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Abstract

In this paper we investigate physics-based plane beam
model, frequently used in mechanical and civil engineer-
ing, to track large non-linear deformations in images. Such
models do not only contribute to robust and precise track-
ing, in the presence of clutter and partial occlusions, but
also allow to compute the forces that produce observed
deformations. We verify the correctness of the recovered
forces by using them in a simulation and compare the results
to the original image displacements. We apply this method
to track deformations of the pole vault, the rat whiskers and
the car antenna.

1. Introduction

Physics-based models have demonstrated their effective-
ness in the computer vision problems since their introduc-
tion twenty years ago [7, 2, 16, 3]. However, they typically
rely on simplifying assumptions to yield easy to minimize
energy functions and ignore the complex non-linearities that
are inherent to large deformations. In this paper, we use the
case of beam structures to demonstrate that replacing the
simplified models by a fully non-linear physics-based one,
which approximates the physical behavior more closely,
yields two benefits:

e We can track large deformations more robustly in the
presence of clutter and partial occlusions.

e As a byproduct of the computation, we obtain an es-
timate of the forces that were applied to the beam to
produce the observed deformations.

The latter is novel because the so-called image forces that
are used by traditional snake-like models do not correspond
to the physical forces that are applied to the material. The
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forces we extract are, at the moment of equilibrium, oppo-
site to the model internal forces. The model internal forces
are the forces that balance and react to external loads ap-
plied to a body. It is also of great interest to engineers, who
want to understand the loads that the objects undergo, to
compare simulated behavior against reality and to perfect
their design.

More specifically, we developed a 2D model-based
tracking algorithm based on Timoshenko’s beam theory of
structural mechanics [17], which accounts for large dis-
placements and rotations and is widely accepted as physi-
cally valid. Because, we work with images, we use the pla-
nar beam theory to describe our model. The planar beam
deforms in 3D in some plane under the influence of forces
applied in that plane. As shown in Fig. 1, our algorithm can
effectively handle very large displacements and estimate the
forces being applied to the model to produce them. Our al-
gorithm is guided by the image forces. Since the image
forces are proportional to the square distance of the model
to the image data, they are usually not sufficient to deform
the model of known material properties, so that it fits the
data immediately. The image forces only move the model
toward the image observations. To fit the model to the data
we repeat Newton minimization in several steps. We stop
when the distance of the model to the data of two consecu-
tive Newton minimizations is smaller then some given pre-
cision.

In effect, we are performing an inverse simulation: we
observe the model deformation using monocular uncali-
brated camera and recover the beam deformation in the im-
age plane. Using physically valid beam model and com-
puted image displacements we can compute the internal
forces which body uses to resist the external loads. Taking
the negative of these forces we can reproduce the observed
displacement. Fig. 1 depicts these forces at nodes of the
beam. These forces, since computed using 2D image dis-
placements, are not those applied to the model in 3D. How-
ever, since 2D and 3D displacements are related by a pro-
jection, the forces we recover are also related to the forces
applied to the model in 3D by a projection. For that reason
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Figure 1. Examples of recovering beam like object deformations.(a) Pole vault. (b) Rat whiskers tracked while touching the walls of the
maze. (c) Car antenna deformation. Top row: Magnified frames from three different tracking sequences with recovered model shown in
yellow/white and the force resultants of the axial and transversal forces shown as red/green arrows. They indicate only directions but no
intensity. Bottom row: Corresponding mean square error between displacement vectors obtained from fitting the models to the images and
the simulation where extracted forces were applied. Note the sequences of (a) and (b) are relatively small resolution while the sequence (c)

is high resolution, thus produces higher error in pixels.

we call the recovered forces projective forces and they are
consistent with the forces in 3D up to the scale factor. We
outline the proof relating projective and the real forces.

To verify that the recovered forces are correct we per-
form the direct FEM simulation with them. We let the
forces act on the model and compute the displacement. We
compare this displacement and the one obtained by our fit-
ting algorithm. The error between those displacements is, in
worst case, smaller then one pixel as shown in the bottom
row of Fig. 1.

In the reminder of the paper we give a brief overview
of the know physic-based techniques, then introduce non-
linear Timoshenko planar beam model, describe our algo-
rithm, present the results and in the appendix develop addi-
tional TB equations.

2. Related work

Recovering model deformations from images requires
deformable models to constrain the search space and make
the problem tractable. In recent decade deformable models
were exploited in Computer Graphics [6], Medical Imag-
ing [10] and Computer Vision [|1]. There are several im-
portant categories of physically based models: mass-spring
models [8], finite element models (FEM) [5, 15], snake like
models [7, 16, 3] and models obtained from FEM, to reduce

number of dofs, by modal analysis [14, 2, 4, 12].

In this paper we are particularly interested in physically
based models, especially those based on FEM. FEM are
known to be precise and to produce physically valid defor-
mations. However, because of their mathematical complex-
ity the FEM were mainly developed for small linear defor-
mations [ 3] where the model stiffness matrix is constant.
In case of large deformations the stiffness matrix and the ap-
plied forces become the function of the displacement. Such
non-linear FEM were used by [18] to recover material pa-
rameters from images of highly elastic shell like models.
The model deformation was measured form 3D model scan
and then given to the Finite Element Analysis (FEA) soft-
ware. Then FEA software does inverse FEM. The simula-
tion was continously repeated with changed material elas-
ticity until the measured displacement was obtained. In this
paper we developed nonlinear FEM model for large geo-
metric deformations. We used such model to recover de-
formations of beam structures from images automatically
through optimization. Then, thanks to the physically valid
mathematical model based on nonlinear FEM, we computed
forces which caused this deformation.

In computer vision snake like models, based on the con-
tinuous energy function were extensively used. The origi-
nal ones [7] were 2D and have been shown to be effective
for 2D deformable surface registration [1]. They were soon



adapted for 3D surface modeling purposes by using de-
formable superquadrics [ 16, 3], triangulated surfaces [2], or
thin-plate splines [ 10]. In this framework, modeling generic
structures often requires many degrees of freedom that are
coupled by regularization terms. In practice, this coupling
implicitly reduces the number of degrees of freedom, which
makes these models robust to noise and is one of the reasons
for their immense popularity. This reduction can also be ex-
plicitly achieved via modal analysis [ 14, 2, 4]. We compare
our true physics-based beam model to 2D elastic beam rep-
resented as polygonal line whose internal energy was con-
tinuous and resembles the one of the classical snakes.

3. Plane beam model

The beam represents the most common structural com-
ponent in civil and mechanical engineering. A beam is
a rod-like—meaning that one dimension is considerably
larger then the other two—structural element that resists
transversal loading applied between its supports. Generic
beams can be used as isolated structures or combined to
form frame structures that are common in buildings and can
be subjected to a wide variety of loads in arbitrary direc-
tions. Because, we work in the 2D image plane, we will
use the simpler planar beams that deforms in one 3D plane
under the influence of forces applied in that plane.
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Figure 2. Plane Timoshenko beam kinematics notation.

3.1. Mathematical model description

Euler-Bernoulli beam (EB) theory is widely used for
modeling small deformations. Timoshenko beam (TB) the-
ory [17] extended EB equations to account for nonlinear

effect such as shear. Both theories rely on the description
of the cross-section behavior expressed in terms of quanti-
ties measured at the longitudinal axis. More precisely, plane
beam element kinematics is defined by 3 dof per node being
the axial displacement ux (X)), the transverse displacement
uy (X) and the cross-section rotation 6(X'), where X is lon-
gitudinal coordinate in the reference configuration as shown
in Fig 2. The EB theory assumes that the cross-section re-
mains normal to the deformed longitudinal axis, while the
TB removes normality constraint by introducing shear de-
formation. In addition, both theories neglect changes in di-
mensions of the cross sections as the beam deforms. TB the-
ory can account for geometrically nonlinear behavior due
to large displacements and rotations. Though more com-
plex TB appear to be more efficient in the context of FEM
computation.

The beam is divided in a number of segments (finite ele-
ments). The beam elements are straight and have two nodes
as shown in Fig. 2. We collect all nodal dofs into the system
vector of dofs which we name a state vector:
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We assume to know model material properties such as
Young modulus of elasticity, and G is shear modulus. The
material remains linearly elastic. The forces acting on the
beam nodes are collected to form the force vector which we
also recover:

f=[fx1 fyi foo - fxn fyan fo.

with n being the total number of nodes of the beam model.

The strain is a measure of the change of the object shape,
in this case the length, before and after the deformation
caused by some applied load. The stress is the internal dis-
tribution of force per unit area that balances and reacts to
external loads applied to a body. In the case of the TB we
have three different stress components per beam element: e
axial strain measuring the beam relative extension, v shear
strain measuring the relative angular change between any
two lines in a body before and after the deformation and
measuring the curvature change. We can collect them into
a generalized beam strain vector:

]T

2
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The stress resultants in the TB define the axial force NV,
transverse force V' and bending moment M per unit area of
the cross-section. They are collected into the generalized
stress-resultant:
z=[N1 Vi M Noo1 Voor My @

where n — 1 corresponds to the number of the beam ele-
ments.



The internal model strain energy along the beam can be
expressed as the length integral:

U= / z hd X (3)
L

where L is the beam length. The internal force vector can
be obtained by taking the fist variation of the strain energy
with respect to the nodal displacement:

_oU_ [gr
P=o0 —/LB (u)zdX. (6)

This expression we evaluate by one point Gauss integra-
tion. B is strain-displacement matrix derived in Appendix.
Finally, the first variation of the internal force defines the
tangent stiffness matrix:

_Op vz Jb -
Ky = 2 _/L(B o+5o2)dX = (Ku+Ka). (7)

where Ky is material stiffness and K is geometric stiff-
ness. The material stiffness is constant and identical to the
linear stiffness matrix of the C'* Euler-Bernoulli beam. The
geometric stiffness comes the variation of B while stress re-
sultants are kept fixed and caries the beam nonlinearity re-
sponsible for large geometric deformations. More detailed
derivation of the TB element quantities is given in the Ap-
pendix.

4. Model fitting

The general approach in mechanical simulations is that
some external load f is applied to the model and the dis-
placement u is computed. This can be done through energy
minimization, where the total potential energy II of the sys-
tem is computed as the sum of the system internal strain en-
ergy U and the energy caused by the external load P. The
minimum of the energy in respect to the displacement u can
be found by derivation:

%:i—g—i—i—i:r(u):p(u)—i—f:O (8)
The r(u) is a force residual, p(u) is internal force of Eq. 6
and f is the external load. This is a nonlinear system of
equations and is usually solved by using Newton-Raphson
method. It is incremental method and at each iteration we
solve for the displacement update du by solving linear sys-
tem Krdu = —(f + p(u)).

In classical mechanical simulation the external forces f
are a priori given. In our case we do not know them. Here,
we propose a method to compute the model displacements
u from the images and the forces f that caused the deforma-
tion. Solving for both simultaneously is an ill-posed prob-
lem, so we find the solution in two steps. First we com-
pute the displacements by fitting the model to the images.
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Figure 3. Synthetic example of fitting the plane beam, initially
aligned along the x-axis , to the synthetic image data shown as
blue circles. The intermediate steps shown in green are the output
of number of repeated Newton optimizations driven by the image
forces.

Then we compute the internal force for that displacement
in respect to the reference configuration. In the equilibrium
the force residual is zero and the external forces become
p(u) = —f, as it can be derived from Egq. 8.

To compute model displacements we also solve for Eq. 8,
using image forces. We create a vector of image obser-
vations F(u) = [di(u) da(u) dy(u)] T where
d;(u) are distances of the image observations from the
beam segments. We use the edges in the image, obtained
using Canny edge detector, to be our observations. In prac-
tice we sample every beam segment and then search for the
multiple observations in the direction of the beam normal.
The external image energy becomes P; = 1FT(u)F(u).
The images forces are obtained as a derivative of the energy
in respect to the displacement fi = VFT(u)F(u). The
force residual of Eq. 8 becomes: r(u) = p(u)+fi(u) = 0.
We derive the displacement increment of Newton-Raphson
method by developing the residual in a Taylor series around
the current displacement u as follows:

r(u+du) =p(u+du)+fi(u+du)=0

VF'F + (V?*FTF + VFTVF)du + p(u) + Krdu =0
(Kt + V2FTF + VFTVF)du = —(VFTF + p(u))

~ (Kt + VFTVF)du = —(VFTF + p(u))

We neglect the second order term V2FTF of Eq. 9. To
make it more robust we use Tukey robust estimator p of [9].
This is simply done by weighting the residuals d;(u) of
the image observation vector F(u) at each Newton itera-
tion: Each d;(u) is replaced by d}(u) = w;d;(u) such that:
(d;)2(u) = (w;)%d?(u), therefore the weight is chosen to
be: w; = p(d;(u))'/?/d;(u). We then create a weight-
ing matrix W = diag(...,w;,...). We then solve in each

Newton step:
(Kt + VFTWVF)du = —(VFTWF + p(u)) (10)

By solving the Eq. 9 we compute the displacement caused
by the image forces. Since the image forces are propor-

)



Figure 4. The deformation of the car antenna. Top row: Selected frames from the tracking sequence with the recovered model shown in
white. Bottom row: The force resultants of the axial and transversal forces are shown as red arrows. In the bottom row the models are

shown in the frame prior to fitted position of the top row.

tional to the square distance of the model to the image edge
points, they are not sufficient to deform the model so that
it fits the data. They only move the model toward the im-
age observations. To obtain the exact fit of the model to
the data we repeatedly fit the model to the data performing
Newton method in several steps. We stop when the distance
of the model to the data of two consecutive Newton mini-
mizations becomes smaller then some given precision. The
optimization algorithm is illustrated on the synthetic exam-
ple of Fig. 3.

‘We obtain the total displacement u as a sum of all inter-
mediate displacements. The force producing this deforma-
tion is computed as fT = —p(ur). Note that the forces are
computed between consecutive frames or even between se-
lected non-consecutive frames. The forces we compute are
proven to produce exact displacements when applied to the
model in a simulation. We call those forces projective since
they are computed from the image displacements. The im-
age displacements are related to the real 3D displacements
by the projective transformation u = Qv , where Q is pro-
jection matrix, v displacement in 3D and u displacement in
the image. If we replace this into Eq. 6 we get the projective
forces to be f = —p and p is related to 3D internal forces
P3a as follows:

p= —/ B?(Qv)zdX ~ Q/ BT (v)zdX = Qpaa.
L L an

The computational complexity of our method is quadratic
and corresponds to the complexity of the Newton minimiza-
tion. It converges fast to the solutions thanks to the good
initial guess which relays on the previous position. In prac-
tice, the algorithm requires only several repetitions of New-
ton optimization per image frame.

5. Results

We run our experiments on three different cases: the de-
formation of a car antenna, pole vault and the deformation
of the rat whiskers. In all three cases we recovered the
forces applied to it. For the pole vault and rat whiskers,
we demonstrate that our approach performs better then the
one where snake-like energy function was used. However,
this approach appeared to be effective in the case of car
antenna, which is not sunrising considering relatively easy
background.

5.1. Car antenna

In this example we track the car antenna deforming in
the plane of the table as shown in Fig. 4. The straight beam
model in arbitrary position was drawn on the first frame for
the initialization Fig. 4(a). In the top row we show some
characteristic frames of the tracking sequence with the re-
covered model shown in white. In the bottom row the force
resultants of the axial and transversal forces are shown as
red arrows. They indicate only directions but no intensity.
Note that there is also a force moment responsible for bend-
ing and cannot be shown.

In practice the beam model is divided into 7 equal seg-
ments representing finite elements. There are 8 nodes with
3 dofs per node which is 24 dofs in total. The sequence
is 72 frames long and we choose every 5th frame for fit-
ting. Since our model accounts for large deflections we are
allowed to use non-consecutive frames.

To verify that the recovered forces, acting on the model
to cause deformation between chosen frames, are correct
we perform the direct FEM simulation with them. We let
the forces act on the model and compute the displacement.
We compare this displacement and the one obtained by our
fitting algorithm. The error between those displacements
for each of 18th images used for tracking is shown in bottom
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Figure 5. Failiour examples using alternative snake-like energy function with different energy weighting coefficients: ws for stretching,
wy, for bending. (a,b) The pole vault fails in 3rd frame with the energy coefficient being w, = ws = 1000 and w, = 1000, ws = 10
respectively. (c,d) The rat whisker fails in the 10th frame because of the occluded ear, and the energy coefficients are also wy = ws = 1000

and wp = 1000, ws = 10 respectively.

Figure 6. The deformation of the pole in a pole vault. The top row shows selected frames from the tracking sequence with the recovered
model shown in yellow. In the bottom row the force resultants of the axial and transversal forces are shown as red arrows in the magnified
images. In this case the models are again shown in the frame prior to fitted position of the top row. The provided videos correspond to this

description.

row of Fig. 1(c). The image resolution is 1024 x 768, so the
errors bellow 1 pixel indicate high tracking precision.

5.2. Pole vault

In a pole vault, the coaches are curious to find out which
force are applied to the pole at every moment of the jump.
This may indicate why some athletes perform better then the
others. The original video is extremely challenging because
of the moving camera, cluttered background and partial oc-
clusions. In oder to make this example tractable we first
pre-process the sequence, thus we warp all the frames to
one reference frame using robustly estimated homography.
Then we compute the point in the image where the pole is
always sticked to the ground by intersecting two straight
pole positions of the first and the last frame. In our fitting
we impose a boundary condition on axial and transverse dis-
placements of this point. Note that the lower part of the pole
is mainly occluded by the mattress landing surface.

We initially built the snake like energy function of the
pole. It consists of the stretching energy and the bending
energy terms. The total model energy Ep is given as Ep =
Whend Erend + Wext Fext , Where Epepq penalizes curvature

and F.,,; extension. The image energy is identical to Py the
one we defined in Section 4. We equally performed robust
weighting of the image observations and fitted the model
to the data with different settings of energy weights as can
be seen in Fig. 5. We depict the 3rd frame of the video
sequence when the tracking actually starts failing.

The pole was divided in 15 segments having in total 48
dofs. Every third frame was used for tracking. In Fig. 6 we
show the pole deformation. The images are warped version
of the originals using homography. Note that the tracking is
robust in spite to the clutter and the partial occlusion. The
actual edge image are depicted for the last tracking frame of
Fig 6.

5.3. Rat whiskers

An interesting problem appeared in neurology where the
behavior of the rats moving in the maze is observed with
very high frame rate camera. The rats touch the walls of the
maze with their whiskers and depending of the force of the
touch certain receptors in the brain are activated. The neu-
rologist want to know what is the intensity of the forces the
rats are experiencing with their whiskers. In contract to the



Figure 7. The deformation of the rat whisker. The top row shows selected frames from the tracking sequence with the recovered model
shown in white. In the bottom row the force resultants of the axial and transversal forces are shown as green arrows.

other two examples, we tracked whisker of the rat without
imposing any boundary conditions on the beam movements.
We also started with the curved beam obtained by drawing
the polygonal line of 17 segments in the first frame of the
tracking sequence. In this way we produced the beam seg-
ments to be of different lengths which is different from the
previous examples. In spite of this new settings the tracking
performed very well as can be seen in Fig. 7. Every second
frame was used for tracking. Note in the second column of
Fig. 7 the whisker was partially occluded by the ear which
was efficiently handled with our beam model.

6. Conclusion

In this paper we investigated physics-based plane beam
model to track large non-linear deformations in images.
We compared them to the snake-like approach which uses
simplifying physical assumptions to create the model en-
ergy, similar to most physically based models used in com-
puter vision. These approaches ignore the complex non-
linearities that are inherent to large deformations. We dis-
covered that using our model, which approximates the phys-
ical behavior more closely, contributed to robust tracking of
large deformations in the presence of clutter and partial oc-
clusions and allowed us to obtain an estimate of the forces
that were applied to the beam to produce the observed de-
formations. In the future work we plan to further investigate
more complex 3D spatial beam and shell structures.

APPENDIX

We consider straight two node TB element shown in
Fig. 2. It is deforming in XY-plane and, for simplicity, it is
initially aligned with the X-axis. We later relax this assump-
tion and consider the beam to be arbitrarily positioned. The
undeformed initial configuration is referred as reference and
the deformed one as current configuration. The beam rota-
tion is defined by the angle v being equal to the rotation of

the cross-section when it remains normal to the beam longi-
tudinal axis. The angle 7 is a shear angle for which the cross
section deviates from its normal position defined by the an-
gle 1. The total rotation of a beam cross section becomes
0 = 1 — 4 which is exactly rotational dof.

We consider the motion of the point Py(X,Y") in refer-
ence configuration to the point P(z,y) in the current con-
figuration. We keep the assumption that the cross section di-
mensions do not change and that the shear rotation is small
Y < 1 so that cosy ~ 1. The Lagrangian representation
of the motion relating points Py(X,Y") and P(z,y) is then
given by:

T X +ux —Ysinf

[y] o [ uy +Y cos6 } (A-D)
The displacement can be than represented by a vector w =
[ux(X) wuy(X) 6(X)].Inthe FEM formulation for 2-
node C° element it is natuaral to express the displacements
and rotation functions of w as linear combination of node
displacements:

]

Ni 0 0 Ny 0O 0 “9“
w=|0 N 0 0 No 0| || =Nu
0 0 N 0 0 Nyl |"x2

Uy2
02
(A-2)

where N = (1—-¢), Ny = 3(1+¢) are the linear element
shape functions.

The deformation gradient of motion can be derived from
Eq. A-1 to be:

Oz Oz
F [%}; %ﬂj} (A3)
0X Y

from which Green-Lagrange(GL) strain tensor describing
the model strain becomes:

1
e= FXX exy} = ~(FTF - 1) (A4)
eyx €eyy 2



After the derivation, the only nonzero elements are axial
strain ex x and the shear strain 2exy = exy + ey x. We
can finally express strain vector as:

=l =l =15

€2 2exy Y
where three strain quantities introduced above are e axial
strain, 7 shear strain and s curvature. These can be col-
lected in the element strain vector heT. Because of the as-
sumed linear variations in X of ux (X), uy (Y) and 6(X),
e and v depend on # and « is constant over the element. e

and y can be expressed in a geometrically invariant form
which used for further development:

(A-5)

L _ L . _
e = — Ccos¥,y = —sin?%. (A-6)

Lo Lo
where ¥ = 6 — 1. These geometrically invariant strain
quantities can be used for the beam in arbitrary reference
configuration. The variations of de, 4y and dx with respect
to the nodal displacement variations are required for deriva-
tions of strain-displacement relation 6h = Bdu. To form
strain-displacement matrix B we take partial derivatives of
e, v and k with respect to the node displacements and col-
lect them into matrix B:

I;cw — 5w LoNiy W sw LoNayy
B= sw —cw —LoNi(1+e) —sw cw —LoNa(1l+e)
0 o 1 0 0 1

(A7)
where w = 0 4+ v, cw = cosw and sw = sinw.

We assume that the material is homogeneous and
isotropic. The only nonzero second Piola-Kirchof stresses
are axial stress syx and sxy. They are related to the
Green-Lagrange strain by the linear elastic equation:

s = [SXX Sxy] = [9(1) 93] + [g g} [Zj =s"+Ee

(A-8)
where F is a Young modulus and G is the shear modulus.
We introduce pre-stress resultants N°, V9 and M° which
define the axial forces, transverse shear forces and bending
moments respectively, in the reference configuration. We
also define the stress resultants in the current configuration
tobe N = N + EAge, V = VO + GAgy and M =
MO + Elyk, and collect them into stress-resultant element
vector ze = [N V M ] The derived quantities are used
to derive strain energy of Eq. 5 and internal forces of Eq. 6.
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