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Abstract
We presenta closed-formsolutionto theproblemof re-

coveringthe3D shapeof a non-rigidpotentiallystretchable
surfacefrom 3D-to-2D correspondences.In other words,
wecanreconstructa surfacefroma singleimage withouta
priori knowledge of its deformationsin that image.

State-of-the-artsolutionsto non-rigid3Dshaperecovery
rely on thefact that distancesbetweenneighboringsurface
points mustbe preservedand are therefore limited to in-
elasticsurfaces.Here, weshowthat replacingthe inexten-
sibility constraintsby shadingonesremovesthis limitation
whilestill allowing3D reconstructionin closed-form.

Wedemonstrateour methodandcompare it to anearlier
oneusingbothsyntheticandrealdata.

1. Intr oduction
Capturingthe shapeof deformable3D surfacesfrom a

singleimageremainsanopenproblemwith anendlesslist
of potentialapplicationsin computervision andgraphics.
The main challengecomesfrom the fact that monocular
3D shaperecovery is severely under-constrained.A com-
monapproachto overcomingthis is to introducedeforma-
tion models.They canbeeitherphysically-based[1, 3, 11,
12, 13, 18] or learnedfrom trainingdata[2, 4, 10, 17]. In all
thesemethods,surfacedeformationsareexpressedin terms
of themodelparameters,whichare�rst initializedandthen
re�ned by minimizing an image-basedobjective function.
Sincethis function typically hasmany local minima,good
initialization is bothcritical anddif�cult to achieve.

This problemhasbeenaddressedrecentlyin [6, 14, 16].
Thesepapersproposeapproachesto 3D shaperecovery in
a singleinput imagegiven a referenceimagein which the
shapeis known,andcorrespondencesbetweentheinputand
referenceimages. They do not requireany knowledgeof
thedeformationsotherthanthefactthatthesurfaceis inex-
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Figure1.3D Reconstructionof non-rigidinelastic(top)andelastic
(centerandbotton)surfacesin closedform. In additionto corre-
spondences,weuseshadingconstraintsandestimatethedirection
of themainlight source.

tensibleandthatthedistancesbetweenneighboringsurface
pointsmustremainconstant.This is a valid assumptionfor
inelasticmaterialssuchaspaperor cardboard,but rulesout
thereconstructionof elasticmaterialsthatcanstretch.

In thispaper, weshow thatreplacingtheconstant-length
constraintsby shadingconstraintsremoves this limitation
while allowing a closed-formsolution to the 3D shape-
recovery problem,as in [16]. More speci�cally, we rely
on correspondencesbetweenthe input and referenceim-
agesandexpressthedeformationsaslinearcombinationsof
modes.In addition,we constraintheintensitiesof selected
surfacepatchesin the input andreferenceimagesto bere-
latedthroughaLambertianre�ectancemodel.Thisyieldsa
setof cubicequationsin termsof themodeweightsandof
the lighting parameters,which we solve throughlineariza-
tion. As shown in Fig. 1, this letsusreconstructbothelastic
andinelasticobjectsin closed-formandsimultaneouslyes-
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timatethe light directionandintensity. Furthermore,using
two differentsourcesof imageinformation–keypoint loca-
tions andshading–increasesthe robustnessin ambiguous
situations.

In the remainderof the paper, we �rst discussrelated
work. We then introduceour formulation and derive our
systemsof linearandcubicequations.Finally we compare
ourmethodagainst[16] bothonsyntheticandrealdata.

2. RelatedWork

Recoveringthe3D geometryof anon-rigidsurfacefrom
singleimagesrequiresprior knowledgeof its propertiesto
turnanunder-constrainedprobleminto a tractableone.

Traditional shape-from-shading[8] and shape-from-
texture[22] techniquesdothisby imposingsurfacesmooth-
nessandassumingthatthesurfaceeitheris Lambertianwith
known albedoor exhibitsstatisticallyhomogeneoustexture
patterns.Therehasbeenmany attemptsover the yearsat
relaxingtheseconstraintsbut moststate-of-the-artmethods
still requirevery strongassumptionsthat can only rarely
be satis�ed. [20, 23] are representative of currentsingle-
imageapproachesthat re�ne both shapeand illumination
parameters.Eventhoughthesemethodscanreturnaccurate
estimatesof both, their iterative naturemeansthat, unlike
our approach,they requiregood initial guesses.Further-
more, they are not designedto handlematerialsthat can
stretch. The ideaof overcomingambiguoussituationsby
combiningtextureandshadingcueswasintroducedin [21].
This approach,however, involvesmultiple iterative stages
andexplicitly penalizesstretching,which precludesaccu-
ratemodelingof elasticsurfaces.

Another approachto making the problem tractableis
to introduce surface deformation models. Physically-
basedapproachesintroduce global models such as su-
perquadrics[12], triangulatedsurfaces [7] or thin-plate
splines[11]. Modal analysis[5, 13] has also beenpro-
posedto reducethe dimensionalityof the problem. How-
ever, while thesemethodshave been successfulfor re-
trieving smoothlydeformingobjects,they cannotcapture
thephysicsof complex deformations,which requiresmuch
moresophisticatedanddif�cult to handlenon-linearmod-
els[1, 18]. Thishasbeenrecentlyaddressedin adata-driven
mannerby usingmachinelearningmethodsto build defor-
mationmodelsfrom collectionsof deformedshapes[2, 4,
10], or, for relatively smalldeformations,directly from se-
quencesof images[17, 19].

In any event, in all the approachesdiscussedabove,
modelparametersmust�rst be initialized andthenre�ned
by minimizing an image-basedobjective function, which
may have many local minima. In frame-to-frametrack-
ing, the shapeparametersfound in a frame can serve as
initial valuesfor the following one, but this kind of ap-
proachstill requiresparametersto be speci�ed in the �rst

frameandcannotrecover from a trackingfailure. To avoid
this, onemustbe ableto recover the 3D shapewithout an
initial estimate.This issuehasbeenaddressedin threere-
centpapers[6, 14, 16] thatall rely on thefactthatdistances
betweensurfacepointsmust remainconstant—avalid as-
sumptionfor inelasticmaterialsbut not stretchableones.

In short,our approachdiffers from previous techniques
in that it can reconstructa surfacewhetherit stretchesor
not. Furthermore,the shapeis recoveredin closed-form,
which impliesthatno initial estimateis needed.

3. Elastic and Inelastic SurfaceReconstruction
in ClosedForm

In thissection,we�rst usetheformalismof [16] to show
that thesolutionof our problemcanbeexpressedasa lin-
ear combinationof singularvectorscorrespondingto the
smalleigenvaluesof a matrix. This matrix is derived from
thepoint correspondencesbetweenthe input andreference
image. We thenshow that shadingconstraintscanbe ex-
pressedin termsof cubicpolynomialsinvolving thecoef�-
cientsof thelinearcombinationandtheshadingparameters.
Finally, we solve theresultingsystemof cubicequationsto
computeboththeonesandtheothers.

3.1.Initial Assumptions

We representthe surface as a triangulated3D mesh
whoseshapeis given by the vector x = [v T

1 ; : : : ; v T
n v

]T

of its vertex coordinates,wherev i = [x i ; yi ; zi ]T . In the
following, we assumethat the meshwe use,like thoseof
Fig. 1, has a rectangulartopology and thereforethat all
meshfacetshaveone90degreeangle.As will bediscussed
below, we couldalsousehexagonalmeshesmadeof equi-
lateral triangles,which can be usedto model surfacesof
arbitrarytopology.

We seekto retrieve x in an input image,assumingthat
wearegiven

1. The shapeof the meshin a referencecon�guration,
andnc correspondencesbetweenasetof 3D pointsp i

on thismeshand2D imagelocationsu i .
2. An albedovalue � i for eachpoint p i , which can be

takenastheintensityof thecorrespondingpixel in the
referenceimageif it waslit by adiffuselight source.

3. TheinternalcalibrationmatrixA of thecamera.
4. A meanshapex0 anda setof nm deformationmodes

Q = [q1; : : : ; qn m ], representingthe linear subspace
of feasiblemeshdeformations.

We alsoassumethe surfaceto be Lambertianand illumi-
natedby a single point light source,whosedirection and
intensityareunknown. In theresultssectionwe will show
that this assumptioncanberelaxedin practiceandthatour
algorithmstill yieldsgoodresultsin thepresenceof anex-
tendedlight source.



3.2.Linear GeometricConstraints

As in [16], we startby showing thatx canbeexpressed
as the solution to a linear systemencodingthe 3D-to-2D
correspondencesequations.We expresseachpoint p i asa
functionof thebarycentriccoordinatesof thetriangularface
it belongsto andwrite

8i ; p i =
3X

j =1

aij v [i ]
j ; (1)

wheretheaij arethehomogeneousbarycentriccoordinates
and f v [i ]

j gj = f 1;2;3g are the verticesof the facecontaining
thepoint p i . Without lossof generality, we expressthe3D
pointsp i in thecamerareferential,andtheir2D projections
u i = [ui ; vi ]

T as

8i ; wi

"
ui

vi

1

#

= Ap i =

"
f u 0 uc

0 f v vc

0 0 1

#
3X

j =1

aij

2

4
x [i ]

j

y[i ]
j

z[i ]
j

3

5 (2)

where the wi are the scalar projective parameters,
[x [i ]

j ; y[i ]
j ; z[i ]

j ]T the3D coordinatesof eachvertex v [i ]
j , and

f u , f v and(uc; vc) the focal lengthsandprincipalpoint of
thecalibrationmatrixA .

Fromthelastrow of Eq.2, theprojectiveparameterscan
be written aswi =

P 3
j =1 aij z[i ]

j . Whensubstitutedback
into the�rst two rowswegetfor each3D-to-2Dcorrespon-
dence 3X

j =1

aij f u x [i ]
j + aij (uc � ui )z

[i ]
j = 0 ; (3)

3X

j =1

aij f v y[i ]
j + aij (vc � vi )z

[i ]
j = 0 : (4)

Theseequationscanbejointly expressedfor all thenc cor-
respondencesasa linearsystem

Mx = 0 ; (5)

whereM is a2nc � 3nv matrix,madeof theknown coef�-
cientsof Eqs.3 and4.

As observedby [15] thematrixM is rankde�cient even
for a large numberof correspondencesnc, that is, a solu-
tion x yielding a correctreprojectionis not guaranteedto
have a correct3D shape.Fig. 2(a) illustratesthis. Onecon-
sequenceof this is that matrix M hasa large numberof
eigenvaluescloseto zero,asseenin Fig. 2(b). Therefore,
additionalconstraintshave to beintroducedto reducethese
ambiguities.This canbedoneby introducingdeformation
modesandrepresentingthesurfaceasa linearcombination
of nm << nv basisshapes,whichcanbewrittenas

x = x0 +
n mX

i =1

� i q i = x0 + Q� ; (6)

where� = [� 1; : : : ; � n m ]T are the unknown weightsof
the basisshapeswe want to recover. If we introducethis
expressioninto Eq.5, thelinearsystembecomes
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(a)View ambiguity (b) Eigenvaluesof M (c) Eigenvaluesof ~M

Figure 2. (a) View ambiguity. The two plots correspondto the
samecon�gurationof themeshesseenfrom differentviewpoints.
(b) Eigenvaluesof the matrix M , for the black meshof (a).(c)
Eigenvaluesof ~M , afterconsidering40 deformationmodes.

�
MQ Mx 0

�
�
�
1

�
= 0 : (7)

A standardway of computingthe deformationmodes
is to apply PrincipalComponentAnalysisto a large setof
trainingshapes,andhence,eachbasisshapeq i is associated
to a prior standarddeviation value� i . We usethis prior as
a regularizationtermon theweights� by minimizing S� ,
whereS is annm � nm diagonalmatrixwith elements� � 1

i .
Theshapeis thenobtainedby solving

~M
�
�
1

�
=

�
MQ Mx 0

S 0

� �
�
1

�
= 0 (8)

in theleast-squaressense.Notefrom Fig. 2(b) thatthis lin-
earsystemhasmuchfewereigenvaluesthatarecloseto zero
thantheoriginalone.

Thesolutionof Eq.8 belongsto thenull spaceof ~M . We
take it to be �

�
1

�
=

NX

i =1

� i m i ; (9)

wherem i aretheright-singularvectorsof ~M corresponding
to its N smallestsingularvalues.Pickingthecorrectvalue
for N is non-trivial sinceit amountsto decidingwhich of
thesingularvaluesaresmallenoughto beconsideredasbe-
ing effectively zero. This is illustratedby Fig.2(c),where
thenumberof smalleigenvaluesis around10 andit is dif-
�cult to decideon anexactnumber. In practice,we run the
algorithmfor all N � Nmax , whereNmax is intentionally
too large,andretaintheresultthatyieldsthesmallestaver-
agereprojectionerror. In all experimentalresultspresented
in this paper, we useNmax = 15. As will bediscussedbe-
low, we chosethe� i by solvinga setof cubicequationsin
closedform. And, sincethis is only a fractionof theoverall
computation,performingit several timesonly representsa
smallcomputationaloverhead.

3.3.Cubic ShadingConstraints

Solving our shape reconstructionproblem therefore
amountsto picking the right � i coef�cients for the linear



combinationof Eq. 9. In [16], this was doneby choos-
ing them so as to preserve the length of the meshedges,
whichprecludestheaccuratemodelingof astretchablesur-
face. Here,we remove this limitation by replacinglength
constraintsby shadingones.

Let us�rst considera singlefacetf with verticesf v i =
[x i ; yi ; zi ]T gi = f 1;2;3g lit by adistantpoint light source,with
unit directionl = [lx ; ly ; lz ]T andintensityL . Let I bethe
observedintensityat a facetpoint of albedo� . Assuminga
Lambertianre�ectancemodel,wehave

I = �L (l � n) ; (10)

wheren is thefacetnormal.In thefollowing, weshow that
Eq. 10 canbewritten asa cubicequationin theunknowns
� i , L , lx , ly , andlz . Sincewe canwrite sucha constraint
for eachof our nc correspondences,this yieldsa systemof
nc cubicequationsthatwecansolveusinglinearization.

3.3.1 Quadratic Representationof the Normal Vector

Let v12 = v1 � v2 andv13 = v1 � v3. Thefacetnormal
n canbecomputedas

n =
v12 � v13

jj v12 � v13 jj
=

1
2Ar ea(f )

[~nx ; ~ny ; ~nz ]T (11)

whereAr ea(f ) is theareaof thetriangularfacetf and

~nx = y2z3� y2z1� y1z3� z2y3+z2y1+z1y3 ;

~ny = z2x3� z2x1� z1x3� x2z3+x2z1+x1z3 ; (12)

~nz = x2y3� x2y1� x1y3� y2x3+y2x1+y1x3 :

Thesystemof Eq.12 is quadraticin thevertex coordinates,
andthereforealsoin the� i . More speci�cally, from Eq. 9
we canwrite � i =

P N
j =1 � j m [i ]

j , wherem [i ]
j is the i � th

elementof thevectorm j . FromEq.6 we thenhave

x = x0 +
n mX

i =1

NX

j =1

� j m [i ]
j q i ; (13)

which letsuswrite

~nk = 
 [k ]
0 +

NX

i =1


 [k ]
i � i +

NX

i =1

NX

j = i


 [k ]
ij � i � j

= (
 dir ;k )T �
�
�
1

�
; (14)

wherek = f x; y; zg andthe coef�cients 
 [k ]
i and
 [k ]

ij are
generatedby arrangingthe appropriatecomponentsof the
vectorsx0, f q i gi =1 ;:::;n m andf m j gj =1 ;:::;N , all of which
areknown. In theright partof Eq. 14, ~nk is written asthe
dot productof two vectors,
 dir ;k which is madeof known
coef�cients and

� = [� 1 ; ::; � N ; � 1 � 1 ; ::; � 1 � N ; � 2 � 2 ; ::; � 2 � N ; ::; � N � N ]T ; (15)

v2

||v13||

v v

T1 ||v12||

|| ||

T2 T3

v1 v3 ||v13|| ||v12||
1 1.2 1.4 1.6 1.8 2

0

5

10

15

20

A
re

a 
er

ro
r 

(%
)

Ar ea(T1 ) � Ar ea ( T2 )+ Ar ea ( T3 )
2 jj v 12 jj =jj v 13 jj

Figure3.Approximatingtheareaof aright triangle.Left: In order
to beableto write themagnitudeof thefacetsnormasaquadratic
functionof thecoef�cients � i we have to approximateits areaas
the meanareaof two isoscelestriangles. Of course,the approx-
imation is perfectfor isoscelestrianglesandbecomespoorerthe
biggeris thedifferencebetweenthesidesjj v 12 jj andjj v 13 jj of the
triangle. Right: Error in the estimationof the trianglearea,asa
functionof theratioof thesideslengths.

whichcontainstheunknown. In otherwords,thenumerator
of Eq. 11 can be written as quadraticpolynomialsin the
� i . By contrast,exactly computingthedenominatorwould
requireevaluatingsquarerootsof 4-degreepolynomialsin
the� i coef�cients, whichwouldmakeit impossibleto solve
the resultingsystemof equationsby simple linearization.
We overcomethis dif�culty by replacingtheexactvalueof
jjv12 � v13 jj by an approximateone that dependson the
factthatindividual triangleshaveone90degreeangle.This
allowsusto replaceEq.11by apairof equationsexpressed
in termsof aquadraticpolynomialin the� i 's,asfollows.

Without lossof generality, let usnumbertheverticesof
the facetasv1, v2 andv3, with v1 beingat the90 degree
angle.We thereforehave

jjv12 jj2 + jjv13 jj2 = jjv23 jj2 : (16)

Eachjjv ij jj2 is quadraticin termsof the vertex coordi-
nates,and,givenEq. 13, alsoin the � i 's. Using thesame
notationasin Eq.14, constrainingtheangleof asinglefacet
to be90degreescanbewrittenas

(
 r ig ht )T �
�
�
1

�
= 0 ; (17)

where 
 r ig ht is again computedby arranging speci�c
elementsof the known vectors x 0, f q i gi =1 ;:::;n m and
f m j gj =1 ;:::;N , accordingto the quadraticmonomialsgen-
eratedwhenexpandingthetermsjjv ij jj2.

Furthermore,thefacetareaof a right triangleis givenby

Ar ea(f ) =
jjv12 jj � jj v13 jj

2
: (18)

Sincedirectlyusingthiswouldyield polynomialsof degree
higherthan2, weapproximateit by

Ar ea(f ) �
1
2

�
jjv12 jj2

2
+

jjv13 jj2

2

�

= (
 ar ea)T �
�
�
1

�
; (19)
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Figure4. Left: Comparingthe performanceof our approachagainstthe methodof Salzmannet al. [16] in a syntheticexperimentwith
a stretchablesurface. We plot aswell the resultsof our methodif the true facetareasweregiven. The graphrepresentsthe mean3D
reconstructionerror asa function of the surfaceextension. Right: Signi�canceof the reconstructionerror values. Black: true shapes.
Blue: Shapesreconstructedusingonethethreemethodsandtheirassociatederrorvalues.

where
 ar ea is known andcomputedaswe did beforefor

 dir ;k and
 r ig ht . Fig. 3(left) illustratesthemeaningof this
approximation:The areaof the right triangle is approxi-
matedasthemeanareaof two isoscelesright triangles,one
having two equalsidesof lengthjjv 12 jj andthe othertwo
equalsidesof length jjv13 jj . Note that we could usethe
sameapproximationfor hexagonalmeshesbecauseequilat-
eraltrianglesmaybesplit into two isoscelesright triangles.
Fig. 3(right) shows the error producedby this approxima-
tion asa functionof theratio jjv 12 jj=jjv13 jj . Notethat this
approximationis poorerif the stretchingis producedjust
alongonedirection. For instance,asobserved in the �g-
ureif onesideis stretchedto twice its initial lengthandthe
lengthof theotherremainsconstant,theerrorof theapprox-
imatedareawill bearound20%. By contrast,if bothsides
arestretchedmoreor lessequally, theestimationerrorwill
benegligible. In Section4 we will validateour approxima-
tion on experimentaldataandwe will seethat it is in fact
veryappropriate.

In short,imposingtheconstraintsderivedin Eqs.14, 17,
and19 forcesthenormalof a facetto beof unit norm.

3.3.2 Integrating Lighting Unknowns

Wearenow in apositionto integratetheexpressionsderived
abovefor unit normalsinto theshadingconstraintof Eq.10.
Let L l = [L x ; L y ; L z ]T bethelighting unknownsand ~I =
2I =� . Eq.10canbere-writtenas

Ar ea(f ) ~I = ([L x ; L y ; L z ] � [~nx ; ~ny ; ~nz ]T ) (20)

If we expandthis equationby consideringthe expres-
sionsof ~nx , ~ny , ~nz , andAr ea(f ) derived in the previous
section,weobtain

(
 ar ea )T
�

�
1

�
~I = (
 dir ;x )T �

�
L x �
L x

�
+ (
 dir ;y )T �

�
L y �
L y

�
+

(
 dir ;z )T �
�

L z �
L z

�
: (21)

Note that we have onesuchequationfor each3D-to-2D
correspondence.By groupingtheseequationsfor all nc cor-
respondencesandintroducingthe right angleconstraintof
Eq. 17 for eachof the nf facesof the mesh,we obtaina
systemof theform �

D
R

�
b =

�
d
0

�
; (22)

whereb = [� ; L x ; L y ; L z ; � L x ; � L y ; � L z ]T is the vec-
tor of unknowns of size 2N (N + 3) + 3, madeof lin-
ear, quadraticandcubictermsthatsimultaneouslycontains
the lighting and the geometricunknowns. D and d are
an nc � 2N (N + 3) + 3 matrix andan nc vectorrespec-
tively, built from the known parameters~I , 
 dir ;x , 
 dir ;y ,

 dir ;z and
 ar ea , for eachcorrespondence.Finally, R is an
nf � N (N + 1)=2 matrix—expandedwith zerocolumns
to �t thedimensionof D —thataccountsfor theright angle
constraints.

Weuseasimplelinearizationprocedureto solve thesys-
tem of Eq. 22, which meanssolving it as if it werea lin-
ear systemwherethe quadraticand cubic termsare con-
sideredas new linear variables. Finally, the unknowns
f � 1; : : : ; � N g and L x , L y and L z are directly retrieved
from the elementsof b which wereoriginally linear. The
light intensity and direction are respectively computedas
L = jj [L x ; L y ; L z ]jj andlT = [L x ; L y ; L z ]=L.

4. Results

In this section,we useboth syntheticand real datato
show thatwecancorrectlyretrieve the3D shapeof bothin-
elasticandstretchablesurfaces,which is in contrastto ear-
lier techniques.

In all our experiments,we usedthe samedeformation
modes,automaticallygeneratedby performing Principal
ComponentAnalysis on a databaseof synthetically de-
formedmeshes.Theonly parametersthatchangefrom one
experimentto thenext arethemeshsizes.
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Figure5. Error in theestimationof the light power anddirection. Left: Environmentmapusedfor thesyntheticexperiment,madeof a
largenumberof point light sourceswith differentintensity. Center andRight: Errorsin theestimationof the light power andthemean
direction,asa functionof thepercentageof occludedlight sources.

4.1.Resultson syntheticdata

Wesynthesizeda120-framesequenceof adeforming3D
meshwith 14� 14 vertices. Its initial con�guration was
a 100� 100mm rectangle,which we usedas a reference
andprogressively deformedaccordingto a sinusoidalwave
with translatingphaseandincreasingamplitude,asshown
in Fig. 4. Note thatsurfacestretchingincreaseswith wave
amplitudeandthat theareain the last frameis abouttwice
thatin thereferenceframe.

We then syntheticallyproduced100 random3D-to-2D
correspondencesperframe,in a 640� 480imageacquired
usinga virtual camerawith focal lengthf u = f v = 800and
principal point at (uc; vc) = (320; 240). A Gaussiannoise
with a5 pixelsstandarddeviationwasaddedto the2D point
coordinates.We alsocomputedtheintensityof eachimage
point assuminga Lambertianre�ectancemodelandillumi-
nating the surfaceusing the lighting environmentmap of
Fig.5(left), whichwasmadeof 90pointlight sourcesof dif-
ferentintensitiesdistributedon theupperhemisphere.The
effects of the castand attachedshadows were considered
whencomputingtheintensityto show thatourapproachcan
toleratelight sourcesthatarenot truepoint light sources.

Theexperimentwasrepeated60 timesper frame. Each
time,we computedthe3D shapeusing[16], our methodas
describedin Section3, anda variant in which we usethe
correctvaluefor the facetareaAr ea(f ) in Eq. 19, known
for syntheticdata. The purposeof introducingthis vari-
ant is to gaugethe error resultingfrom replacingthe true
valueof Ar ea(f ) by its approximation,asdiscussedin Sec-
tion 3.3.1. Thegraphof Fig. 4(left) summarizestheresults
of theseexperiments.We plot themeanreconstructioner-
ror asa functionof thesurfaceextension,which is theratio
betweenthe true areaof the surfacesand the areaof the
initial planarmesh. Observe that our methodclearly out-
performs[16], especiallyfor large amountsof stretching.
Furthermore,thedifferencein reconstructionerrorbetween
themethodusingthetruearea,andour actualimplementa-
tion is almostnegligible. Fig. 4(right), shows a few frames

with thegroundtruth meshesin blackandthemeshrecon-
structedwith oneof the threemethodsin blue to help the
readerto visualizewhattheseerrornumberstruly represent.

However, asshown in Fig.5, usingtheapproximatefacet
areasinsteadof thetrueones,hasamoresigni�cant impact
on the recoveredlighting parameters.This was to be ex-
pectedsinceobjectpose–andhencereconstructionerrors–
arealwayslessaffectedby changesin the directionof the
facetsnormal. In any case,thelighting parameterswe esti-
mategive a clearideaof what is themeandirectionof the
light sourcesand their total intensity. Fig. 5(center)plots
the error in the estimationof the light intensityasa func-
tion of thepercentageof occludedlight sourcesnotseenby
the facets.Of course,the error increaseswith the amount
of occlusion. Fig. 5(right) plots the error producedwhen
estimatingthe light direction,which is in all thesituations
smallerthan25degrees.Thisvalueis relatively small,espe-
cially if weconsiderthatevenfor themostdeformedshape,
achangeof 25degreesin theelevationangleof theenviron-
mentmaponly producesa 2% changein the meanimage
intensity.

4.2.Resultson realdata

We alsoshow resultson two realsequences,oneinvolv-
ing bendinganinelasticsheetof paperandtheotherstretch-
ing a hair ribbon. The imageswereacquiredwith a Basler
A601f �re wire camera,that wasgeometricallycalibrated,
andwhoseradiometricresponsewaslinearized. To estab-
lish the 3D-to-2D correspondenceswe followed a similar
strategy asin [16]: startingfrom theSIFT [9] matchesbe-
tweena referenceframeand the input image,the surface
was detectedin 2D. This 2D detectionwas then usedto
computedensecorrespondencesbasedonnormalizedcross-
correlationin very small regions. To facilitateregistration,
we usea referenceimage in which the surfacewas pla-
narandseenunderdiffuselighting, sothat imageintensity
couldbedirectlyusedto estimatealbedo.To obtainreliable
intensityestimatesin both referenceandinput images,we
took it to bethemeanoversmall imagepatches.



frame #20 frame #50 frame #60 frame #105

Figure6. 3D registrationof anon-rigidinelasticpieceof paper. Top row: Retrievedmeshprojectedontotheoriginal image.Middle row:
3D meshseenfrom adifferentviewpoint. Thecoloredlinesin eachimagerepresentthelight directionsretrievedfor all thepreviousframes
in thesequence.Bottom row: Synthesizedtexturedview of theretrievedshape.

frame #1 frame #17 frame #60 frame #80

Figure7. 3D registrationof a non-rigid elastichair ribbon. Top and middle rows: Registrationand3D reconstructionresultsobtained
with themethodpresentedin thepaper. Despitetheareaextension,theshapeis correctlyretrieved.Bottom row: 3D reconstructionbased
on [16], which makesuseof inextensibility constraints.Observe that the increasein areasizeis not detected,andthesizechangein the
imageplaneis interpretedasa translationof theobjecttowardsthecamera.Thedot-and-dashline indicatesthecameraopticalaxis.

In the 120-framevideo sequencedepictedby Figure6,
weshow thatourmethodcanbesuccessfullyappliedto de-
tectaninelasticdeformablesurface.Notethethat thelight
sourceis a window locatedbehindthe camera,andthere-
fore an extendedone as opposedto a point light source.
The top row depictsthe recovered19 � 19 meshesover-
laid on the original frames. In the middle row, the com-
putedmeshesareseenfrom adifferentviewpoint. For each
framethe meandirectionof the light sourcescomputedin

all the previous framesis also shown as a randomcolor
line. Note that all the estimateddirectionsform a cone
with a relatively small apex angle,meaningthat more or
lessthe samelight direction is retrieved in all the frames
even thoughthe computationis performedcompletelyin-
dependentlyin all frames.This directionis roughlycorrect
becauseit coincideswith thewindow directionfrom where
thelight comes.Thelastrow of Fig. 6 showsasynthetically
generatedtexturedview. In Fig. 8, we plot the estimated
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Figure8. Surfaceextensionestimatedby our algorithmfor there-
sultswith real data. Note that in the caseof the inelasticpaper
our algorithmpredictsvery small extensionvalues,while for the
stretchingribbon,extensionsof about150%areestimated.

surfaceextension–ratio betweenthe areaof the surfaces
at a given frameand the areaof the initial mesh–,which
remainscloseto one,asit should,even thoughwe do not
explicitly enforcethisconstraint.

Finally, we compareagain our algorithmto [16] on an
80-framesequenceof a hair-ribbon being stretchedand
bent.The�rst two imagesin thetop row of Fig. 7 show the
con�gurationswith minimalandmaximalstretching,while
the other two imageson the right show the ribbon being
bentbackwards.Observe again in Fig. 8 thatour algorithm
correctlyseesthemeshasbeingstretchedby about150%.
This is in contrastto the resultsby applying [16], which
interpretsthe motion betweenframe#1 and#17 as if the
ribbonmovedtowardsthecamera.

5. Conclusion

In thispaperwehavepresentedaclosed-formsolutionto
3D shaperecoveryof stretchablesurfacesfrom pointcorre-
spondencesbetweenaninput imageandareferencecon�g-
uration.Sincestate-of-the-artmethodsmakeuseof inexten-
sibility contraintsbetweenneighboringpoints,they arelim-
itedto retrieving theshapeof inelasticsurfaces.Weremove
this limitation by replacingthe constant-lengthconstraints
by shadingones,which still permitsolving theproblemin
closedform.

In future work we plan to usemore complex shading
modelsandparameterizationsof the lighting environment
map,suchasthosebasedon sphericalharmonics.To this
endthatwe will have to consideradditionalunknownsand
introducevisibility constraintsaccountingfor the visible
light directionsfor eachfacet. This will entail an iterative
optimizationscheme.But, sincetheclosedform approach
we have presentedherecan,in practice,handlesomewhat
extendedlight sources,we believe that it will give us the
initial estimatesweneedto ensureconvergence.
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