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Abstract

We develop a low-dimensionalapproximationof the setof possiblede-
formationsof smoothlydeformingobjectsof planartopology. To this end,
we proposea novel parameterizationof inextensiblesurfacesthatallows us
�rst to effectively samplethe spaceof all possibledeformations,which is
a priori very large, and then to derive the low-dimensionalmodelusinga
simpledimensionalityreductiontechnique.

We incorporatethe resultingmodelsinto a monoculartrackingsystem
thatweuseto capturecomplex deformationsof objectssuchassheetsof pa-
peror more�e xible material.Wealsoshow that,eventhoughthemodelwas
built by samplingthesetof possibledeformationsof inextensiblesurfaces,it
canalsohandleextensibleones.

1 Intr oduction

While reconstructionandtrackingof rigid andarticulatedobjectsfrom videohave been
widely studied,modeling3–D deformablesurfacessuchas thoseof Fig. 1 remainsa
challengingproblem,especiallywith a single camera. The problemwould be totally
under-constrainedwithout a deformationmodelthat is �e xible enoughto accountfor all
possiblecon�gurationsof the deformableobjectswhile beingcontrolledby suf�ciently
few parametersfor effective optimization.

Many physically-basedmodels[9, 10, 11, 12, 5, 7] have beenproposed,but they
seldomincorporateall the requiredphysical knowledge. They often rely on linear ap-
proximationsthatarepoorin thepresenceof largedisplacementsanddeformationssuch
asthosetheobjectsshown in Fig. 1 undergo. More realisticnon-linearmodelshavebeen
investigated[15, 13]. But, to thebestof our knowledge,they arecomplex enoughnever
to have beentried for monocularshaperecovery.

An alternative to physically-basedmodelingis to samplethespaceof valid shapesas
wasdonefor faces[4, 3] andusea dimensionalityreductiontechniqueto derive models
with relatively few degreesof freedom.This approachhasprovedvery effective if a set
of samplescanbeobtained,which is notagiven.For example,in thecaseof faces[4, 3],
its constructionwasa painstakingprocessthatrequiredpreciseregistrationof individual
verticesof agenericfacemodelto laserscans.

To alleviate the databasegenerationproblemin the caseof genericdeformablesur-
faces,we proposea parameterizationthat coversa large portion of the spaceof physi-
cally valid con�gurations. We representsurfacesastriangulatedmesheswhoseshapeis



controlledby a smallsubsetof theanglesbetweenthefacets.Varyingtheseanglesauto-
maticallyresultsin asetof samplesrepresentingsurfacesof differentshapesbut identical
topologies.We canthendirectly performa PrincipalComponentAnalysisandapprox-
imatesurfacesaslinear combinationsof a small numberof principal components.The
resultingdeformationmodelhasrelatively few parametersand,yet, is accurateenoughto
effectively trackdeformations.

Thecontribution of this paperis thereforea parameterizationthat letsussamplethe
spaceof valid deformedsurfacesto build a representative database,which canthenbe
usedto derive low-dimensionalshapemodelsusinga simpledimensionalityreduction
technique.We will show that thesemodelsareeffective to capturethe deformationsof
objectssuchassheetsof papersor expandingballoonsfrom monocularvideosequences.

2 RelatedWork

Capturingsurfacedeformationsfrom asinglevideostreamis acknowledgedto beamas-
sively under-constrainedproblemif onedoesnot limit the rangeof possiblecon�gura-
tions. Existingapproachescanbeclassi�ed into two broadcategories:Physically-based
methodsseekto parameterizethesurfacesin termsof thevariablesof a dynamicsystem
that approximatesthe real physics,while example-basedtechniquesrely on creatinga
databaseof possibleshapesfrom which a low-dimensionalmodelcanbe learned. We
brie�y review thesetwo classesof approachesbelow.

Theoriginal snake paper[9] probablyis theonethatcontributedmostto popularize
physically-basedmodelsin theComputerVision community. Theapproachwasinitially
strictly 2–D, but wassoonextendedto 3–D surfacemodeling,by usingdeformablesu-
perquadrics[14, 6], triangulatedmeshes[1], or thin-platesplines[10]. Unfortunately,
thesemodelingtechniquestendto producemodelswith toomany degreesof freedomfor
reliable�tting to monocularsequences.An approachto reducingthenumberof degreesof
freedomis to performmodalanalysis[12, 5, 7]. Theobject's behavior is thendescribed
by superposingits naturalstrainandvibration modes.However, this implies linear as-
sumptionsthatdo not hold whenthedeformationsbecomelarge. Theuseof non-linear
�nite elementshasbeeninvestigatedin themedicalimagingandanimationcommunities
for volumetric reconstructionandsimulation[8, 13]. However, for 3–D surface�tting
purposes,suchmethodshaveonly beendemonstratedfor recoveringrelatively simplede-
formationsfrom rangedata[15] andrequirepreciseknowledgeof the object's material
properties,whichmaybehardto obtain.

Sinceit is dif�cult to accuratelymodelthephysicsof deformablesurfaces,example-
basedmethodsareanattractivealternative. They involvecreatingadatabaseof represen-
tative shapesandusingthemin conjunctionwith a statisticaldimensionreductiontech-
niqueto learnamodelwith comparatively few degreesof freedom.For example,thework
of BlanzandVetteron facialshaperecovery [4] andanimation[3] reliesonadeformable
facemodelbuilt in thisway. Thedatabaseis madeof 3–Dmeshesthatwere�tted to laser
scansandalignedsothatspeci�c verticesalwayscorrespondto thesamefacial features.
Theshapemodelis learnedby performingPrincipalComponentAnalysison thevectors
formedby concatenatingthe3–D coordinatesof themeshverticesandonly retainingthe
mostsigni�cant components.Similar approachesweresuccessfullyusedto derive artic-
ulatedmotionmodels[2]. However, gatheringandregisteringenoughexamplesto build
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Figure1: Trackingdeformingsurfacesin monocularvideos. (a, b, c) On eachrow, we
show oneimageof theoriginal sequence,thedeformedmeshprojectedon thesequence,
and a shadedside view. (d) The shapeof a de�ating balloon is tracked throughouta
sequence.Notethatthemeshshrinksalongwith theballoon.

ameaningfuldatabaseagain representedaverysigni�cant amountof work.
The dif�culties involved in creatingthe databaseshave limited the spreadof these

example-basedapproachesto otherapplications.This is theissuewe addressherein the
caseof genericdeformablesurfaces.



3 Creating the Deformation Model

Ourapproachis built ononekey insight:Theshapeof asurfacethatsmoothlybendsand
stretchescanalwaysberepresentedby atriangulatedmeshwhoseverticesareequidistant,
providedthefactthatoneallowstheverticestoslideacrossthesurface.In otherwords,we
canlearna largerangeamongall thepossibledeformedshapesfrom asetof inextensible
meshes.Thesearemesheswhoseedgesareconstrainedto retaintheir lengthandwhose
only degreesof freedomaretheanglesbetweenthefacets.

In this section,we show that only a small subsetof theseanglesneedbe speci�ed
to fully constraintheshape.As a result,we canrepresentthewholesetof valid shapes
usingtheseparametersandthereforeproducea representative setof shapesby randomly
samplingthem.Weexploit thisto createadatabaseof meshesthatarenaturallyregistered
to oneanotherandarethereforedirectly amenableto dimensionalityreductionusinga
simpletechniquesuchasPCA.

3.1 Parameterizing InextensibleMeshes

Werepresentsurfacesastriangulatedmesheswhoseverticeslay onanM £ N rectangular
grid, suchasthe onedepictedby Fig. 2. If we constrainthe lengthsl0 andl1 to be the
samefor all horizontalandverticaledges,sucha meshhasfar fewer degreesof freedom
thanthe3£ M £ N onesrequiredto individually specifythevertex coordinates.

l_1
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l_1

l_0

(a) (b)
Figure2: Building amodel.(a)Thebottomrow of themeshis �rst built from left to right
by settingtheanglebetweena facetandits neighbor. (b) For eachconsecutive row, only
two anglesneedbeset,onefor the�rst facetandonefor thelastone.

Morespeci�cally, asshown in Fig.2 (a),wecanspecifytheir3–Dshapestartingfrom
the bottomrow. The 3–D orientationof the bottomleft facetis given by two rotations
aroundthex andy axes.Thepositionof eachsuccessive facetis thenrecursively de�ned
by therotationanglearoundtheedgeit shareswith thepreviousone. Oncethe�rst row
hasbeenspeci�ed in this manner, it can be shown that thereare only two degreesof
freedomleft for eachsuccessive row. We thereforeproceedrow by row and �x those
degreesof freedomby specifyingthe rotationanglesof the two facetsdrawn in bold in
Fig. 2 (b), aroundtheedgeit shareswith thefacetbelow for thelower-left oneandaround
its neighborto theleft for theupper-right one.The3–D coordinatesof all verticesin the
row canthenberecursively computedasthe intersectionof threespheresof radii l0, l1,
and

q
l20 + l21 centeredat verticeswhosecoordinateshavealreadybeencomputed.

In short,giventhehorizontalandverticallengthsl0 andl1, aninextensiblesurfacecan
beparameterizedin termsof four setsof angles:

² a i ; 0 · i < M ¡ 1: Orientationof theleft triangleof columni in the�rst row.



² bi ; 0 · i < M ¡ 1: Orientationof theright triangleof columni in the�rst row.

² gj ; 1 · j < N ¡ 1: Orientationof theleft triangleof row j in the�rst column.

² d j ; 1 · j < N ¡ 1: Orientationof theright triangleof row j in thelastcolumn.

Thetow row of Fig. 3 illustratestheeffectof varyingtheseanglesindividually.
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Figure3: Top row: Settinga singleangleto a nonzerovaluefor oneof thea i , bi , gj , d j .
Bottomrow: Settingall theanglesto nonzerovaluesindependantlyfor thea i , bi , gj , d j .

3.2 Sampling the Deformation Space

We sampledthe spaceof deformedsurfacesby letting the anglesdiscussedabove vary
randomlybetweentwo �x ed bounds. To cover the whole rangeof shapes,we could
samplethespacespannedby the f a0; : : : ;aM¡ 2;b0; : : : ;bM¡ 2;g1; : : : ;gN¡ 2; : : : ;d1; : : : ;dN¡ 2g.
As thiswouldstill requireahugenumberof samples,wechoseinsteadto sampleeachone
of the four setsof anglesindependentlyto producesurfacessuchasthoseof thebottom
row of Fig. 3. As will beshown in Section3.3, this doesnot reducethegeneralityof the
approach.

In practice,we useM = 30, N = 20, andchooseanglesin the range[¡ p=6;p=6].
Thesevaluesyield surfaceswith potentiallylargeglobalcurvaturebut thatremainlocally
smooth,suchastheonesof Fig. 5. Wegenerate50randommeshesfor eachsetof angles.
As will bediscussedin thenext section,thesemeshesareto beusedto performPrincipal
ComponentAnalysis.Sinceweareconsideringsymmetricsurfaces,wewanttheresulting
componentsto be assymmetricaspossible. Thereforewe symmetrizeour 50 samples
asfollows. Whensamplingthe f big andf d jg angles,we alsoincludethe symmetrical
counterpartsto our sampleswith respectto the x andy coordinates,which resultsin a
total of 200meshesbeingaddedto thedatabasefor eachof thesesetsof angles.In the
caseof the f a ig andf gjg angles,a singlesymmetrysuf�ces, resultingin a total of 100
meshesbeingaddedto the databasefor eachof thesesetsof angles.Thesesymmetries
alsogive us modelsbuilt startingfrom any of the four corners,andnot only from the
bottomleft one.Finally, we endup with a databasecontaining600meshexamplesfor a
total of 2£ (M ¡ 1) + 2£ (N ¡ 2) + 1 = 95degreesof freedom.



3.3 Principal ComponentAnalysis

To furtherreducethenumberof parametersrequiredto representourdeformablesurfaces,
we usePrincipalComponentAnalysis(PCA). Sinceall databasemesheshave thesame
topology, we form a 3£ M £ N vectorfor eachoneby concatenatingthecoordinatesof
its vertices. By runningPCA on thesevectorsandretainingonly the �rst Nc << 3MN
principalcomponents,wecanapproximatethevectorof coordinatesof any meshas

S= ÅS+
Nc

å
k= 1

wkSk ; (1)

where ÅS is the vector correspondingto an undeformedmesh,the Sk are the principal
componentsor modes,andthe wk areweightsthat specify the surfaceshape. In other
words,the shapeof a meshcannow be expressedasa functionof the statevectorQ =
f w1; :::;wNcg. In practice,3MN = 1800andwe takeNc to beatmost50.

Fig. 4 depictsthein�uence of two of themostsigni�cant components.Changingthe
weightassociatedto the �rst producesbendingand,to thesecond,extension.This is an
importantfeatureof our approach:Even thoughthedatabasecontainsonly inextensible
meshes,theresultingcomponentsallow themodelingof globalshrinkageandextension,
a factthatwewill exploit in Section5.2.

(a) (b)

Figure4: Modalbehavior. In both�gures, ÅS, theaveragemesh,is shown in red.Theother
two areobtainedby takinga singlewk to benonzero.A positive valueof thatwk yields
the greenmeshanda negative onethe meshshown in blue. (a) Bendingfor k = 9. (b)
Extensionfor k = 5.

Recallfrom Section3.2thatwe createdthedatabaseby independently, asopposedto
simultaneously, varying the four setsof a , b , g, andd angles.Arguably, this could fail
to cover all possibledeformationsandresultin principalcomponentsunableto describe
somecon�gurations.To disprove this, we generateda numberof syntheticmeshessuch
asthe onesof Fig. 5 by simultaneouslyrandomizingall the anglesandveri�ed that we
canuseourNc = 50principalcomponentsto accurately�t theresultingshapes.

Figure5: Fitting surfacescreatedby varyingall setsof anglessimultaneously. Theorigi-
nal shapesareshown asshaded,while the�tted onesaredisplayedaswireframes.



4 Optimization Framework
As discussedin Section3.3, the shapeof the meshis controlledby a statevectorQ of
weightsassociatedto the principal components.We usethe imagedatato write nobs
observationequationsof the form Obstypei (xi ;Q) = ei ; 1 · i · nobs ; whereObstypei is
a differentiableobjective functionassociatedto a particulartypeof imagedata,xi a data
point,andei is anerrorterm.HereweconsiderthefunctionsObscorr andObsedge derived
from point correspondencesandedgeinformationrespectively:

² Correspondences.We �nd interestpointsin the�rst of consecutivepairsof images
andcomputecorrespondencesin thesecond.Givenacoupleui = (p1

i ; p2
i ) of corre-

spondingpointsfoundin this manner, we de�ne anObscorr (ui ;Q) asfollows: We
back-projectp1

i to the3–D surfaceandreprojectit to thesecondimage. We then
take Obscorr (ui ;Q) to be the Euclideandistancein the imageplanebetweenthis
reprojectionandp2

i .

² Boundaryandoccludingcontours.We projectthetargetobjectboundariesinto the
imageandsampletheprojectionsto look for theclosestimageedge-pixel. Wetake
Obsedge to betheEuclideandistancebetweentheprojectionandanedge-pixel. We
handleoccludingcontourssimilarly. We useOpenGLvisibility computationand
hiddensurfaceremoval techniquesto �nd meshedgesthatcorrespondto occluding
contours.We thensampletheseedgesandevaluateObsedge asdiscussedabove.

We will show in the resultssectionthat this combinationsuf�ces to fully constrainthe
surface's shape.

As we saw in Section3.3,a linearcombinationof principalcomponentscanresultin
a meshthatexpandsor shrinks.To modelsurfacesthatdo not stretch,suchasa pieceof
paper, we forceedgelengthsto remainconstantby introducingapenaltyterm

ED =
Nvert

å
i= 1

å
v j 2N(vi )

(
°
° vi ¡ v j

°
° ¡ Li; j )2 ; (2)

wherevi is a vertex of themesh,N(vi) representsthesetof all its neighbors,andLi; j is
theinitial edgelength.Finally, wetaketheglobalobjective functionE weminimizeto be

E =
1
2

nobs

å
i= 0

wtypei

°
° Obstypei (xi ;Q)

°
° 2 + wextED ; (3)

wherethe wtypei areweightsassociatedto particularobservation typesanddesignedso
thatthederivativesof all observationsareof commensuratemagnitude,andwext is auser
de�ned weight.A small,or zero,wext allows themeshto stretchor shrink.

5 Results
Herewedemonstratetherobustnessof ourapproachfor trackingobjectsundergoinglarge
deformations.Weprovide thecorrespondingvideosassupplementarymaterial.

5.1 InextensibleSurfaces

We�rst appliedourmethodto trackingdeformablebut inextensiblesurfacesin monocular
sequences.Not only doestheQ statevectorthatcontrolstheshapecontainrelatively few



parameters,but we do not needa curvatureregularizationor smoothingterm. Simply
keepingthenumberof principalcomponentsweuselow is enoughto enforcesmoothnes.
However, we hadto �x somecoordinatesof themeshesto avoid ambiguitiesdueto the
chosenviewpoints.

Fig. 6 depictsthetrackingof a pieceof paperstartingfrom anundeformedposition.
Even thoughthereis texture at only oneplaceon the paper, the whole modeldeforms
correctly. Thisincludesthebackof thesheetthatis notactuallyseenin thevideo.Another
deformingsheetof paperis shown in Fig.7. The chosenviewpoint makesit dif�cult to
clearly seethe deformationin the �rst frames.Our algorithmneverthelessretrievesthe
precise3–D shapethroughoutthe whole sequence.In both cases,we used30 principal
components.

Figure6: Deformingsheetof paper. Top row: Deformedmeshprojectedon theoriginal
sequenceasawireframe.Bottomrow: Deformedmeshshown asawireframemodelseen
from adifferentviewpoint. Notethateventhebackdeformscorrectly.

Figure7: Anotherdeformingsheet. Top row: Projectedwireframe. Bottom row: De-
formedmeshshadedandseenfrom adifferentviewpoint.

Fig. 8 showsthebehavior of ouralgorithmwhenappliedto amorecloth-likematerial
thatis more�e xible andrequirestheuseof 45principalcomponentsinsteadof the30used
before.Thedeformationis mostlyperpendicularto theimageplane,which again makes
it challengingto track. As can be seenin the video we supply, the reprojectedshape
closelymatchestheobjectin the images,exceptoccasionallynearthecorners.This can
beattributedto thefactthat,becausethefabricis very textured,ourapproachto detecting
edgescanbecomeconfusedandshouldbereplacedby amoresophisticatedone.



Figure8: Deformingfabric. The resultsaredisplayedin the samemannerasin Fig 6.
Sincethe fabric is highly textured,bordersof themesharesometimesmismatchedwith
textureedges,resultingin smallmisalignments.

5.2 StretchableSurfaces

We usedanin�ating andde�ating balloonto testour algorithm's behavior whenthesur-
facecanglobally stretchor shrink. In all theballoonexamplespresentedhere,theinitial
meshshapeswereobtainedby scanningtheballoonsbeforestartingin�ation or de�ation
and�tting ourmeshmodelsto thescans.

All theresultsshown above involvedtheuseof thepenaltytermED of Eq.2 to force
themeshedgesto retaintheir original lengths.In Fig. 9, we allow themeshto stretchby
settingtheweightof this ED termto zero. Sincewe arenot trackingthewholeballoon,
but only its texturedpart,we only usecorrespondencesandignoreedges.Themeshthen
expandsalongwith theballoon,which is madepossibleby principalcomponentssuchas
theonedepictedby Fig. 4(b). As shown in Fig. 1(d), theoppositebehavior is observed
whentheballoonde�ates.

Figure9: Trackingan in�ating balloonwith anextensiblemesh.Notice themeshkeeps
on covering thesameportionof theballoon. The last imageshows thesuperpositionof
theinitial meshin redandthemuchbigger�nal onein blue.

6 Conclusion
In this paper, we have presentedanapproachto creatinga low-dimensionalmodelof the
smoothdeformationsthat inextensiblesurfaces,suchas sheetsof paper, and extensibl
ones,suchas balloons,undergo. It relies on a novel parameterizationof inextensible
surfacesthatletsus�rst effectively samplethespaceof all possibledeformationsandthen
derive thelow-dimensionalmodelusingasimpledimensionalityreductiontechnique.



The resultingmodelshave proved effective for monocular3–D trackingof surfaces
undergoinglargedeformations.Thesetof shapeswe produceis however far from linear
andPCA may not be the bestpossibleapproachto dimensionalityreduction. In future
work, we thereforeintendto explore the useof non-lineartechniquesto reducethe re-
quirednumberof parametersevenfurther.
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