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Abstract

We present an algorithm for clustering sets of detected
interest points into groups that correspond to visually-dis
tinct structure. Through the use of a suitable colour and tex
ture representation, our clustering method is able to idfgnt

keypoints that belong to separate objects or background re-
gions. These clusters are then used to constrain the match-

ing of keypoints over pairs of images, resulting in greatly
improved matching under dif cult conditions. We present
a thorough evaluation of each component of the algorithm,
and show its usefulness on dif cult matching problems.

1. Introduction

The fundamental motivation behind the continued devel-
opment of low-level perceptual grouping algorithms is the
belief that a correct organization of the scene into meaning
ful regions or feature groups will lead to more ef cient and
reliable algorithms for object detection, tracking, andrse
reconstruction. Existing algorithms, however, have ledit

success. Current state-of-the-art methods produce geod re

sults on simple scenes, but fail on more realistic ones.
In this paper, we present a clustering algorithm that en-

ables standard keypoint matching techniques to recover use

ful matches under very challenging conditions. We show

that through the use of a well designed representation of
colour and texture, a spectral embedding on a set of arbi-

trarily distributed image samples yields a meaningful set

of clusters that captures the structure of the scene, typi-

cally separating objects of interest from the backgrourdd an
from each other. When applied to image patches that corre
spond to the location of detected interest points, the tesul
ing clusters provide strong constraints for typical insére
point matching algorithms, resulting in a signi cant reduc
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Figure 1.Top row from left to right: Reference image of a chee-
tah, target frame from a video sequence, and clusters of keypoints
detected by our algorithm. bf Bottom row: The left side shows
standard SIFT matching illustrating the dif culty of this problem.
The right side shows the result of using our method to constrain
SIFT matches to keypoints within speci ¢ clusters as described in
the text. Our algorithm makes matching possible under very chal-
lenging conditions.

tion in the number of false matches. This process is illus-
trated in Fig. 1

To support the case for our proposed method, each com-
ponent of the algorithm is evaluated separately on images
from the Berkeley Segmentation Database (BSD) [16]. We
also present a clustering comparison with the normalized
cuts method [22], a standard graph-based clustering algo-
rithm that is closely related to spectral embedding. The
evaluation brings additional insights about the naturédef t
problem of clustering keypoints by appearance, and pro-
vides solid evidence that the proposed framework is sound.

Having evaluated the performance of our algorithm on
a standard image database, we demonstrate its usefulness
for object detection and tracking on a series of dif cult
matching problems characterized by clutter, non-uniform
illumination changes, and non-rigid transformations. It
is shown that the clustering process leads to signi cantly
better matches, allowing for the tracking of lightly tex-
ture objects in heavily cluttered backgrounds, matching un
der conditions of signi cant perspective and non-rigid de-



formations, and matching under non-uniform illumination tion [11], [12]. While this is not an exhaustive list, thordug

changes. reviews of image segmentation and perceptual grouping are
available from [2]. Finally, we note that while the grouping
2. Feature grouping in context of keypoints by appearance has not been properly studied

before, the reverse problem (namely, the use of keypoint

¢ Thehalcgj]or'lthm we Izrop(f)se IS relateq Fo f"‘ wider clasis based object detection to improve segmentation results) is
of methods in two elds of computer vision: perceptua _the topic of recent research efforts [27].

organization and image segmentation. Perceptual organi-
zation (perceptual grouping) deals with the general prob- .
lem of grouping a set of observed features into meaningful 3. Representing Local Appearance

sets. Itis based on the Gestalt school of psychology [25], A critical component of any clustering method is the
which studies how human observers organize visual stim-gjmijarity measure that will govern the behaviour of the al-
uli. In computer vision, perceptual grouping has addressedgqrithm and the quality of the clusters. Even a good clus-
the fundamental problem of extracting complete boundanestering algorithm working on weak similarity information
and surfaces from fragmented data [10], [26]. Image Seg-can pe expected to produce poor results. This section de-

mentation, on the other hand, has explored the problem Ofgqyipes the colour and texture representation for locaiana
deciding which parts of the image have a consistent appearpaiches, the similarity measure that provides suitabterinf
ance. While it is often considered a separate eld within mation for the clustering algorithm, and an evaluation of
computer vision, one could think qf Image segmentation ashe proposed measure on test images from the BSD. An im-
aspecial case of perceptual grouping, namely, that of §roup o tant observation derived from the evaluation is that the
ing pixels or image patches according to their similarity of problem of grouping keypoint patches is in general harder

appearance. _ than that of grouping pixels or uniformly distributed image
The performance of state-of-the-art methods in both patches.

elds has improved over the years. Existing algorithms use * £, the rest of the paper we use the following notation:
complex appearance descriptors and powerful optimization, s 4p, input colour imageP is the set of local image
and inference procedures (see [22], [7], and [19] t0 name 5 heg extracted fromn, f is theith patch inP associ-
just a few). However, current algorithms are still limited i ated with image coordinatés; ;). The patch contains the
their ability to deal with typical natural images depicting pixel values for a square region of a speci ed width cen-
heterogeneous or textured objects against complex backig o at(xi:y;) on imagel . We assume that the patches

grounds. These limitations explain why, outside of med- a6 peen detected through the use of a standard keypoint
ical imaging problems, grouping and segmentation meth- jeector such as SIFT [13], but we note that the algorithm
ods have found few direct applications. It is arguably the 4 s ot depend on a speci ¢ detector. In fact, it does not
case that the increasing complexity of object recognition 1o jire square patches either. Arbitrarily shaped and sam-
and tracking algorithms arises in part because of the limi- 5104 atches derived, for example, from superpixels could
tations of existing low-level vision methods. be used as well without modi cations to the algorithm de-

Instead of focusing on the segmentation problem of €x- goyined helow. For an extensive review and evaluation of
tracting accurate object boundaries, we look at the graupin keypoint detectors please see [18]

of a much smaller set of features: The keypoints detected
on a given image. This has two principal advantages, rst,
it makes the clustering task simpler and less computation-
ally demanding. Secondly, the clustering does not have to The appearance representation we describe here was
be exceedingly accurate in order to be useful. As long as thechosen for its simplicity and compactness. It does not re-
clustering method manages to reject most background clut-quire convolution of the image with large lter banks, nor
ter for a given object, standard robust matching techniquesthe additional step of computing a suitable number of texton
such as RANSAC will recover a useful match. channels. Despite its simple form, we will show at the end
The framework we propose here is related to spectral of this section that it provides results that are competitiv
clustering algorithms, such as normalized cuts [22] and with regard to current (signi cantly more complex) state-
its many extensions; to existing methods that take advan-of-the-art approaches.
tage of the steady-state properties of random walks [9]; We use standard colour histograms to represent the
and to previous work on cue combination [15] together colour appearance of a local image patch. Histograms have
with recent work in texture similarity measures [23]. We the advantage of being easy to generate and having well
also nd related work in the clustering method proposed studied similarity measures [21]. For simplicity, we use th
in [8] for feature grouping and boundary extraction, and RGB colourspace, but we note that the same procedure can
in recent patch-based frameworks for image representa-be used in any suitable colourspace and can be easily ex-

3.1. Colour and Texture Representation



tended to the analysis of multi-spectral imagery. We denoteBased on the analysis and evaluation results for histogram

the colour histogram for a patgh asH;. This histogram  similarity measures presented in [21] within the context of

is formed by computing 1-dimensional histograms for each content based image retrieval, we use tRénistogram dis-

available colour channel in patah, and then concatenat- tance given by

ing the individual histograms for each colour channel into a

single vector. The size of the patch and the number of bins o o B

in the histogram are parameters of the algorithm. i = “(HiA) =
To represent image texture, we use a recently proposed

texture descriptor based on covariance matrices of image .

derivatives at a speci ¢ scale [23]. This formulation com- whereF (k) = (Hi(k) + Hj(k)=2k = 1:::n s the

pares favourably to current state-of-the-art Iter bank ap average histogram dt; andH; .

proaches, such as [24]; more importantly, it has been shown Texture similarity is measured as described in [23].

to pro\/ide good performance for object Categorization_ The The idea behind this similarity measure is that the covari-

texture descripto€; corresponds to the covariance matrix ~ance matrixC; describes a hyper-ellipsoidal distribution of
X points in a anm-dimensional space. The shape and ori-
1

C = v W (% ) 1) entation of this hyper-ellipsoid is described by the eigen-
"7 (N ! ! ' vectors and eigenvalues €. Texture similarity can be

X (Hi(k) HAK)?,

3)
K & (k)

jzp estimated by comparing the shape and orientation of the
where hyper-ellipsoids corresponding to two covariance masrice
_ @ @ @ @ @ 2y  GiandC;. More speci cally, similarity betwee; andC
! @x @y @ @Y @xy is estimated by solving the generalized eigenvalue problem

is the vector of rst and second image derivatives for some kCitk  Cjtic =0 where k=1 :::5are the general-
pixelj 2 § computed using standard nite difference ap- 12ed eigenvalues and, & 0 are the generalized eigenvec-
the number of pixels irg. While this measure has been v

. ; . . u
used for full-image object matching and for texture dis- B _ _H 5
crimination before, it has, to our knowledge, not been in- i = (CiiG)= In® « (4)
corporated into existing multi-cue visual classi catioh a k=1
gorithms. whichsatises j 0, j =0 onlyif C; = C;, and also

satis es the triangle inequality.
Finally, we include an additional term in our similarity
Given the appearance descriptors detailed above, we cafunction that depends on the Euclidean distance between
compute the similarity in terms of colour and texture be- the centers of two patches. The nal similarity function-fol
tween any two patches. The problem here is to determinelows a common formulation from image segmentation re-
an appropriate way to combine the two image cues of coloursearch [15]. We write
and texture. The chosen form of the similarity measure > 22 g
is common for image segmentation tasks, the novelty here a = e (ot~ %); (5)
is in replacing large lIter-banks by the covariance-based
texture measure described above, which achieves almostwhered; is the Euclidean distance between patchesnd
equal performance at a lower computational cost. Addi- 9. There is one free parameter, namelyised to weight
tionally, while common similarity measures typical of im- the cues. While we have elected to use a singia our
age segmentation research employ some form of edge enaf nity measure, particular tasks or problem domains may
ergy [15], [5], we do not incorporate any edge-based com- bene t from individually weighting each cue with a differ-
ponent in our own similarity measure. This is due to the ent . The values for these parameters should be learned
fact that keypoints typically occur on or near image bound- from training data as discussed below.
aries and so the probability that the patch that contains the To set the value of our parameters, (humber of his-

3.2. Similarity Computation

keypoint straddles an image edge is high. togram bins, and patch size) and to evaluate the perfor-
We use a simple exponential combination of the avail- mance of the similarity measure, we follow the framework
able cues, and show that this simple measure yields goodoroposed in [5]. We choose = :3, patches of size

results on standard precision/recall discriminatiorsteser 11 11, and15 histogram bins as the values that max-
images from the BSD. The rst step is to de ne proper imize the F-measureover a set 050 randomly selected
similarity values for the colour and texture components of training images from the BSD. THe-measurds given by
our appearance model. Colour similarity is straightfovar F(p;r) = (pr=(:5 p+ :5 r) wherep is the precision



de ned as the probability that two features declared to be in
the same group are indeed in the same group,rasdhe
recall de ned as the probability that a same-group pair is
detected.

We then evaluate the performance of the similarity mea-

sure on the remaining 250 BSD images. We obfairr ) “I’””‘?{"fz ‘"”"';;
:5728for pixel classi cation with our formulation. In com- | | | 7
parison, the optimized similarity measure proposed in [5], 'N\vmz T

which is based on a large set of Iters and a carefully se-

lected group of texton channels achieves= :602 using Figure 2. Left: Original image and rst 3 dimensions of the em-
patch information only (we note that the latter value was pedding. Second and third columns: similarity of sampled image
computed over a signi cantly larger set of images than what patches (blue dots) with regard to a selected patch shown in red,
the public distribution of the BSD contains, and that cues brightness is proportional to similarity. Proximity in the embed-
were computed using the CIE-Lab colourspace). We con-ding space is equivalent to image-space similarity.

clude that with regard to patch-based features our simpler

similarity measure performs almost as well as the state-of-

the-art measure proposed in [5] dimensional subspace computed from the matrix of pair-
Testing over the BSD also reveals that the task of group-wise similarities between data points.
ing keypoint patches is signi cantly harder than that ofsslu This property of enhancing the similarity of elements

tering pixels. We processed the 250 BSD images not usetthat belong in the same cluster is what differentiates this a
during training with the SIFT keypoint detector [14], andre  gorithm from standard spectral clustering methods such as
computed thé=-measureusing only keypoint patches. The Ncuts, and other dimensionality reduction techniques like
result yields= = :5247 This decrease can be explained by pcA. The spectral embedding technique has been shown to
noting that keypoints are by de nition located close to, or yield better segmentations in a benchmark study of image
directly on top of object boundaries and areas of large im- segmentation algorithms [3], and our results here con rm

age gradient. Patches obtained from these locations ofterys apility to produce better clusters than related tectesq
contain data from more than one visually distinct region, gych as Ncuts.

making classi cation harder. In conclusion: keypoint clus
ters have soft boundaries (a fact that motivates the need for
good clustering method), and the redu€etheasurescores
re ect this fact.

We end this section with two important observations re-
garding the evaluation above. First, in [5] a signi cantly

The mathematical formulation and details of the spectral
embedding process are given in the Appendix. The result of
the embedding is a 5D representation of our input patches
as a set of feature vectors. This representation is such that
patches in the image that belong to the same object or ap-
e ) . . . pearance class form tight clusters. Figure 2 shows an input
betterF = :652is obtained by using an intervening contour image, and the rst 3 dimensions of the 5D embedding com-

cue bas_ed on bogndary energy. Such a contour-based cue \&uted for uniformly sampled patches over this image. There
appropriate for pixel segmentation, but not so for keypoint are two things to note in the plots of the embedding: rst,

clustering since many keypoints are expected to span Ob'gne can see a few dense regions with many feature vectors

ject k_)oupdaries. The second obse.rvation pertajns the use o eparated by sparsely populated areas. Each dense region
spatial distance as a cue.for grouping. Results in [5] and ourcorresponds to one of the appearance classes of the image
own 'tes.ts show no mean'lngfuli|mprovernen't from the use of (e.g. tiger, grass, water). Secondly, similarity of appeae
spatial information for pixel-wise classi cation. Howave is encoded in the embedding as spatial proximity. These two

the dls_tan(i/(\a/_ttcre]rm tTr?kZTC’ ? S|gn|tcanttcé|fference€1;or ieypom properties are typical of spectral embedding and contibut
grouping. VVithout the distance term tRemeasureor key- to making the clustering of feature vectors much easier.

points decreases frorB247to only F = :5054 . ,

Once we have a set of low-dimensional feature vectors
from the embedding, we nd clusters and assign a label
to each patch. In the original embedding formulation, this

We propose a two-stage clustering method that takes adwas accomplished by proposing a set of seed regions cor-
vantage of the good performance of our similarity measure.responding to small sets of highly similar feature vectors,
The rst step in our method is based on the spectral em- followed by a series of min-cut computations to determine
bedding algorithm [4], which works on the principle that the optimal cluster boundaries. This approach has two lim-
similarity between elements that belong in the same clusteritations: the amount of computation required by the many
can be strengthened through a random walk process, andnin-cut operations, and the fact that clusters could be arbi
that this process can be carried out ef ciently in a low- trarily split if more than one seed region was generated for

4. Clustering Algorithm



a single image object.

In our case, given that we have a good similarity mea-
sure, clusters are often very tightly packed. We can thus
detect them more easily and at a lower computational ex-
pense by using the standard mean-shift algorithm [6], [1].
Mean-shift receives as input a set of feature vectors and the
radius of the local window used to compute the mean-shift
updates. This radius is directly related to the size of elgst
output by the algorithm. The issue of determining an ap-
propriate radius is in general unsolved for mean-shift. How
ever, we note that given the relatively small number of input
features, (usually less than a couple of thousand, compared
to typically millions of pixels) performing the mean-shift
process is not too expensive in terms of computation. Thus
we can perform mean-shift with iteratively larger radius un
til the resulting clustering has a speci ed number of graups
For all our tests we xed the number of output clustergto
and allowed the clustering method to determine the properrigure 3. Clustering results on several images from the BSD. Each
mean-shift radius. cluster is indicated by a different colour. The clustering algorithm

The complete clustering process is as follows: Detect is able to detect clusters that correspond to the object of interest
keypoints on an input image using a suitable interest point despite the large amount of background features.
detector, generate colour and texture features for each pat
compute the matrix of pairwise similarities and perform
spectral embedding, and nally, use mean-shift to detect
groups of keypoints in the resulting embedding. Clustering
results for several BSD test images are shown in Fig. 3. The
gure shows that the method yields good clusters that corre-
spond to individual objects or visually distinct backgrdun

truth labels for keypoints from the human segmentation in
the BSD that has the closest number of regions to our ex-
pected7. For each ground-truth cluster we nd the key-
point cluster in the automatic grouping results that has the
largest intersection.g. the automatic cluster in best agree-
ment with this ground-truth cluster). We then mark key-

components. : .
T it th ; ¢ the alqorith q points common to both as correctly classi ed. We repeat
0 quantify the performance of the algorithm and to pro- this process with each ground-truth cluster, and compute

vide a baseline for comparison, we conducted a systematic,; v« and the percentage of correctly classi ed keypoints,

evaluation of clustering performance over the 250 imagesThis simple measure of correct classi cation will be low if
of the BSD thaF we prewously used to evaluate the perfor- clusters have been merge too much, or split too much. It
mance of our similarity measure. We compared our resultsprovioles a good indicator of clustering performance.

against the well know normalized cuts (Ncuts) [22] algo- The mean correct-classi cation rate for our algorithm
rithm. This algorithm was chosen because it is representa-

. . over the 250 BSD images used for testinfRiss = :6613

Flv_e of current graph-based clustering me_thods, an_d_becausThe correct classi cation rate for Ncuts is ofRcus =

it is closely relz;_\ted fo speciral embeddmg_, providing the :5279 Fig. 4 shows the correct classi cation results for the
closest alternative to the framework despnbed above. To250 BSD images used for testing. The results above, both
ensure tha_lt we evaluate only the clustering _co_mp_onent c)fvisual and quantitative, indicate that our clustering feam
both algorithms, we use exactly the same similarity func-

tion. th f nit i dih ) tors f work and af nity function are sound and lead to good clus-
t;grt]ﬁ mit?l%rg: arnity matrix, and the same eigenvectors for tering results. We now show that the keypoint clusters pro-

duced by our algorithm provide constraints for typical in-

The criteria for clustering quality is simple. Foreachim- iqrast point matching algorithms that result in signi dgnt
age we generate clusters using our method as well as NCUt?mproved matching under dif cult conditions.

(note that Ncuts is used to cluster the keypoints diredily, t
clusters are not generated from an Ncuts segmentation o
the image). Both algorithms were set to proddagusters
per image or as close to this as possible given the eigenvec- We rst demonstrate the use of keypoint clustering for
tors. We then compute the percentage of keypoints for eachracking. Fig. 5 shows several consecutive frames of a se-
image that have been correctly clustered with regard to thequence with a van. This is a very dif cult problem for key-
human ground-truth from the BSD. point based approaches because the van is lightly textured,
To evaluate correct classi cation, we generate ground and because it is imaged against a heavily cluttered back-

k5 Experimental Results and Applications
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Figure 4. Correct classi cation rate on 250 BSD images for our
method and NCuts. Results are sorted by the difference in perfor-
mance to make the plot easier to understand. We observe that our
method outperforms NCuts on more than 200 out of the 250 test
images.

ground. The number of keypoints detected on the van is

only a very small fraction of the total set of keypoints de-

tected on any given frame of the sequence. Typical SIFT

matching fails to detect and track the object. Our algorjthm

on the other hand, is able to separate the keypoints com-igure 5. Tracking of a lightly textured object on a heavily clut-

ing from the van from those originating in the background. tered background.Left Column: Unconstrained matching be-

Once the user selects a cluster to be tracked on the initiafween image pairs. The red rectangles on the reference image

frame, that cluster is automatically detected on successiv '€ hand drawn and those on the target image are transformed by

frames. Constrained SIFT matching, where matches arethe homography computed using the matching keypoints. Because

only allowed to occur between the reference cluster and the®f '2/9¢ @mounts of background clutter and erroneous correspon-
. “dences the homography is baglight Column: Our approach to

. . ematching. The correspondences are much better and background
frames, is able to recover enough useful matches to providgg mostly eliminated. This is evidenced by the fact that the trans-

a good estimate of pose for the duration of the sequence.  formed rectangles now match much more accurately the car's loca-
Our second example, illustrated in Fig. 6 concerns tion. Bottom Row: Keypoint clusters produced by our algorithm
matching for an object characterized by non-rigid deforma- for the four target images. Keypoints assigned to the foreground

tion. The reference image is not part of the sequence ancare shown in green and the rest in red.
in fact may depict a different animal than the one shown
in the sequence. There is perspective distortion, a signi -
cant amount of background clutter, and the background is
moving. Under this conditions we nd once more that stan-
dard SIFT matching fails. Our method is able to separate
keypoints corresponding to the cheetah from those on the
background, both for the reference image and the frames
in the sequence. After the user selects the reference ob-
ject to be tracked, the cheetah cluster is easily detected ov
the entire sequence. Constrained matching is able to pro-
vide meaningful matches. Conversely, standard matching
is typically confounded by similarity between background
and foreground features.
A nal example concerns matching under non-uniform
illumination changes and perspective distortion. Fig. 7
shows two image pairs depicting two objects of interest. Figure 6. Tracking a cheetah against a complex backgrouefd.
Due to non-uniform illumination changes, typical amounts column: Standard unconstrained matching between a video frame
of clutter, and viewpoint changes, standard matching pro-and the reference image that appears in the top-left corner of Fig.
duces poor results. Constrained matching on the other hand. Middle column: Foreground/background clusters produced
yields a much cleaner set of correspondences. The resultgy our method for the target video fram®&ight column: Con-
clearly show that our algorithm vyields high-quality clus- Strained matching results.
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i While we could compute the diffusion kernels for each

Appendix patch, and try to cluster them directly, this may be com-

We follow the formulation of the spectral embedding plicated because of the high-dimgnsion_ality of the kernels
presented in [4] in the context of image segmentation. First (e‘?l“a' o the number of patches in the '”F‘ag‘?)- Instead of
we represent the sBt of image patches as a gragifV: E) using the long vec;tors that encode egch Q|ﬁu3|on kernel, we
whereV is a set of nodes, with one node per patch, and °°.mp“te a Iow—d|menS|on_aI approximation of ea_ch kernel

E is a set of undirected edges connecting nodes to one an¥sing the spec.tral.propertles M Formally speak!ng, we

other. The weight of the edd&(i; j ) is simply the similar- compute a projection (embedding) of each diffusion kernel

ity a; (see Eq. 5) between the two corresponding patches.or_1to the leading e_|genvectors bf (i.e. _the elggnve_ctors
The graph is conveniently represented as a symmetric af n-Wlth Iarge;t, real eigenvalues). The projected diffusier k
ity matrix A whereA(i;j ) = &; . From this matrix, it is nels are given by
easy to generate a proper Markov matvixby normalizing w{ = Lv] o (6)
each column ofA so that the values in the column add up ) . . .
to 1. We can de ne an arbitrary probability distributiéh ~ Where[U; ;V]is the SVD ofM, , is a diagonal matrix
a column vector with one entry per patch, which satis es containing the largest eigenvalues oM , andV, contains
(d(i) = 1. The value of each component in this vector the n columns ofV Wlth the corresponding glger!vectors.
represents how much probability mass is currently stored atF"0m W we can e_aslly reconstruct_ an approximation of the
the corresponding image patch. diffusion kernelsd} @ = U,w. U, contains then
The matrix M de nes a random walk on the graph columns ofU corresponding to the largest eigenvalues.
G(V;E). Consider what happens to an initial probability We choosen = 5, and set the value dfas described in [4]
distributiond; that has all its probability mass concentrated So that the contribution of the last eigenvector of the em-
at a single node ofs. After t steps of the random walk, beddingis small, and the resulting reconstruction of tttie fu

the new probability distributiod; is given byd; = M 'dp. diffusion kernels is reasonably free of artifacts. A sample
The effect oM upondy is that of diffusing the initial prob- ~ embedding is shown in Fig. 2.
ability distribution, but this diffusion is not isotropiSince It is worth pointing out the fundamental difference be-

the probability of traveling between any two nodes is di- tween the spectral embedding formulation described above
rectly proportional to their similarity, the resulting fiigion and standard spectral clustering techniques. Typical-spec
favours visiting nodes that are similar to the starting poin  tral clustering techniques use individual eigenvectors of

In [4], the patterns of diffusion resulting from simulat- Laplacian matrix to determine partitions of the dataset di-
ing the random walk at speci ¢ nodes are called blur ker- rectly. This provides good partitions only when the data
nels since they can be used for performing anisotropic im- have strongly separated clusters, but has a tendency to leak
age smoothing. Here we refer to them simply as diffusion across weak cluster boundaries. Spectral embedding, on the
kernels. Formally, we de né, = M '@ whered, is the other hand, uses a subset of the eigenvectold afnly to
diffusion kernel obtained by simulatirigsteps of a random  (ef ciently) compute a low dimensional approximation of

walk with initial probability distributiond), andd} has all  the diffusion kernels. The random walk process together
its probability mass concentrated at the node correspgndin With the embedding effectively map similar elements to
to patchp; . small neighborhoods in the low-dimensional space. The

The key property to be noted from the above process ispartitions do not come from the eigenvectors, instead, the
that the diffusion kernels for image patches belongingéo th Projected diffusion kernelst are clustered directly using a
same object are typically very similar even when the initial Suitable algorithm (mean shift in our case). A study of the
distributions are localized at different points in the irmag ~ relationship between random walks and standard spectral
In fact, this will be the case even if the initial similaritgb  clustering techniques is presented in [17].



