneousecovery of mul-
tiple illuminantsandsurfacealbedoedrom multiple views, assuminghatthe geometryof thescene
andof the camerass known. We formulatethe linear theory of multiple illuminantsandshaw its
similaritieswith the theoryof geometricrecovery of multiple views. Linearandnon-linearimple-
mentationsare proposedsimulationresultsare discussedand, nally, resultson realimagesare
presented.
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1 Intr oduction

An importantgoalin computervision is to be ableto reconstructhe geometricandradiometricprop-
ertiesof a scene.n this paper we assumeahatthe geometryof the sceneandof the camerags known
or hasbeenrecarered,andshov how to recover simultaneouslynultiple illuminantsandre ectancesa
taskthatwe designateastheradiometricreconstructiorproblem. The maininsightof thiswork is that
theradiometrycanbereconstructedsingmultipleimages gachof themtakenwith adifferentunknavn
illuminant, in muchthe sameway asthe geometryof arigid scenecanbereconstructedisingmultiple
imageswith unknavn but differentviewpoints.

The imageintensity measuredat a given pixel dependson four world componentslllumination,
re ectance,scenegeometry and camerageometry If the geometricandradiometricvariablesareall
unknavn, the problemof recorering them clearly becomeaunderconstrained no matterhow mary
views areavailable. Here,we proposea paradigmthat decouplegadiometricreconstructiorfrom ge-
ometricreconstruction The latter involves determiningboth the geometryof the surfacesand of the
cameragrom multiple imagesof the scene t is well understoodbothin theory(seel6, 14] for recent
accountsiandin practice(see[34] for arecentsurwey). Giventhegeometrywe infer all theradiometric



variables:varying albedoesandonedistinct point light sourceandambientillumination for eachim-

age.Comparedo the photometricsterecapproacheghereis no needto usea constanviewpoint, thus
allowing usto take advantageof existing solutionsfor the geometriareconstructiomproblem.Theseso-
lutionshave provento bereliableandapplicablein avariety of unconstraine@nvironments.Then,in a
secondstage radiometricparametershataremoresensitve arerecoveredusingour proposednethod.
We do notrequireprior knowledgeabouteitherre ectanceor illumination.

The decouplingof geometryandradiometrythat we adwcatemalkes sensdor mary applications.
For example this work wasinitially motivatedby the needto performchangedetectiorusingimagesof
thesameayeographisitestakenatdifferenttimesof day In suchacasedigital terrainmapsareavailable
or canbe computed. It thenbecomesaturalto combinethe mapsandthe actualimagesto estimate
the illumination parameterstecover surfacealbedoesand checkthatthey remainconstantover time.
A similar situationariseswhen constructing3—D modelsof objectsor peoplefrom video sequences
for renderingor animationpurposes.The illumination may vary from imageto image,for example
becausehe objector subjectbeingmodelledmoveswith respecto x edilluminants. In this situation,
it is oftenpossibleto usestructure-from-motiomechniqueshatarerelatively insensitve to illumination
changego reconstructhe geometryaswill be shavn in theresultsectionof this paper The next step
is thento attenuatehelighting effectsin the originalimagesto createhigh-qualitytexture maps.More
generally providedthattheimagesdo not exhibit extremelighting variations,geometriaeconstruction
techniquessuchassteredasecn normalizeccross-correlatiofi9], canbemadeto handleillumination
effects. The only requiredprior knowledgeis the internalgeometriccalibrationof the cameraswhich
in mostcircumstancesanbe obtainedusingeitherphotogrammetrior self-calibratiortechniques.

Previous work is summarizedn table 1 and discussedn detail in the next section. It falls into
two broadcateyories,dependingon whetheror not the geometryis known a priori. Approachedased
on photometricstereorequirethat multiple imagesbe taken from a x ed point of view with multiple
illuminants,andaim at recorering the shapeaswell asthe re ectance. In addition,to obtainan un-
ambiguoussolution,thesemethodsrequireknowledge of the illuminantsor of partsof the geometry
Theseapproacheasll rely on a Lambertianmodelwith distantpointlight sourcesandhave beenfound
to be sensitve to modelingdeviations[8]. Inversemethodsbasedon more sophisticatedllumination
andre ectancemodelsrequirethe knowledgeof the geometry and cannotrecorer simultaneoushthe
re ectanceandilluminantin a generalkituation.At leastoneof the two needgo be knovn accurately
Becauséherequiredprior measurementredif cult to obtainoutsideof a controlledervironment,the
applicability of all thesemethodshasbeenlimited.

To the bestof our knowledge,no generalalgorithmor evenformal frameawvork for radiometricre-
covery from multiple views andmultiple illuminantsexists. The goalof this paperis to introducesuch
a framework, to proposealgorithmsto implementit, andto give experimentalresults. As a rst step
towardsthe generalproblemof radiometricreconstructionwe will investigatethe particularcaseof
Lambertiansuriaceswhichwe believe will bethefoundationfor work with moregeneraimodels.

In Section2, we discusgreviouswork. While thefactthatpixel intensitiesarein abilinearrelation
with surfacealbedoandillumination radiancess well known, it hasnot beenusedbeforein the context
of multiple illuminantsandmultiple views. In Section3, we describehelinearradiometryof multiple
illuminants,andcomparethis problemwith the geometryof multiple views. Basedon theseparallels,
we give acharacterizationf theminimal datarequired andthenproposén Sectiord alinearalgorithm
for therecovery of the radiometryof multiple views. Simulationshaows this linear methodto be quite
sensitve to measuremeroise. To obtaina morerohust solution,we turn in Section5 to a non-linear



methodwhichis theradiometriccounterparbf the bundleadjustmenapproacho geometriaecovery.
Section6 discussetimitationsof the currentsystemandareador futuredevelopments.

2 Previouswork

In the shapefrom shadingparadigm([19] includesmary of the classicalpaperson the subject),it is
assumedhatthere ectanceis Lambertiananduniform. This makesit possibleto infer surfaceshape,
aswell asthedirectionof theilluminant from a singleimage[38] or from multipleimaged 2§].

The main limitation of shapefrom shadingis thatre ectancehasto be uniform or known. In the
photometricstereoparadigm,by using multiple images,eachtaken with the sameviewpoint, but a
differentilluminant, it is possibleto recoser anon-uniformalbedo,aswell asthesurfaceorientation.In
earlywork [33,35, 18] illuminantsneededo beknown. A linearmethodto recoser Lambertiarsurface
albedofrom threeimageseachtakenwith a differentpoint light source hasbeenproposed1]. Instead
of relying on anexplicit knonvledgeof thethreeilluminants,this method,n the spirit of the shapegrom
shadingmethodsrelieson the preliminaryobseration of anobjectof uniformre ectanceto determine
them.

Subsequent)yit wasshavn [17] thatevenwhentheilluminantsareunknavn, the albedoandshape
canstill berecoreredusingSVD, which generalizegphotometricstereo.However, the priceto payis
thatboth of albedoandshapearesubjectto anarbitrarylineartransformation{17]. This wasextended
[37] toincludeanambiantlluminationtermin additionto theLambertiarre ectance andtheambiguity
resultwascorrectedresultingin amoreaccurateharacterisatioasa Generalize®Bas-Relielambiguity
[3], which is intrinsic to the problemand canbe entirely resoled only by sufcient prior knowledge
aboutthe objects geometry If it is known that the objectbelongsto aninstanceof a class(suchas
humanfaces) the ambiguitycanberesolhedto a degreewherenovel syntheticimagesunderdifferent
posesandlighting look realistic[12]. Thesemethodsarepowerful andaddress moredif cult problem
thanwe do. In particular if a sufcient numberof 3D measuremertin the objectareknown, they can
recover boththeilluminantandre ectance.Howevertheir precisionhasnotbeendocumentedportheir
applicability to unconstrainedr large ervironments,wherethe requiremento vary the illumination
while maintainingthe cameraat the sameviewpoint canbedif cult to meet.

The primary purposeof all the approachegreviously cited wasto recover the shapebasedon the
Lambertianrmodel. Radiometrigparametersuchastheillumination or thealbedowerea byproduct.A
secondfamily of methodsmorein the spirit of our approachaimsto recover radiometricparameters
assuminghatthe cameraandobjectgeometryis available.

In inverselighting [24, 29] it is assumedhatthere ectanceis Lambertianandknown or constant.
The illuminant is modeledas a linear combinationof a basisof prede nedlights. Thereis a linear
relationshipbetweenthe coefcients of the linear combinationand the pixel values,which malesit
possibleto recorer theformerfrom asingleimage.

With thedualapproachre ectancemodeling,which consistsn assuminghatthe pointlight source
is known, it is possibleto recaover sophisticatede ectancepropertieswith speculaanddiffuse param-
eters[20, 2, 31, 24]. A rangeimagingsensomwas usedby theseauthorto recoser the geometry This
hasbeenextendedto allow for multiple known point light sourcesaswell asindirectillumination ef-
fects,resultingin impressie re-renderingsf controlledervironments 36]. Thegeometrywasmodeled
preciselyby manualmethods.



Framework Camerageometry Scenegeometry Re ectance lllumination
Geometricreconstruction recovered recovered reasonableariation reasonabl@ariation
Shapdrom shading single recorered constant recovered
Photometricstereo constant recorered recosered known
Generalizegphotometricstereo constant partly recovered partly recovered partly recovered
Inverselighting single known known or constant recovered

Re ectancemodeling known known recosered known
Radiometricreconstruction known known recovered recovered

Tablel: Radiometricreconstructionn relationwith previousgeneraframevorks

Theseapproachesre ableto recover rich modelsof eitherthe illuminant or the re ectance,but
unlike the methodthatwe proposethey cannotrecover both. Onemethodwhich hasthis capabilitywas
recentlyintroduced30]. Usinga linearrelationbetweenlighting coefcients andpixel values reliable
resultswere obtained. However this approachcannotbe consideredo be generic,asit dependon a
speci ¢ situationwherethe shada of an objectof known shapeis projectedonto anobjectof knovn
shapelt wouldn't beapplicablein scenesvhereshadavs cannotbe measureavith goodaccurag.

In all the previously cited work, the camerasare assumedo be radiometricallycalibrated. The
non-linearradiometrictransferfunction canberecoreredusingmultiple imagesconsistingof different
exposuref a x edsceneandillumination, whenthe exposuresareknown [4] or evenunknavn [26].

3 Linear Model for the Radiometry of Multiple Illuminants

In this sectionwe developthetheoryfor Lambertiarre ectancemodelswhichleadsto alinearmodel.

3.1 The Lambertian model

Wemodeltheeffectof illuminationasthesumof aLambertiartermfrom a punctualdistantlight source,
andan ambientterm accountingfor mutualillumination andsky light effects. For a surfaceelement,
suchasatriangularfacetin a surfacemesh,of normaln andalbedo thatprojectsinto animagei at

coordinategu; v), thelight intensitystriking the photographigor CCD) plate(or radianceattheimage
plane)is givenby:

Li(uv)= (fn+ ) 1)

wherelL;(u; v) representshe radiancearoundthe projectionof the surfaceelement(for exampleav-
eragedover the facets projection),l; is the light sourcevector ; is the ambientlight. Eachsurface
elemenis characterizethy 3 parameterghedirectionof n, andthealbedo . While n is aunit vector
l; is not: its magnitudeencodeghe light source$ “magnitud€. The completeillumination modelfor
eachimageis thereforegivenin termsof 4 parameters:

Thethreecomponents;; li2; i3 of I;.

Theambientight ;.



Theseparameteraredescribedy theillumination vector, thevectorof four components:
Li = iy lizsliz 0]

Usingtheillumination vector andthenotationN = , EQ. (1) canbewritten morecompactlyas:

n
1
Li(u;v) = L{N

3.2 Radiometric calibration

The measureshatwe canaccessarepixel gray-level values.However, the quantitythathasa physical
meaningis the radianceat theimageplane. The pixel gray-lesel bearsa certainrelationship(typically
monotonic)to theradiance Thatis, for eachcamera,

li(u;v) = Fi(Li(u;v)) (2)

whereL (u; V) is thelight intensitystriking the imageplaneof camerg at coordinate(u; v), F; is an
unknavn radiometrictransformatior(including digitizationandotherscanningeffects),andl ; (u; v) is
theresultingpixel value.Notethatall of thisgeneralize$o wavelength-dependg measuresyut we will
describehe scalarcaseonly herefor simplicity of exposition. A camera is saidto beradiometrically
calibratedwhenthefunctionF; is known.

Imagesaretypically not radiometricallycalibrated,and unlessthe calibrationis donebeforehand,
thereis rarely sufcient information (suchasmultiple exposuresof a samescene[26]) to recover ex-
actly the unknavn functionsF; from them. However, in practice,a rst approximatioris obtainedoby
describingF; asanafne transformatiorspeci ed with a radiometricscalefactor a; andradiometric
offsethy:

Fi(L) = aL + b 3)
A generalandmoreprecisedescriptionof F; couldbeobtainedby addingnon-lineamparametrigerms.

This parallelsthe geometriccalibrationproblem,wheretherelationshipbetweerthe projectionson
the physicalimageplaneandthe coordinatesn termsof pixel arein a rst approximationconsidered
to belinear anddescribedy the camerantrinsic parametergfocal, aspect-ratioetc..). Adding a few
non-lineargeometricdistortiontermsis sufcient, exceptfor the mostexactingof applicationswhere
non-parametriecnodelsof distortionmustbeused.

Anothersimpli cation ariseswhenit is known thatthecamerds thesamethatis its calibrationdoes
notvary. Indeedfor thepurposeof detectingchangeit oftentimessufces to remove thedependengcof
F oni:

li(u;v) = F(Li(u;v))
whereF is now the sameunknavn transformatiorappliedto thelight intensity

In this paper we will useonly theafne modelsothatwe canmaintainthe linearity of the whole
model. It will be shavn that even within this limitation, thereis enoughinformationto recover one
of the parametersthe radiometricoffset. When usinga non-linearapproachwithin our radiometric
multipleimagemethodologyasufciently largeamountof datawouldallow to recover morenon-linear
parametriderms. We dont claim to investigatethoroughlythe issueof radiometric(self) calibration,
but will justillustratein a simplecasehow it canbe solvedin the radiometricreconstructiorproblem,
muchthe sameway asself-calibration[23] hasbeensolvedin thegeometricreconstructiomproblem.
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3.3 Multiple images

Thekey ideaof ourapproachs to usemultiple imagesof the samesurface,takenwith differentillumi-
nations.We assumehatthegeometryof thesurfacesandcamerafiasbeenpreviously recorered,which
makesit possibleto expressall the 3-D spatialrelationshipin a commoncoordinatesystem.Because
of theLambertiarhypothesistheimageradiancedoesnot dependnthe positionandorientationof the
camerasandthereforeall the measurementmadewith a commonillumination canbe gatherednto a
single“image”, providedthatthe radiometriccalibrationis takeninto account.

For simplicity's sale, in this paper we restrict oursehes to the casewhere only one point light
sourceis usedatatime. Eachimagei is thereforecharacterizedy its illuminationvectorL ;. Besides
the minimum requirementhattherearetwo non-proportionaillumination vectors,the valuesof these
vectorsdo not needto be all different (seeSection4). In this contet, the only relevant geometric
informationarethenormalsn; , of eachsurfaceelemeng , whichwe assumeo have beendetermined.
Theonly radiometricparametefor eachsurfaceelemenis its albedo ;.

We have p surfaceelementswith n differentilluminants, which give riseto thep n radiance
valuesLj andpixel gray-level valuesl jj , accordingto Eq. (1) andEq.(3) :
lj =alj+bh=a jL{Nj+h 4)

Sincethereareatotalnumberof p+ 4 n+ 2 nunknavns:

albedoes j;j = 1:::p,
illuminationvectorsLi;i = 1:::n,

radiometriccalibrationparameters;; b;i = 1:::n,

and a total numberof p  n equationswith a sufcient numberof different surface elementsand
illuminations,we expectto be ableto solve the problemof radiometricreconstructionNote thatif all
thealbedoes ; areknown (asin [25]) theproblembecomedinear, insteacf bilinear andcanbesolved
with asingleview.

This formulationshaws that the radiometricreconstructiorproblemis similar to the geometricre-
constructionproblem,wherewe are given p 3-D pointsM j seenin n differentviews of projection
matricesP i, andtry torecovertheM j andP ; fromthe2n pequationsnj ' PiM;. It isknown [5,
16] thatfor this problemthe solutioncanin general for uncalibratedcameraspe recoseredonly up
to a projective transformationH , sinceif the previous equationsare satis ed, so is the equation:
mi " (PiH)(H le). In the caseof calibratedcamerasH is an EuclideantransformationQ g,
adisplacemenandscaling.

3.4 Ambiguities and minimal data

Goingbackto theradiometricreconstructiorproblem,we noticefrom Eq. (4) thatif:

ai;b; oL



is asolution,thenanotheracceptableolutionis obtainedfor ary scalars > 0andk;;i = 1:::n
a;

ki,h;?j;SkiLi

It canbeveri ed thatthis is the only ambiguitywhich canhold generically The ambiguitydueto the
multiplier s is a uniform scaleambiguity which meansthat we cannotdistinguishbetweenbrighter
surfacedlit by adimmerilluminant or darker surfaceslit by a moreintenseilluminant. This ambiguity
is similarto thedepth-speedniform scaleambiguityencountereih the geometriaceconstructiomprob-
lem. Thefactthatonly the positive valuesof the globalscales areacceptableomesfrom the physical
constrainthatthealbedoede positive. Notethatthisis similar to the constrainthatthe pointshave to

lie in front of thecamerayielding a positive depthin the geometriaeconstructiorproblem.In the case
of radiometricallycalibratedcamerasthe scaleambiguityis the only genericambiguityof the problem.

Theambiguitydueto the multipliersk; meanghatfor camerasvhich arenot photometricallycali-
bratedjt is notpossibleto distinguishbetweertheintensityof theilluminantsandtheradiometricscale
factorof thecamerawithout furtherassumptionsBecausef this essentiaindeterminationin this case
we could arbitrarily reducethe ambiguityby settinga; = 1;i = 1:::n. Oneway to resole this am-
biguity would be to usemaore constraintson the setof images,suchasthe fact that somecalibration
parameterd|luminants,or bothareidentical. Thisis analogouso the constraint®on camergparameters
usedfor geometricself-calibration[23].

Theambiguitydueto the uniform scales reduceghe numberof signi cant unknavns by 1, while
the ambiguityduethe multiplicatorsk; reduceghis numberby n in the uncalibrateccase. Therefore,
thetotalnumberof unknavnsin theproblemis5 n+ p 1lintheuncalibratedcaseand4 n+p 1
in the calibratedcase. From this count, we can calculatethe minimal amountof dataneededo have
a unigquesolution. The factthatthesenumbersare sufcient in the genericcasewill be con rmed by
speci c examplesdescribedn thenext section.In thecalibratecdcasewe expecta uniguesolutionwhen

np 4n+p 1, whichwerewriteasp 421, Therefore:

with 2 views, auniquesolutionis expectedfor 7 surfaceelements,
with 3 views, auniquesolutionis expectedfor 6 surfaceelements,

with 4 views andmore,a uniguesolutionis expectedor 5 surfaceelements.

Thetable2 summarizeshe parallel betweenthe geometricreconstructiorproblemandthe radio-
metricreconstructiorproblem.

4 A Linear Solution

4.1 Theory

In thegeometriaeconstructioproblemiit is known [21,22] that,giventwo views, ary 2-D projections
correspondingo the same3-D point satisfyanalgebraicconstrainim I Fxym; = Owhichis linearwith
respecto arepresentationf the motion betweerthe views, andbilinearwith respecto the measures.
This givesalinearalgorithmfor motionrecovery. We aregoingto seein this sectionthatthe situation
is similar in theradiometricreconstructiorproblem,but somevhatsimpler
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Geometriaeconstruction Radiometricreconstruction
3-D points albedoes
model Mj = (Xj;YiiZp) = 1::p - (3p) i =1op ()
projectionmatrices illumination vectors:
Piji=1:::n (11n) Li = (li;lizilis; i);i=1:::n  (4n)
camerantrinsic parameters radiometricscaleandoffset
calibration Mpixet = Ajrh I =al+h
Aj (5n) ai;b (2n)
surfaceorientations
2-D points,pixel coordinates Nj = (nj1;nj2;njs; 1), knk=1 (2p)
measurements my = (Xij ;i ) (2pn) gray-level values
calibrated:rh, imageplanecoordinates L (pn)
calibrated:L , imageplaneradiance
equations pinholemodel Lambertianmodel
mj ' PiM;  (2pn) lj =a jL{N;+h (pn)
.. Pj$ PjQPQE Li $ skiL;
ambiguity Qp;Qe (8uncalibratedr 7) ki;i=1:::n;s (nuncalibrated- 1)
physical . -
constraint positive depths positive albedoes
linear _ rigidiity of thescene unlquenesszaIbedo
constraint mIE(P ;P )M = 0 I« b aLl N =0
for 2 views kAT ke LT I + b acL]

Table2: Parallelbetweerthe geometryof multiple views andthe radiometryof multiple illuminants

Givenasurfaceelementof albedo andnormaln thatprojectsinto two imageswith illuminantsk
andl, its albedocanbe estimatedisingEq. (4) as:

e b
k — 'k .
= : 5
akLIN ()
oras

i b

= ——— 6
a|L|TN ()

whereindex k (resp.l) denotegyray levels, light sourcevectorparametersandradiometriccalibration
parameterén theimagek (resp.1). Sincethe valueof the albedois supposedonstantwe canwrite
kK= | andmultiply this equalityby the denominatorswhich gives:

e b
I+ b

a|L|T _ .
akLI N=20:

This canbe expandedas:

T T - T T .
I|aklkn+ I|ak K Iqaklkn hak K = Ika|I| n+ Ika| | Iq(a|I| n h<a| | -

(7)

If wedenotetheilluminationvectorsasL| = [L1;Lk2;Lks;Lkal = [If; klandL| = [Lig;Liz; Lz Lia] =
[I; «], it canbeseerthatEq.(7) is linearin the 12 variables:
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axLii;alii;aclkib  aljib;l 00 4

Notethat,if wehadusedthe8variablesag L kih; a L b insteadf thelast4 variablesacLkilbh  aLiby,
we would have obtaineda setof 16 nonlinearly independentariables.

This approactrelieson the eliminationof the albedoesn orderto computesimply theilluminants.
Oncethey areobtainedthe albedoareeasilycomputedusingEg. (5).

4.2 The calibrated case

In thecalibratedcasebecausehea; andby areknown, theintensitiescanbetransformedothatwe can
assumavithoutlossof generalitythata; = 1 andly = 0. Eq.(7) canberewritten as:

uTf=o0
U = [hinghinghing 1y, leng; Tknz; Ikng; 1 ]"
fo= [ewleasles; ko hahizihss 11 (8)

wherenT = [nq;n;nsl.

Combiningtherows U for eachsurfaceelementprovidesalinearsystemof theform Of = 0. This
formulationshavsthatin thecalibratedcasethereis auniquesolutionup to ascalefactorwith 7 generic
surfaceelementsprovidedthatthereis no ranklossfor thematrix U

In practice we have morethanseven surfaceelementshut the resultinggray valuesarenot exact.
Therefore we seeka least-squaresolution:

mfin kOfk subjectto kfk =1 (9)

Theconstrainffk = 1is necessarpecauseheilluminantsarede ned up to a globalscalefactor
Whatthis meanss that while the ratio of the normsof eachilluminant vectoris x ed (andtherefore
recoveredcorrectly by solving the linear system),as discussedn Sec.3.4, the global scalefactoris
arbitrary However, its signis not. Oneway to setthe correctsignis to computethe albedoeausing
Eq. (5). If thealbedoedurn outto be negative, thenall the valuesof theillumination aremultiplied by

1

4.3 Threeviewsand more

Oneinterestingfeatureof this linear algorithmis that if we have morethantwo views, we cansolve
simultaneoushyfor all the illuminants,just by concatenatinghe equalitiesof Eq. (7). The unknavns
areall the componentdy, and , of theilluminants,which are gatheredn a vectorf of dimension
4 n. Thisis possiblebecaus¢hereis oneilluminantattachedo eachimage whereasn thegeometric
recorery problem themotionparameterareattachedo pairsof images.For example,if we havethree



views, gsurfacevisible in 3eachvie'w yields the threeequationsobtainedby expendingrespectiely
1 .

3 2 3
lony lono long s I1nq l1n5 l1n3 l1 0 0 0 0 0
4 I3n1 I3n2 I3n3 |3 0 0 0 0 |1n1 |1n2 I1n3 |15f:4 05
0 0 0 0 Isng I3ny I3ns I3 long lono long P 0
(10)
with:
f=[lalizi s 15laailooilas; 25la1;la2; las; 3]

Clearly thetwo rst equationsareindependentandthelastoneis alinearcombinationof them.More
generallyasurfacevisiblein n viewsyieldsexactlyn 1 independengquationsWith p surfacesthe
numberof rowsis p(n 1), andthenumberof columnsis 4n. Becausef the scalefactor the number
of independengéquationsgs atmostmaxp(n  1);4n 1), whichis exactly consistentvith theresult
foundin Section3.4.

All theanalysisandcountsof variablesdonepreviously gave usthe minimumdatawhichis neces-
saryto obtaina uniquesolution. To prove thatthis datais sufcient whentheilluminantsandsurface
normalsaregenerig(or, in otherwords,in generaposition)we built aspeci ¢ systenof linearequations
for eachvalueof (p;n) suchthatp = 1::7 andn = 1::5. We thenusedthe Maple'm computeralgebra
systemto checktherank of the systemandcon rmed thatthereis no rankloss. Table3(a) shavs the
rankof the systemof equationsn thegenericcase.

images|2 3 4 5 images| 2 3 4 5

surfaces surfaces
1 1 2 3 4 1 1 2 3 4
2 2 4 6 8 2 2 4 6 8
3 3 6 9 12 3 3 6 9 12
4 4 8 12 16 4 4 8 12 16
5 5 10 15 19 5 5 9 13 17
6 6 11 15 19 6 6 10 14 18
7 7 11 15 19 7 7 11 15 19

Genericilluminationvectors Planarllumination vectors

(a) (b)

Table3: Numberof linearly independenequationdor smallnumberof imagesandsurfaceelements,
obtainedusingcomputeralgebra.Bold typeindicatesthatthereareenoughequationgo yield a unique
solution(up to aglobalscalefactor)

4.4 Degeneracies

Whenthedatais notin generabposition,which meanghatsomerelationshipsxist within it, two types
of degeneraciesan occur one which is causedby illuminants, the other by the objects shape. In

whatfollows, we give theresultsof a preliminarystudyof degenerateon gurations,in which we limit

ourselesto the casewhereeitherthedistribution of illuminantsor normalsis generic.

10



Letus rst examinethe caseof two illuminants.If thetwo illumination vectorsareproportional the
four rst columnsof the matrix U areproportionalto the four lastcolumns,The rank of the matrix is
thereforeatmost4, andsois thedimensiorof the spaceof solutions:As expectedthe rst illumination
vectoris unconstrainedthe secondone equalto the rst. More generally whenall N illumination
vectorsareproportional,it canbe seenthatthe matrix U generalizingheform in Eqg. (10) hasrank at
most4 (n 1): Thelastn 1 groupsof four columnsareindependentyvhile the rst four columns
are a linear combinationof them. In the geometricreconstructiorcase this degenerag corresponds
to identical optical centers. The distancebetweenilluminants plays a role similar to the baselinein
geometricateconstructionlt is expectedthatthelargerit is, the morestablethe solutionwill be. This
will becon rmed by the experimentgresentedn Sec.4.6.

Besidesthis obviously expecteddegenerag, we found almostno caseof degenerag causedby
illuminantswith genericsurfacenormals. Of particularinterestis the factthatfor n = 5, the system
doesnt looserankin the genericcase which impliesthattheinformationobtainedby usingmorethan
four illuminantsis not redundantThis is despitethefact( rst noticedin [27,32]) thattheillumination
vectorsbeingof dimensionfour, ary systemof ve or moreillumination vectorsis linearly dependent,
andasaresult,the spaceof images(in the commonimageplane,or equivalently takenfrom the same
viewpoint) is itself of dimensionfour. Moreover, asshavn in Table3(b), we veri ed thatgenerically
thereis noranklossfor p 7 assoonasthereareat leasttwo independeniilumination vectors,even
if all the otherillumination vectorsarelinearly dependenbn thesetwo vectors(or, in otherwords, if
all the illumination vectorsare planar). As an applicationof this result, giventen views, only one of
which hasadifferentilluminantwhich is notyetidenti ed, we areableto computethetenilluminants
andthenclassifynineimagesashaving the sameilluminant. Beingableto useall tenviews provides
additionalrobustnessgainsioise.Finally, the methodis applicablesvenif all thelight sourcevectors
are identical—thatis, when the point light sourcesare the same—it at leasttwo illuminants have
differentambientcomponents.As expected,in sucha situation,the algorithm becomesmuch more
sensitve to noise.

It is known that a planarsurface causesdggeneraciesn geometricalreconstruction.Likewise, a
planarscenefor whichall thenormalsareidentical,is highly degeneratdor radiometriaeconstruction.
ExaminingagainEg.(8), it is apparenthattwo surfaceelementavhich have thesamenormalyield two
proportionakrows U , theproportionalityfactorbeingtheratio of thealbedoesThereforetherankof the
systemwouldbeatmostn 1, no matterthe numberof surfaceelementsA moregeneraldegenerag
occurswhenall thesurfacenormalsarecoplanar(asin acylindrical surface).It canbeveri ed thatthen
therank of the systemis genericallyat most3n. For eachof then light sourcesthe componentlong
the direction orthogonalto all the normalsis ambiguous.We concludethat for the matrix U to have
full rank, it is necessaryhat we have at leastseven suriaceelementswith differentorientations and
thatall theseorientationsde non-planarwhich is amuchstrongerequirementhanthe non-coplanarity
requirementin practice while this requirementnight be problematiowith simplepolyhedralscenesit
is generallysatis edfor smoothsurfaces.lt is alwaysagoodideato watchthe singularvaluesof matrix
U to detectary possiblerankloss.

4.5 Recovering the offsets
In the uncalibratedcase becausef the ambiguity betweerthe intensity of the illuminant andthe ra-

diometric scaledescribedn Sec.3.4, the only calibrationparametersvhich canbe recoreredis the
radiometricoffsetsh;.
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Eq. (7) canberewritten as:

Vig=0
V. = [nglingling 1, leng; Ikng; leng; l;ng;ng;ng; 17
g = [Lki;Lko;LksiLra;Lig;Liz;LissLias Myt Migo; Migs; Mial”
wherewe have usedthe notations:
Lji:_|ji;i:liii3 and mj”:_lqui h||i;i:liii3
Lia= miis=h j b

For n illuminants,the numberof intermediatevariablesis 4 (n + ”(”—21)) = 2n(n + 1). We have
veri ed thatthesevariablesarelinearly independenin the genericsituation.

In theuncalibrateccasethereis a uniquesolutionup to the ambiguitydescribedn Sec.3.4assoon
aswe have 11 surfaceelements.

The systemof linear equationsobtainedby concatenatinghe previous equationis solved in the
sameway asfor the calibratedcase. Thento recover the offsets,we noticethat:

(LpjLg LpiLg)bk = (Lg bylpi)lxj (BLg  bylp)Lki
= Mpglyj  Mpg Li (11)

Sincethis equationis valid for all theindicessuchthat

=1:::n

)

T R R X

i <
p<q
=korq=k ;
we canestimaterobustly then offsets.In ourimplementationye have usedthe simplestway to exploit
theredundang We averageall thevaluesof by dervedfrom Eq. (11).

4.6 Synthetic Experiments

Thealgorithmdescribedelow is very simple. It is the radiometricequivalentof the eight-pointalgo-
rithm for geometriareconstructionUnfortunately we aregoingto seein this sectionthatlikewise, it is
quite sensitve to imagenoise.We usesyntheticdatato assesshis sensitvity.

Thereare threemain parametershat we canvary: The amountof noise,the numberof surface
elementsandthe numberof illuminants. For eachspeci ¢ choiceof theseparametersywe randomly
draw valuesfor the light sourcevectors. We thenrandomlydrawv valuesfor the surfacenormalsthat
aresuchthatthe surfaceelementsarefront-lit, thatis suchthatthe dot productsof the normalwith all
theilluminant orientationsarepositve. We thenpick randomvaluesbetweerD and1 for the albedoes,
computetheexpectedgraylevel valuesandaddnoise. It is takento be Gaussianandexpressedn terms
of relative errorwith respecto the maximumgray-lesel value. Finally, we run our proceduraiusingthe
normalsandnoisygray-levelsto recover estimatedlluminantsandcomparehemto therealvalues.
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Given this procedure,if we allowed the illuminant orientationto spanthe whole space,the set
of available orientationsfor the surface elementsvould becomeincreasinglysmall asthe numberof
illuminant increased.It would decreaséhe algorithms robustnessand bias the resultsagainstlarge
numberof cameras.To avoid this, we restrictthe illuminants' orientationto be within 45 degreeson
eithersideof thez axis,therebyguaranteeinghatthemaximumanglebetweerthemis alwayslessthan
90 dgyrees.

To compardrueandrecoveredilluminants,we form "concatenatedluminant vectors”by concate-

nating all the componentof illuminationsin all images, rst usingthe true illumination valuesand
secondysingtt]e recoreredone. We take the "distance” betweentwo suchconcatenatedluminant

vectorsV, andVs to be

ol V1:
Dvect(V1; Vo) =1 —+——+4— (12)

It is onewhenthetwo vectorsareproportionato eachotherandzerowhenthey areperpendicularThis
distancds ameasuref therecovery error

0.5 % noise, 2 images +
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Figurel: Sensitvity of thelinearalgorithmusing2 or 3 imagesandfrom 0.2%to 0.5%gray-level noise.Each
pointin the scattermlots depictsonerun of the algorithm. Its x-coordinateis the distancebetween
theilluminantsandits y-coordinatesherecovery error.

In the rst line of Figurel, we shawv theresultsof four suchexperimentausingtwo illuminantsand
noisevaluesof 0.2%, 0.3%, 0.4% and 0.5%. In the secondine, we shav the correspondingesults
usingthreeilluminantsinstead Eachpoint of eachscatterplot correspondso onerun of thealgorithm.
Its y-coordinateis the recorery error of Eq.(12). In the two-illuminant case,its x-coordinateis the
distanceD e Of EQ. (12) betweerthe two individual illuminant vectors.In thethree-illuminantcase,
its x-coordinates the averagedistanceof the threepossiblepairsof illuminants.

Theseresultsare presentedn a differentfashionin Figure 2. We divide the rangeof distances
betweerilluminants,thatis the x-axis of the graphsof Figure2, into 20 bins. Within eachbin, for all
runswhoserandomlychosenilluminantshave a distancethatfalls into that bin, we computeand plot
the 90 percentilevalue of all therecovery errors,thatis, the smallestvaluethatis larger than 90% of
theserecovery errors.Againin thethree-illuminantcasewe usethe averagedistancebetweerpairs.
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Figure2: Sensitvity of thelinearalgorithmto gray-level noisein termsof the 90 percentileof recoveryerrors.
Eachcurve correspondso a differentamountof gray-level noise. (a) Usingtwo images.(b) Using
threeimages.

Naturally the recovery error increaseswith the amountof noise. It alsoincreasesvhenthe dis-
tancebetweenthe individual illuminantsdecreasesThis alsois to be expectedsince,asthis distance
approachegero,theilluminantsbecomecloserto beingcollinearandthe systemsof equationscloser
to beingdegenerate.

Note thatincreasinghe numberof illuminantsfrom two to three,andbeyond, doesnot bring ary
meaningfulimprovement. Theusefulnes®f the extra equationsappearso be severelyrestrictecby the
additionalnumberof unknavns.
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Figure3: Sensitiity of the linear algorithmto the numberof surface elements. Each90 percentilecurve
correspondso adifferentnumberof elements(a) 2 imagesand0.3%gray-level noise.(b) 2 images
and0.4%gray-level noise.

All theexperimentsiepictedby Figuresl and2 wereperformedising200surfaceelementgor each
run of the algorithm. To illustrate the methods sensitvity to this number we reranour experiments
using differentnumbersof surfaceelements.Figure 3 depictsthe results. In practice,assoonasthe
numberof surfaceelementdecomedargerthan50, theresultsbecomestatisticallyindistinguishable.

Thesesimulationsshawv that the linear algorithmis quite sensitve to noise. This sensitvity is
actually comparableo that of the eight-pointalgorithm [22, 15]. To derive satishctory resultswith
it, pointsmustbe locatedwith anaccurag of onepixel in 512 512 imageswhich correspondso a
relative error of 0:002 (0.2%). Practicehasshavn that sucha geometricprecisionis quite attainable,
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and sometimesmproved upon by using sub-pixel detectors.Furthermoreijt is often possibleto use
a higherresolutionimage. On the other hand,the dif culty with radiometricreconstructionis that
the valueswe measureare digitized gray levels, which aretypically numbershetween0 and 255. In

this case anerrorof onegray-level is 0:004 (0.4%)andimproving uponthis precisionis problematic.
Unfortunately asseenabove, at this level of precisionthe linearalgorithmis alreadystartingto make
signi cant errors. We thereforeturn to a non-linearapproacho solvingthe problemthatwill prove to

be muchlessnoise-sensite.

5 Non-linear Solution: Radiometric Bundle Adjustment

Theradiometricbundleadjustmentmethodis the counterparbf the geometrichundleadjustmentised
in photogrammetry13]. It is promisingbecausehe latter onehasprovedto be oneof the mostrobust
methodgor geometriaeconstructionin thisapproachwe seekto nd thevaluesofthe5 n+p 1
unknawns j;j = 1:::p,andL;i;l;1:::n, whichminimizetheerrorfunction:

X X
(li  (jLINj+b))? (13)
i

wherel j arethemeasured-gralevelsin theimagesandthesumsaretakenoverall theimagesandfor
eachprojectionof a surfaceelement.In, practice the minimizationis performedusingthe Levenbeg-
Marquardtalgorithm[29]. We usethelinearalgorithmpreviously describedo geta startingpoint.

Themaindravbackof this methodis thatinvolvesnon-linearoptimizationto solve theleast-squares
problemof Eq. (13). Its sizeis proportionalto the numberof surface elements,and can therefore
becomdarge. However, aswill be shavn below, theincreasdn reliability is well worth the additional
computationaburden.Furthermoreasshavn by Figure3, 200surfaceelementaremorethansuf cient
to constrainthe problem.Therefore for large problemsnotall surfaceelementseedto be used.

5.1 Synthetic Experiments

We ran experimentssimilar to thosedepictedby Section4.6, but using this non-linearapproachand
muchhighernoiselevels. The resultsaredepictedby Figure4. As in Figure2, the individual curves
correspondo differentlevels of gray-level noise. They arethe 90 percentileof recovery errorsshavn

asfunctionsof the distancebetweenilluminants. In the caseof two images,the resultsare excellent
atthe 0.5%and1.0%noiselevels, levels for which thelinearalgorithms resultsarealreadybecoming
incorrect.The precisionthendegradeggracefullyasthe noiselevel increasesAlso, unlike in thelinear
caseusingthreeilluminantsinsteadof two yieldsa markedimprovement. The methodis still sensitve

to noisebut, becausa 1.0%noiselevel corresponds$o about3 gray-levelsin atypical 8-bit image,it

becomesnuchmoreapplicable.

The non-linearalgorithmalsorecoers an estimatedalbedovalue for eachfacet. In Figure5, we
divide the x-axis of thegraphsin the same20 binsasbefore.We computeandplot the 90 percentileof
theroot mean-squardifferencebetweernrecoreredalbedoesandreal ones,insteadof the 90 percentile
of the distancebetweentrue and recoveredilluminantsasin Figure4. Note thatthe graphsof both
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Figure7: Sensitvity of thenon-linearalgorithmto outliers. Each90 percentilecurve correspondso adifferent
proportionof outliers. (a) 2 imagesand 1.0% gray-level noise. (b) 3 imagesand 1.0% gray-level
noise.

gures have exactly the sameshapesindicatingthatour distancaneasurédetweerilluminantsis alsoa
goodindicatorof the quality of albedorecovery.

Sofarwe have assumedhatthenormalswerepreciselyknown. In practice thiswill of coursenever
bethecase Normalswill only beknown upto someprecision.To testthein uence of this uncertainty
we ran additionalexperimentsby alsorandomizingthe normalvectors. We addedGaussiamoiseto
eachof their 3 componentaind renormalizedhe vectorsto make themunit vectorsagain. Figure 6
depictsthe resultswhenrandomizingthe normalsusing noiseof variancerangingfrom 0.02to 0.20
and introducing1.0% of gray-level noise. Note that the resultis relatvely insensitve to fairly large
imprecisionsn thenormals.

Anothersourceof errorsthatmustbetakeninto accountaregray-levelsthatarenotmerelyimprecise
but actuallycompletelywrong, "blunders”in photogrammetri¢erms. They areguaranteedo arisein
realscenesfor examplebecaussomesurfaceelementsarespeculawor in shadav. To handlethesewe
replacethe simpleLevenbeg-Marquardiminimizationof Eq. (13) by aRANSAC styleapproacH7]. It
takesthefollowing steps:

1. Randomlydraw, with replacementa subsefS of surfaceelementsUseit to estimateheillumi-
nantsparameter®y minimizing the correspondingumof residuals

X X
(i (jLINj+Db)? :
i j2s

Using theseillumination parametersgstimatethe albedo ; of eachsurfaceelementsassuming
thatit is Lambertianandnotin shadev. For eachsurfaceelementform the element residual:

X
res = (Ij  (jLINj +1B))?
i
If themodels assumptiongoldfor aparticularsurfaceelementthisresiduakhouldbesmall. We

take their medianvaluefor all suriaceelementso be a measuref the quality of theillumination
estimates.

2. Performthis computatiorseveraltimesandkeeptheillumination estimatehatyieldsthesmallest
medianresidual.We denotéit r eSpeq.-
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3. Improve this estimateby performingiteratively reweightedleastsquaresasfollows. For each
surfaceelement , computeaweightw; = exp( res =resmeq) thatis inverselyproportionalto
the correspondingesidualandminimize

X X
wi(lj  (GLINj+B)?
i
Performthis minimizationseveraltime andrecomputetheres; residualsandcorrespondingy;
weightsevery time. After a smallnumberof iterations the outliershave very smallweightsand
areeffectively discounted.

Figure7 shavstheresultsof this procedurestill usinga 1.0%graylevel noiseandaddingup to 15%of
outliers.

5.2 UsingReallmages

Figure8: CartographidModeling: (a,b) Two aerialimagesof a site takenat two differenttimesof the day: (c)
Therecoveredterrainmodel,shadedisingtheilluminant computedy our systemfor image(a). (d)
A higherresolutionimageof theareaenclosedy therectangulaframein (a). (e) A shaded/iew of
thecorrespondingerrain,againusingtheilluminantrecoveredby our system (f) Thecorresponding
de-lightedimage.

In Figure 8, we shav two aerialimagesof the samesite, but taken at differenttimes of day and
from slightly differentviewpoints. We treatedthem as a stereopair. We reconstructedhe terrains
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Dynamic rangebeforeand after illumination correction: (a) Histogramof the original image of
Figure8(d). (b) Histogramof thede-lightedimageof Figure8(f). (c,d) The pixelswhosegraylevel
is smallerthan50, in the original andde-lightedimagerespectiely, areshovn in black. Note that
the two imageshave the sameoverall dynamicrangebut that, in the caseof the de-lightedimage,
only asmallnumberof pixelsaretruly dark. Thesearethe pixelsthatbelongto the shadaevs in the
upperright cornerof theimage.
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Figure10: Facial Reconstruction{a,b,c) Threeimageof a moving headacquiredusinga staticcamera.The

non-difusecomponenof the lighting comesfrom the upperleft cornerof the imageandthe right

side of the faceappeardarker. (d) The reconstructecheadmodel shadedusing the illuminant

computedby our system.(e,f,g) The correspondingle-lightedimages.The blackareascorrespond
to pixelswhosegray level is very differentfrom the one predictedby the Lambertianmodel. (h)

Cylindrical texturemapproduceddy combiningthe(e),(f) and(g) imagesand lling theholesusing

atexture lling algorithm.
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(a) (b)

Figurel1: Threeviews of the 3-D modelof Figure 10(d): (a) Texture-mappedisingthe original images. (b)
Texture-mappedsingtheimageof Figure10(h)thathasbeencomputedisingthede-lightedmages.

shapeusinga deformablesurfacetechniquewe developedin earlierwork [11]. Notethat, becausehe
illuminantis differentfor thetwo sceneswe rst rana differenceof Gaussiaroperatoron theimages
beforeperformingthereconstructionTheresultis atriangulatednesh.We computedheaveragegray-
level of eachmeshfacets projectionin eachimage. We thenfed thesegray-levels alongwith thefacet
normalsto ouralgorithm.Figure8(c) shavs themeshshadedisingtheilluminantrecoveredfor the rst
image. Note thatthe dark partsof the shadedneshare on the sameside of the relief asthe shadavs,
indicatingthatthe illuminant's orientationis, at leastroughly correct. In the secondrow of Figure8,
we shav a higherresolutiondetail of the rst image,the correspondinghadednodelandthe albedo
at eachpixel locationthatwould producethe obsered imagegray-lesels, assuminghattheilluminant
we computeds correct. The resultingde-lightedimageexhibits muchlessstructurethanthe original
one,eventhoughit hasthe samedynamicrangeastheoriginaloneasshavn in Figure9: Therearestill
somevery dark pixelsin the shadeved areasof the upperright corner but not elsavhere. The shading
effectshave beengreatlyattenuatedecaus¢hey areaccountedor by changesn shape.

In Figure 10, we presenta similar behaior in a differentcontext. The threeimagesof the rst
row wereacquiredusinga staticcamerawatchinga maving head. The lighting is not diffuseandone
sideof the headappeardo be muchdarker thanthe other Furthermorethereare mary specularities
that malke our taskmoredif cult. We computedthe headmotion andreconstructedts shapeusinga
facial reconstructiortechniquealsodevelopedin earlierwork [10]. As before,becauseheilluminant
changedrom imageto image we extracted3—D shapanformationusingatechniquepormalizedcross-
correlation[9], thatis relatively insensitve to suchchangesAgain, theresultis atriangulatednesh.In
Figure10(d), it is shadedusingtheilluminant recoveredby our system.In this casethereis only one
light sourceandthe headis moving with respecto it. Becauseour geometricreconstructiormethod
alsoderivesthe motion parameter$10], we canreducethe numberof degreesof freedom:Only one
of illuminant is free andthe othersaretaken to be rotatedversionsof it. To overcomethe in uence
of specularitiesye furtherreducethe numberof degreesof freedom: We constrainthe facetsthatare
symmetricwith respectto a vertical planethat goesthroughthe middle of the headto have the same
albedoes.

In the secondrow of Figure 10, we shawv de-lightedimagesderived as before. In theseimages,
pixels whosegray level is very differentfrom the one predictedby the Lambertianmodelare shavn
in black. Again, the effectsof shadinghave beengreatlyattenuated Of coursejgnoring specularities
hasleadto the incorporationof specularcomponentsnto diffusealbedoes As a result,the estimated
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albedoesretoo large on the foreheadandcheeks.Thisis a clearindicationthatsecularitieshouldbe
explicitly modeled.Neverthelessthesede-lightedimagescanthenbe usedto producethetexture-map
of Figure 10(h). This is achieved by rst generatinga cylindrical projectionof the headmodeland
then,for eachprojectedooint, nding theimagesn whichit is visible andaveragingthe corresponding
gray-levels. This texture-mapcanin turn to synthesize3—D modelssuchasthoseof Figure11l. For
comparisorpurposeswe alsoshav the 3—D modeltexture-mappedising the original images. Note
that,whentheimagesarenot correctedor lighting, onesideof the faceappearsnuchdarlker thanthe
other

6 Conclusionand discussion

We have introduceda new methodologyfor recoreringtheilluminantsandsurfacealbedoegrom mul-
tiple views taken with multiple illuminants. Whencoupledwith a methodfor shapereconstructionit
allows usto recover boththe geometricandradiometricattributesof a scene We have alsoshavn that
in alinearsetting,the only obserable cameraadiometricparameterthe offset,canberecosered.

We have developedthetheory whichindicatethe minimal dataaswell asdegenerateon gurations
andsetsthe limits for radiometricreconstructionWe proposedwo differentalgorithmicimplementa-
tions:

1. A linear approach. It allows fastcomputationput is sensitve to noise.

2. A radiometric bundle-adjustmentalgorithm. It involvesnon-linearoptimization thatmalkesit
slower but alsomuchmorerobust.

Using syntheticdata,we have quanti ed the sensitvity of the algorithmsto imagenoise,outliers,
imprecisionof surfacenormals distanceébetweerilluminants,andnumberof surfaceelementsBecause
reliable resultscan be obtainedusing relatively few surface elementswe have not found the extra
computationakxpenseinvolved by the non-linearmethodto be a severe dravback. The usefulness
of this algorithmhasbeenillustratedby two experimentghat shav that, evenwith a minimal number
of real images,we can obtain 3—D modelsand plausibleestimatesof the light sourcedirectionand
albedoesTheimplementationepresenta rst steptowardsasolutionof theradiometricreconstruction
problem,ratherthana completesolution,andcould be combinedwith existing approaches.

This work, like mary, is basedon Lambertianre ectancemodel with ambiantlight and distant
point sources.The surfaceelementghat do not conformto it aretreatedasoutliersanddiscardedas
suchby the bundle-adjustmenalgorithm. Note, however, thatthe recovery algorithmis implemented
usinga generaleast-squaresolver in which the constraintslerived usingthe Lambertianmodelcould
easilybe replacedoy onescomputedusingmorecomple illumination modelssuchasthosethattake
specularitiesnto account.

Similarly, we do not explicitly modelshadas andtreatshadav areasasoutliers. Thereare,how-
ever, shadav extractiontechniqueghatdo notdependn geometryandcouldbeused.Moreaover, given
aknown surfacegeometrytheshadev boundarieprovide cluesasto thelocationof pointlight sources.
In aniterative schemeaftera rst estimatiorof thelight sourcedasbeenobtainedjt wouldbepossible
to usethe geometryto predictpotentialshadaved areasandtake thatinformationinto accountin the
next iteration.
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In theabsencef shadevs andspecularitiesary combinatiorof light sourcegouldbeaccountedor
by asinglepointsourceandanambiantterm. Understandingheir rolesis thereforecrucialto extending
our approacHrom the simplecasewherethereis a singlepoint-light sourceperimageto morerealistic
situationsthat involve mutliple light-sourcesperimage. In future work, we will thereforefocuson
introducingshadev andspecularitymodelsinto the proposedramevork.
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