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Abstract

Being able to recover the shape of 3D deformable surfaces froa single video
stream would make it possible to eld reconstruction systens that run on widely avail-
able hardware without requiring specialized devices. Howeer, because many di erent
3D shapes can have virtually the same projection, such monadar shape recovery is
inherently ambiguous.

In this survey, we will review the two main classes of techniges that have proved
most e ective so far: The template-based methods that rely o establishing correspon-
dences with a reference image in which the shape is already &wn, and non-rigid
structure-from-motion techniques that exploit points tra cked across the sequences to
reconstruct a completely unknown shape. In both cases, we Wiformalize the approach,
discuss its inherent ambiguities, and present the practichsolutions that have been pro-
posed to resolve them. To conclude, we will suggest directits for future research.
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CHAPTER 1

Introduction

Deformable surface 3D reconstruction from monocular image is an active area of re-
search in the Computer Vision community. This encompassesacovering both the shape
of thin objects that can be treated as surfaces without percptible thickness and the
visible envelope of fully 3D objects. Whereas this may seemasy for a human being, it
remains a challenging and ambiguous problem for computerdised techniques. This is
especially true when the sensor data is noisy, which is typally the case when dealing
with real images.

Apart from being a fascinating problem, non-rigid 3D shape ecovery has appli-
cations in many di erent domains:

The entertainment industry could benet greatly from impro ved techniques for
video-based shape recovery. In animation movies, video gass, or special e ects,
many things are still done manually, image after image. As ilustrated by Fig. 1.1,

there are already e ective techniques for handling 2D surfae deformations in an
Augmented Reality context. However, they must be extended o full 3D deforma-

tions to better account for phenomena such as self-occlugicand self-collisions that
become prevalent as the deformations become larger. This gt be used to draw
virtual advertisement logos on athletes' or fashion modelsclothes, thus avoiding

the need to physically print them and making it easy to changethem as necessity
dictates. Similarly, a lot of time could be saved if the defomations of the clothes
of animated characters, such as those of Fig. 1.2, could sinhp be obtained by

Iming a real person performing some motion, reconstructirg his or her clothes in
3D, and re-applying the resulting deformations to the animaed character.

Many sports could bene t from a system that reconstructs nonrigid 3D shapes
from video. For example, as shown in Fig. 1.3 (a,b), sailors ant to analyze the
e ect of their maneuvers on the shape of their sails, or, sontémes even more inter-
estingly, study the sails of their opponents. In this contex, video presents a clear
advantage over other sensors that should be placed on the s$aiiself, thus changing
its behavior. Similarly, analyzing the deformations of any sports structure, such
as the skis or the plane wings of Fig. 1.3 (c,d), in realistic guations could help
improving their design.

More speculatively, in the medical eld, the current trend i s to make surgery ever
less invasive. This implies smaller and smaller cuts in the gtient's skin, which do
not give the surgeons a direct view of their work. They only lave enough space
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(b)
Figure 1.1: Augmented Reality. () A deformed piece of paper. (b) The illustration has been
virtually removed. (c) It has been replaced by the properly deformed and reshaded logo of a
conferencelPilet et al., 2009.

| e—

knit linen fleece satin

Figure 1.2: The entertainment industry could use 3D reconstruction from video for di erent
applications. For example, animating the cloth of virtual characters could be guided by video,
thus limiting manual intervention [Bhat et al., 2003. Courtesy of K. Bhat.

for small cameras to be introduced into the patient's body. In such conditions, the
resulting images are of poor quality, and make the surgeonsvork much harder. As
shown in Fig. 1.4, having a full 3D representation of the orga's surface recovered
from the images, or an augmented view of the organs, would bef@reat use. In
particular, it could help the surgeons orient themselves mee easily and improve
their perception of where their tools are with respect to therelevant surfaces.

In all these cases, using more than one camera greatly simms matters by al-
lowing the use of multi-view stereo techniques. Consequelyt there has been increasing
interest in relying on stereo to recover the complex shapesfalothes [Starck and Hilton,
2007. This constitutes a very hard application, since the folds ad wrinkles of cloth-
ing produce many self-occlusions, and make simple matchingechniques fail. Various
matching technigues have been proposed, such as sphericahtohing [Starck and Hilton,
2009, as well as di erent shape representations such as Laplacmsurfacesde Aguiar et
al., 2007. The resulting motion capture techniques have been succesly applied with



(@)
Figure 1.3: Many sports design tasks could bene t from 3D shape recovery(a,b) Sailors are
interested in knowing the shape of their own sails and that oftheir opponents. (c,d) Recovering
the true deformations of skis during a race or of a wing in ight could help improve their design.

(b)

Figure 1.4: Surface reconstruction applied to medical imaging. (a) Scamatic representation
of non-invasive surgery. (b) Image acquired during endosqac coronary artery bypass surgery
using the da Vinci robotic system. Courtesy of Mingxing Hu.

speci ¢ markers printed on the garments[White et al., 2007, and, more recently, with-
out any such markers[Bradley et al., 200d. However, using multiple cameras also makes
the deployement of the corresponding system much harder sge the cameras have to
be synchronized and calibrated. The multiple cameras can beeplaced by a structured-
light projector that can be bundled together with a single camera [Microsoft, 2010.
This can produce very reliable depth-maps in real-time but as limited range and can-
not exploit ordinary video footage. Alternatively, photom etric stereo [Woodham, 1980,
Hertzmann and Seitz, 2003, Hernandezt al., 2007 could be employed to reconstruct
deformable surfaces by using several images taken under dirent lighting conditions.
This technique is very reliable and yields outstanding resiis, but, as multiview-stereo,
it requires an elaborate setup and is not well adapted to captring rapidly deforming
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(a) (b) (c) (d)

Figure 1.5: Examples of deformed surfaces. (a) Textured and developablsurface undergoing
a simple deformation. Its 3D shape can be recovered using mgrexisting approaches that rely
either on textural or edge information. (b) Here, the sharp aeases would result in failure of
techniques that rely heavily on geometric smoothness. (c,dWith much less textured surfaces
whose contours may be partially occluded, the shape of unifon parts must be inferred from that

of the textured ones. This requires deformation models thataccurately represent the properties
of the surfaces, or the ability to use additional cues, such & shading.

shapes. From a practical standpoint, there is therefore a sbng incentive for achieving
this kind of reconstruction from a single video stream.

Unfortunately, recovering the 3D shape of surfaces such ahbse shown in Fig. 1.5
from a single video-stream is an ill-constrained problem. he high number of parameters
and the noisy image information make it impractical to solve without prior knowledge of
the possible deformations that the surface can undergo. Alsuccessful approaches to this
problem exploit the fact that real surfaces do not deform rardomly and cannot assume
completely irrational shapes. As a consequence, one may imtduce some knowledge of
what is feasible and what is not to constrain the recovery andresolve the ambiguities.

In this survey, we will therefore introduce a number of stateof-the-art methods
that address these issues. More speci cally, we will rst review the techniques that
have been proposed over the years to model the deformation$ non-rigid surfaces. We
will discuss their strengths and weaknesses for monoculaBshape recovery purposes
and will introduce two more recent classes of techniques thiahave been designed to
overcome these weaknesses. The rst includes template-bed approaches that rely on
establishing correspondences with a reference image in vdhi the shape is knowna
priori . The second comprises structure-from-motion algorithms hat are template-free
but require points to be tracked across video sequences. Fdroth classes, we will rst
formalize the problem and its inherent ambiguities. We will then describe the various
methods that have been introduced to overcome them. Finally we will conclude with
some perspectives on potential avenues of research to extrihe scope of all these
techniques and to take them from the laboratory into the real world.




CHAPTER 2 |

Early Approaches to Non-Rigid
Reconstruction

Modeling the behavior of non-rigid surfaces has been an aste area of research for
the past twenty years. Many approaches have been proposed ithe context of both
Computer Vision and Computer Graphics. These two elds are dosely related, since
Computer Vision aims at solving the inverse problem of Compter Graphics, that is
recovering the shape of real objects as opposed to simulatjthe deformations of virtual
ones. It is therefore not surprising that similar representtions often appear in both
domains.

Throughout the years, approaches to non-rigid surface reawstruction have relied
on many di erent techniques to represent and constrain surfice deformations. These
technigues can be roughly classi ed into those that are phygs-based, rely on statistical
learning methods, or parameterize the shape to implicitly egularize its deformations.

Some of them have proved very successful for their intendedysposes but not
necessarily for generic monocular 3D surface reconstrucin. In this chapter, we brie y
review these techniques. We discuss their strengths, thathte more recent methods
described in the remainder of this survey exploit, and theirweaknesses that these same
methods attempt to correct.

2.1 PHYSICS-BASED MODELS

In both the Computer Vision and Computer Graphics elds, most early approaches to
modeling deformations of non-rigid objects were inspired  Mechanical Engineering
concepts. The key idea was to model the behavior of an objectybdescribing the true
physical laws that govern it. A seminal work in this eld [Kasset al., 198§ advocated
using this approach to delineate 2D image shapes and was quly extended to 3D
modeling [Terzopouloset al., 1987, Terzopouloset al., 1984. In the proposed formalism,
a global energy, written as the sum of an internal one and an eternal one, is minimized.
The internal energy derives from physical surface propergs and typically acts as a
regularizer that enforces global smoothness. It is often tken to be quadratic to convexify
the minimization problem and make its resolution simpler. The external energy encodes
the image information and allows image features to act as atiaction forces that tend
to deform the surface to make it conform to these features.

The formulation introduced in [Kass et al., 1989 and many of the subsequent
methods [Fua, 1996 are directly inspired by Mechanical Engineering techniqus, es-
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pecially the Finite Element Method (FEM) [Bathe, 1982, Zienkiewicz, 198pP In the
remainder of this section, we brie y introduce FEM. We then discuss why it is too com-
plex to be used in its complete form in either Computer Graphts or Computer Vision
applications and introduce some of the simpli ed versions hat have proved e ective in
these elds.

2.1.1 The Finite Element Method

FEM [Bathe, 1982, Zienkiewicz, 198Pis the method of choice to accurately simulate
the deformations of structures such as beams, plates, shs|land 3D volumes under
various loads. The structure of interest is represented by adiscrete set of elements,
such as segments, triangles, or tetrahedra, that are linkedy their nodes. Following
the laws of mechanics, mass, damping, and sti ness matriceare built for each element
separately. These matrices typically depend on physical pameters, such as Young's
modulus, Poisson's ratio, shear modulus, and thickness otk structure. They are then
assembled to write the equations of motion that govern the dérmations of the whole
structure as

Me+ Du+ Ku =f; (2.1)

where u is the unknown vertex displacement,M, D, and K are the mass, damping,
and sti ness matrices respectively, andf represents the external forces. This models
the full dynamical behavior, which can be simpli ed by ignoring the terms depending
on temporal derivatives when only attempting to compute static deformations.

When considering only small deformations of a materially Inear object, that is
deformations that are only barely visible, the matrices of Eg. 2.1 can be assumed to be
independent of the deformation, and the system can be solvedirectly. However, almost
by de nition, both Computer Vision and Computer Graphics ar e concerned by much
larger deformations that are clearly visible. This introduces geometrical nonlinearities
that can be compounded with the fact that the material may be subject to either
hyper-elasticity or plasticity phenomena. Consequently,the sti ness matrices become
functions of the displacements, and the whole problem becoss much more complex
because they have to be recomputed very often. This resultsat only in an additional
computational burden but often also in instabilities due to buckling or the appearance
of critical points that yield di erent solutions.

Many resolution methods have been proposed over the years tovercome these
di culties. The best known ones are the following [Zienkiewicz, 1989:

The Total Lagrangian approach. The solution is computed from a reference
con guration that remains unchanged throughout the computation.
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The Updated Lagrangian approach. It operates along the same lines as the
Total Lagrangian approach, except for the fact that the reference con guration is
replaced by the current solution every so often.

The Corotational Approach. It involves decomposing large deformations into
rigid transformations of the elements and small deformatims, which allows for
stable resolution.

The last two are the most commonly used today. They are succa$ul in Mechanical

Engineering but require both tremendous computational pover, which makes them ill-

suited for real-time Computer Graphics applications, and aprecise knowledge of the
physical properties of the surfaces being modeled, which isnly rarely available to

Computer Vision applications. Consequently, in both elds, a lot of e ort has gone into

simplifying these approaches to the point where they becompractical in their respective

contexts. Below, we distinguish between the methods used iComputer Graphics and

in Computer Vision.

2.1.2 Physics-Based Methods for Computer Graphics

A key driver behind the use of physics-based models in Compet Graphics has been the
need to model the deformations of clothegHouse and Breen, 200f) preferably in real-
time. In the absence of good deformation models, artists musnanually design the shape
of the virtual characters' garments in each frame of a sequere. Physics-based models
both constrain the feasible deformations and make animatia much easier. Several cloth
models have been proposed, ranging from early versiorf¥olino et al., 1995, Ng and
Grimsdale, 1994 that only achieved visually plausible results to much more ghysically-
accurate and realistic onedBridson et al., 2002, Bridsonet al., 2003.

While physics-based approaches produce good results, théypically yield compu-
tationally expensive solutions. Therefore, there have bee many attempts at improving
the speed and robustness of the solvef$/olino and Magnenat-Thalmann, 2001. For ex-
ample, to overcome the perennial problem that very small time steps have to be taken
to avoid numerical instabilities, implicit time integrati on was introduced [Bara and
Witkin, 1998]. Another example is the use of the Boundary Element Method[James
and Pai, 1999, an alternative to FEM where the original di erential equat ions are
replaced by integral equations over the boundary of the objet, to speedup the simula-
tions.

In addition to improving the resolution speed, more accurae nonlinear FEM was
also studied in Computer Graphics. This was done in particuér for surgery simulation
purposes|[Picinbono et al., 2004, and for general deformable objects modelingHirota
et al., 2000, Wu et al., 2001, Barbt and James, 2005 The corotational approach proved
succesful in this context of large deformationdMuller et al., 2002, Hauth and Strasser,
2004, as well as other representations such as discrete shel&rinspun et al., 2003,
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or invertible nite elements [Irving et al., 2004. Accurate nonlinear representations
being very complex, simpli cations have been proposed to yld physically plausible
deformations based on elastically coupled rigid cell$Botsch et al., 2007.

Finally, while advances in Mechanical Engineering have radted in improved Com-
puter Graphics methods, the process sometimes also went thether way. Subdivision
surfaces[Catmull and Clark, 1978, Doo and Sabin, 1978 already well-known in the
Graphics community, were introduced to the Mechanical Engneering community in
the context of nite elements. They involve representing a surface with a coarse mesh,
which can then be re ned following a subdivision schemdlLoop, 1984. This reduced
the complexity of the nite element models, thus yielding more e cient representa-
tions [Cirak et al., 200d.

2.1.3 Physics-Based Methods for Computer Vision

As they became very popular in Computer Graphics for simulaton and animation
purposes, physics-based models also gained acceptance inngputer Vision for non-
rigid motion analysis [Kambhamettu et al., 1994. In both elds, their main purpose
was to restrict the potential deformations of an object to plausible ones only. However,
in Computer Graphics where the simulation results have to lmk realistic, physical
accuracy, or at least plausibility, is more important than i n Computer Vision. There, the
main concern is quality of t to image data and robustness to @roneous measurements.
The role of the model is that of a regularizer that turns the model tting process into
one that is easier to perform.

The original Snakes[Kass et al., 1989 are a good example of this. The external
energy that serves as a regularizer is written as a quadratifunction that approximates
the sum of the square of the curvatures along the surface, wbi itself is an approxima-
tion of the true elastic deformation energy. The fact that it is not a particularly accurate
approximation of the true energy is more than made up by the f&t that it can be ex-
pressed in quadratic form, thereby allowing a very e ective semi-implicit optimization
scheme. The same formulation was later extended to 2D shapescovery [Pilet et al.,
2009 and 3D surface modeling from steredFua and Leclerc, 1995 using triangulated
meshes.

Many other variations of the physics-based models have beeproposed since to
reconstruct surfaces from images. In the medical imaging duain, balloon forces[Co-
hen and Cohen, 199B were introduced to make the surface expand from its initial
state so that it could be started from inside the object to be aitlined. Deformable
superquadrics[Terzopoulos and Metaxas, 1991, Metaxas and Terzopoulos, 29 were
proposed to reconstruct more complex shapes by modeling blotglobal and local de-
formations. Finally, in [McInerney and Terzopoulos, 1993, Mclnerney and Terzopouks
1994, the FEM formulation was followed more closely, and a defornable surface was
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modeled as a thin-plate under tension. More recently, the us of the Boundary Element
Method has also been advocated to track deformable objectsni2D [Greminger and
Nelson, 2003 and in 3D [Greminger and Nelson, 200B Comparisons of these di erent
FEM formulations are available both speci cally for medical imaging [Mclnerney and
Terzopoulos, 1996 and in a broader context [Montagnat et al., 2001.

There has been some interest in more accurate modeling of thieue physics of
deformable objects via the nonlinear nite element method n Computer Vision. How-
ever, unlike in Computer Graphics where one can tune the fores and material parame-
ters until satisfactory deformations are produced, recoveng surface shape by tting a
model to the image data requires these parameters to be xed dring the optimization
process. Some approaches that rely on sophisticated modéiave nonetheless been pro-
posed for tting a mesh to 3D range data [Huang et al., 1995, Jojic and Huang, 1997,
Tsap et al., 1999 and for video-based shape recoveryTsap et al., 2000, Bhat et al.,
200d. They involve an analysis-by-synthesis approach and a morer-less exhaustive
search through the parameter space until those that yield tre best t are found. Re-
cently a nonlinear FEM formulation [llc and Fua, 2007] has been proposed to recover
the deformations of beam structures in the image plane, wher image features act as
forces, as in the original SnakedKass et al., 1984. To the best of our knowledge no
similar nonlinear model has yet been used in a continuous opnization framework for
automatic 3D surface shape recovery from noisy image measements.

In short, the nonlinear FEM models are more accurate but verycomplex and, in
the end, only adapted to very speci c applications. One recuring problem is their very
high dimensionality, which makes tting to noisy data probl ematic. Modal analysis has
emerged as one potential solution to this problem. Given a stiace represented by an
N,-vertex triangulated mesh, it reduces the number of degreesf freedom by coupling
the motion of the vertices into deformation modes obtained ly solving the generalized
eigenproblem

K =1°2M ; (2.2)

where K and M are the sti ness and mass matrices of Eq. 2.1. The individual ; and
I, are the modes and their corresponding frequencies. The difgcement of the mesh
vertices can then be written as "
u= Wi (2.3)
i=1
where w; is the amplitude assigned to modei. The values w; therefore parameterize
the deformation. In theory, there are 3N, modes and thus parameters. In practice, the
lower-frequency modes have far more in uence on the globalwsface shape than the
higher-frequency ones. It is therefore a valid approximatbn to discard the latter and to
retain only a comparatively small number of the former. Fitting a surface parameterized
in this way to image data thus becomes a much lower-dimensial problem. Initially
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introduced in the eld of Computer Vision for image segmentation purposes[Pentland,
1990, Pentland and Sclaro, 1991, modal analysis was also successfully applied to
medical imaging [Nastar and Ayache, 1996, and non-rigid motion tracking [Tao and
Huang, 199§.

While computationally e cient, modal analysis, as usually applied in our eld,
assumes a constant sti ness matrix, which implies geometgally and materially linear
deformations. This unfortunately never is the case, sincetiis only true for barely vis-
ible deformations. Such models are therefore only rough appximations of the true
nonlinear behavior.

2.2 LEARNED DEFORMATION MODELS

The physics-based approach is very attractive because it is at modeling the true
behavior of an object. However, as discussed above, it is vwerdi cult to come up
with accurate models. This is both because key physical paraeters are often unknown
and because there are pervasive nonlinear e ects that are vg complicated to handle.
Doing so would involve computationally expensive algoritims that can get trapped into
undesirable local minima. Furthermore, given the usual noéiness of image data, it is
not even entirely clear that this expense would truly result in improved accuracy.

As a result, learning models from training data was proposedas an alternative.
Rather than trying to guess unknown physical parameters, shpe statistics are inferred
from available examples and used to instantiate the modelsin the following, we brie y
introduce the statistical learning methods that have been gplied to non-rigid shape
recovery.

2.2.1 Statistical Learning Methods
Many surface parameterizations involve a large number of dgrees of freedom. This, for
example, is the case when specifying the shape of a trianguéd mesh in terms of its
vertex coordinates. However, these degrees of freedom aréiem coupled and therefore
lie on a much lower-dimensional manifold. Rather than explcitly adding constraints
to the problem at hand, the core idea behind statistical leaning is to discover this
manifold and express the problem in terms of its low-dimengnal representation, thus
implicitly enforcing the constraints. The di erent method s are divided into linear and
nonlinear ones.

In the linear dimensionality reduction case, an examplex is linked to its latent,
possibly low-dimensional, representationc through the linear relationship

X = Xg+ Sc+ (2.4)

where X, is the mean data value, accounts for noise, usually taken as Gaussian dis-
tributed, and the matrix S contains the new basis vectors. Typically,S is obtained by
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Principal Component Analysis (PCA) [Jolli e, 1986]. More speci cally, the columns of
S are taken to be the eigenvectors of the data covariance matxi For non-rigid surfaces,
this naturally sorts the deformations from low to high frequencies, as was the case with
modal analysis. In fact, when applied to surfaces for which tsness matrices are also
available and modal decomposition can be performed, the redting deformation modes
often look very similar. A probabilistic interpretation of PCA was introduced [Tipping
and Bishop, 1999 and used to build the distribution of the data in the new spacefrom
the eigenvalues of the data covariance matrix. To obtain thebasisS, PCA can also be
replaced by Independent Component Analysis (ICA)[Comon, 1994. Instead of yielding
uncorrelated components, the basis found by ICA minimizes he dependencies between
its potentially non-orthonormal components.

In many cases, however, the low-dimensional manifold onto tich the training ex-
amples lie is not linear. Therefore, a linear model gives hig probabilty to truly unlikely
data, or vice-versa. As a result, several nonlinear dimenehality reduction techniques,
such as Kernel PCA[Schoelkopfet al., 1999, Isomap [Tenenbaum et al., 2004, Locally
Linear Embedding [Roweis and Saul, 200]) Laplacian Eigenmaps[Belkin and Niyogi,
2001, and Maximum Variance Unfolding [Weinberger and Saul, 200kwere introduced.
However, these techniques are not very well-suited to the mblem of non-rigid recon-
struction, since they do provide a mapping from the low-dimensional representation to
the high-dimensional one. Such a mapping must be learned sapately, in terms of Ra-
dial Basis Functions (RBF) for example, which makes these nolinear techniques prone
to errors both in the direct and the inverse mappings.

As an alternative, one can use the Gaussian Process Latent Viable Model
(GPLVM) [Lawrence, 2004, which was originally introduced as a generalization of prd-
abilistic PCA. The advantage of the GPLVM over the previous nonlinear techniques
is that it directly de nes a mapping from the low-dimensional representation to the
high-dimensional one. This mapping can be written as

X
X = wifi(c)+ ; (2.5)
i
where w; are the weights of the possibly nonlinear functionsf; of the low-dimensional
representation of the manifold c. By placing a simple Gaussian prior on the weightsw;,
they can be marginalized out. This yields a multivariate Gaussian conditional density
for the data, which can be written as

. 1 1
p(XjC;)= pWexp St K IXx T (2.6)

whereX and C are the matrices containing theN D -dimensional training examples and
their latent representations respectively.K is a positive-de nite covariance matrix whose
elements are obtained by evaluating a kernel functiork, such that K; = Kk(c;;c;). This




12 CHAPTER 2. EARLY APPROACHES TO NON-RIGID RECONSTRUCTION

kernel function is entirely de ned by its hyper-parameters , which are optimized at
training together with the latent variables C, so as to maximizep(X jC; ) p(C)p().
At inference, the predictive distribution p(x jc ;C;X) of a new deformation x given
its latent representation ¢ is a Gaussian with mean and variance

c) = XTK %k 2.7)
(c) = k(c:c) K'K k ; (2.8)

wherek 2 <N 1 s the vector containing the covariance function evaluatedbetween
the training and the test data. This has the advantage of modding the uncertainty on
the output space to account for the high or low density of training examples in di erent
regions of the space. As a consequence, it allows to build aipr for the shape and its
latent representation.

Several extensions of the original GPLVM have been proposedror instance,
to extend the GPLVM to motion data, the Gaussian Process Dynanical Model
(GPDM) [Wang et al., 2005 was introduced. The GPDM allows to model nonlinear
relationships between the latent variables correspondingo consecutive frames in a se-
qguence. In a di erent context, to overcome the burden of evaliating the kernel function
between each training latent variable, and thus of having a omputation time cubic
in N, sparse representations were proposef.awrence, 2007. In this sparse GPLVM,
the kernel is de ned in terms of a much smaller number of induing variables. This
makes the GPLVM practical for problems involving many degrees of freedom, therefore
requiring large training sets, as is the case of deformableusfaces.

2.2.2 Learned Models for Non-Rigid Modeling
In Computer Vision, the linear learning techniques quickly became very popular. The
original Active Shape Models[Cootes and Taylor, 1992 were extended to full 2D Ac-
tive Appearance Models (AAM) [Cootes et al., 1998, Matthews and Baker, 2004 to
track 2D face deformations. In this case, the model is sepatad into shape and tex-
ture components, both modeled as linear combinations of bas vectors. Adaptations
of this were also proposed to group appearance and shape in &gle vector and to
mix physics-based approaches with statistical learning[Nastar et al., 19964. To ac-
count for illumination variations, an Active Illumination and Appearance model was
introduced [Kahraman et al., 2007. In a similar spirit of being robust to illumina-
tion changes, a light-invariant AAM was proposed [Pizarro et al., 2004, which relies
on a light-invariant transformation [Finlayson et al., 2004. Finally, hierarchical AAM
were introduced to make image tting more robust and e cient [Cosker et al., 2004,
Peyraset al., 2007. To this end, the tting process is done in a coarse-to- ne manner,
starting from the whole face and re ning individual parts.

The AAM were later turned into a Morphable Model [Blanz and Vetter, 1999,
Romdhani and Vetter, 2003 designed to recover the full 3D shape of a face, which
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(@) (b) ()

Figure 2.1: Morphable face models[Blanz and Vetter, 1999. (a) The average face. (b)
Weighted of sum of deformation modes that depicts the face o& speci ¢ person. (c) Setting the
weights to half the values used in (b) produces an intermedite face. Courtesy of T. Vetter.

produced extremely impressive results using a single proplg-lit high resolution image.
It was also used to model various expressions of a same faf#lanz et al., 2003 and
combined to an AAM to further account for appearance of the face instead of shape
only [Xiao et al., 2004d. Fig. 2.1 depicts the model and illustrates the fact that the
space of faces modeled in this way can indeed be consideredlm®ar since a weighted
sum of such models still looks like a face. Because the shapadatexture recovery may
be perturbed by large cast shadows or specularities, it wasater shown that the sensi-
tivity to illumination could be reduced by replacing the app earance-based component
of the model by information provided by 2D point correspondences in all pairs of con-
secutive images of a video sequence in which the head movegidly [Dimitrijevc et al.,
2004, as shown in Fig. 2.2. This is because such correspondenced to be a ected
comparatively little by illumination changes given proper normalization.

Nonlinear methods have also proved useful for Computer Visin applications. In
particular, the GPLVM was used to learn a prior on human pose ad proved able to gen-
eralize well from a small number of training examplegUrtasun et al., 2004. Similarly,
the GPDM was also applied to constrain the 3D estimation of hunans poses in video
sequencegUrtasun et al., 2006. For non-rigid surface reconstruction, a sparse GPLVM
was employed to learn a prior over the deformations of local wrface patches[Salzmann
et al., 2008H. The resulting local models have the advantage over the gladl ones that
they can be trained from smaller training sets because locatleformations are more
constrained than those of a global surface. Furthermore, sdace patches can be assem-
bled into arbitrarily shaped global surface meshes, whosel3 deformations can then be
recovered without any additional training. This cures one weakness of global models
that have to be relearned for each individual surface, even ten they all are made of a
material seen previously.
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Figure 2.2: Fitting a morphable face model to a low-resolution video segence.

While nonlinear learned models have proved e ective to recastruct complex de-
formations, they can only be tted by an iterative scheme that requires an accurate
initial estimate. This is due to the non-convexity of the objective functions they yield.
As a consequence, they are best suited to tracking applicatn where the initial estimate
is provided by the shape computed in the previous frame.

2.3 REGULARIZATION VIA SHAPE PARAMETERIZATION

Learned models have proved very e ective for many applicatbns. They remove the need
to estimate unknown and hard to measure material parameterswhile yielding accurate
representations of surface deformations. However, somesises remain unsolved. First,
gathering enough examples to build a meaningful database pgesents a very signi cant
amount of work, especially in the case of highly deformablewgfaces with many degrees
of freedom. Second, registering the examples typically irMves a painstaking process.
For example, in the case of face$Blanz and Vetter, 1999, laser scans rst had to be
aligned and then remeshed in order to have the same topologyhis is why many other
models and parameterizations besides physics-based andasistical-learning based ones
have also been proposed. Again, several of these approachssre rst introduced in
the Computer Graphics eld for simulation purposes, and were later adapted to recover
surface deformations from images.

Modeling a deformable surface as a triangulated mesh typidly yields many de-
grees of freedom. However, as mentioned earlier, many of tee degrees of freedom are
coupled, which can be enforced by using physics-based coraints or by representing
the deformations as a combination of basis shapes. An alteative solution to modeling
this coupling is to represent the motion of all mesh verticesas a function of a much
smaller number of control points. The ne mesh is then obtained by interpolating the
deformation between these control points.
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One way to achieve this is through the use of Free-Form Deforrations. Origi-
nally introduced for animation purposes[Sederberg and Parry, 198F they were quickly
adapted to recover shapes from imagegDelingette et al., 1991. Interpolation can
be done through Bezier volumes [Coquillart, 1990], polynomial curves [Welch and
Witkin, 1994], or B-splines [Krishnamurthy and Levoy, 1996, Eck and Hoppe, 1996,
Faloutsos et al., 1997. A disadvantage of standard free-form deformations is thailack
of ability to model local deformations. This was overcome byintroducing Dirichlet Free-
Form Deformations, rstto animate a hand [Moccozet and Magnenat-Thalmann, 1997,
and then for model- tting purposes [llc and Fua, 2002, llc and Fua, 2006]. Similarly,
RBFs have shown good ability at modeling local deformationswhen tting a surface
to 3D data [Carr et al., 2001. In that case, the control points act as the centers of the
RBFs. A drawback, however, of the control points based techigues is that there is no
automated way to create the appropriate set of control poins.

An alternative to explicitly relying on control points that de ne the surface
shape is to introduce a multi-resolution approach[Hoppe et al., 1994. In this case,
the deformation of an initial coarse mesh is computed, and, dllowing a subdivision
strategy [Catmull and Clark, 1978, Doo and Sabin, 1978 the mesh and its deforma-
tions are then re ned. Several subdivision schemes have beeproposed [Loop, 1987,
Dyn et al., 1990, Kobbelt, 200Q. Such multi-resolution approaches were also used
with dynamic vertex connectivity [Kobbelt et al., 2004, and for mesh editing [Zorin
et al., 1997. In the latter, a limitation arose from the fact that the edit able regions
were de ned only in the initial coarse mesh. Laplacian surfaes[Sorkine et al., 2004,
Zhou et al., 2004 were thus proposed to overcome this problem. However, to théest
of our knowledge, multi-resolution methods have not been aplied in the context of
image-based shape recovery. A potential reason might be thahe surface is interpo-
lated, which tends to yield visually pleasing results but ma/ not correspond to what is
observed in the images.

2.4 LEGACY OF THE PREVIOUS APPROACHES

In the remainder of this survey, we will focus on approachestiat tend to be more recent
than those discussed above and do not belong to any of the theecategories introduced
in the previous sections of this chapter. Nevertheless, thee newer methods build on
some of the components of the earlier ones.

In particular, many methods described below rely on linear sbhspace models to
regularize the shape of the reconstructed surface. For exante, in Chapter 4, we will
study the use of global and local learned linear models to cairain shape reconstruction
from monocular images. In Chapters 5 and 6, we will show thatihear global models have
also been extensively applied in the context of non-rigid stucture-from-motion. In this
case, the modes are directly estimated from the 2D tracks of @ints throughout a video
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sequence instead of being learned from training data. Repsenting the deformations
of a surface as a linear combination of modes not only bears rging connections to
statistical learning techniques, but also to physics-basé models and modal analysis.

Even though using linear subspace models e ectively redusethe number of de-
grees of freedom of the problem, monocular reconstructionemains ill-posed and in-
volves many ambiguities. Competing methods can therefore & distinguished by how
they go about nding the \best" solution in the space of all po ssible ones. As we will
see, among other things, it can be the one that yields the smdbest surface, that is
most temporally consistent, or that best preserves geodesidistances on the surface.
Although in general not physically exact, the constraints used for reconstruction are
typically inspired by the observed physics of the object of nterest.

In Chapter 4, we will also discuss alternative parameterizéions that implicitly
regularize a surface shape. Speci cally, we will present a sthod that relies on free-
form deformations to reconstruct inextensible surfaces. Grthermore, we will discuss
approaches designed to model the deformations of developlgbsurfaces, whose shape
can be parameterized with very few degrees of freedoms.

Finally, as mentioned in the previous sections for nonlinea FEM and learning
techniques, there often is a tradeo between the accuracy othe model and its practi-
cality. To overcome this weakness, several methods among tise described below have
introduced regularizers that are both realistic and easy tooptimize. For instance, con-
vex formulations were proposed for template-based appro&es, as well as closed-form
solutions to non-rigid structure-from-motion. While thes e techniques do not always give
the best solutions, they yield a good initial estimate for nan-convex, but more accurate
formulations of the problem.



17

CHAPTER 3

Formalizing Template-Based
Reconstruction

In this chapter, we focus on template-based approaches to nmmcular 3D reconstruc-
tion and introduce the general formulation of this problem that is common to most
such methods. To this end, we rely on a triangulated surface epresentation and two
di erent kinds of camera models, which we introduce rst. We then discuss the 3D-
to-2D correspondences that serve as input and derive a linegroblem formulation. It
is undersconstrained, but forms the basis of many of the teahiques of Chapter 4 that
impose di erent kinds of constraints to resolve the ambiguties.

3.1 PROBLEM DEFINITION

Template-based non-rigid 3D reconstruction can be de ned a the problem of inferring
the 3D shape of a surface in arinput image, given areferenceimage in which the 3D
surface shape is known. Although other surface parameteraions are possible, trian-
gulated meshes are the most common in these kinds of approast. We will therefore
assume that the 3D shape is represented as a triangulated miesvith N, vertices and
N; facets. The goal then is to recover the 3D vertex locations sth that the shape best
corresponds to what is observed in the input image.

3.1.1 Motivation

To derive the formulation below, we assume that we can estaldh correspondences such
as those depicted by Fig. 3.1 between the reference and inpinages. Two main reasons
motivated this choice:

Establishing correspondences between two images does navolve strong assump-
tions, apart from requiring the surface to be textured. Furthermore, given a refer-
ence image, correspondences can be established using eithesingle input image
or a whole video sequence, which means we do not have to traclomts from im-
age to image, but can if we want to. Consequently, the insight presented here can
be used to understand the behavior both of algorithms that rdy on correspon-
dences between model and input images, such as those discedsn Chapter 4,
and of structure-from-motion algorithms, such as those intoduced in Chapter 5
and Chapter 6.
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Figure 3.1: Correspondences between a reference image and an input imeagThe point-to-
point correspondences are shown as red lines going from thest image to the second one.

As shown in [Salzmannet al., 2007, relying on image correspondences makes it
possible to formalize the shape recovery problem as one oflgimg an ill-conditioned
linear system and to explicitly exhibit its underlying ambi guities. More speci cally,

in the weak perspectivecase, which will be de ned below, a third of the degrees
of freedom is unconstrained. By contrast, in thefull perspective case, there theo-
retically is only a scale ambiguity. However, for most realstic scenarios, the same
number of degrees of freedom as before are so poorly constrad as to be uncon-
strained for all practical purposes.

Shape-from-shading techniquegHorn and Brooks, 1989 o er an alternative to shape-

from-correspondences for monocular shape recovery. Howay despite many generaliza-
tions of the original formulation to account for more realistic shading e ects, such as
interre ections [Nayar et al., 1991, Forsyth and Zisserman, 1991 specularities [Oren

and Nayar, 1994, shadows[Kriegman and Belhumeur, 1998, or non-lambertian ma-

terials [Ahmed and Farag, 2008, the resulting solutions are only valid in specic en-

vironments. As a consequence, we will only discuss technigs that rely on shading in
conjunction with texture.

3.1.2 Camera Models

In the following analysis, we will assume the internal camea parameters to be known
and, as indicated above, we will distinguish between the bedwvior under the weak and
full perspective camera models. We therefore de ne them belw.
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Under the weak perspective model, the projection of a 3D poihg; can be written
as " #

d U

v o A°(Rg; + 1) ; 3.1)

where AC%is the 2 2 matrix of camera internal parameters, R contains the rst two
rows of the full camera rotation matrix, t is the 2 1 camera translation vector, andd
is a scalar. In generald is the same for all the considered 3D points. In the case of the
projection of a mesh, we can de ne a more accurate version ohts model by assuming
a dierent a ne transform, and thus a dierent d, for each facet of the mesh. This
approximation neglects depth variation across individual facets, rather than across the
whole surface. Under this assumption, the projection of a 3Dpoint q; lying on facet f
of the mesh can be expressed as

# .
u h i
d; V: = A° Iy 2‘0 qi+0 ) (32)
whered; accounts for the average depth of facet . Here, without loss of generality, we
expressed the 3D point in the camera referential, and therefre replacedR with the
rst two rows of the 3 3 identity matrix and the translation with a zero vector. Not e
that this does not prevent us from accounting for camera moton. It simply means that
it will be interpreted as a rigid motion of the object of inter est.
Under the full perspective model, the projection of a 3D poin q; is written as
2 3

Ui
dq v £=AWs.q+0) (3.3)
1

where the matrix of internal camera parametersA is now a 3 3 matrix, and each
point i has a di erent depth factor d;.

3.2 3D-TO-2D CORRESPONDENCES

Detecting feature points in images has received enormous w@ntion in the Computer
Vision community. For most template-based approaches, fetare points are typically
detected with either the SIFT keypoints detector [Lowe, 2004 or Harris's corners de-
tector [Harris and Stephens, 1988 Once feature points have been detected in two
images, they need to be matched to produce correspondence&’hen using SIFT, this
can be done by a simple dot-product between speci ¢ vector ngresentations of the
feature points. For Harris's corners, methods based on Ramumized Trees have proved
e cient [Lepetit and Fua, 2006. From a large set of views obtained by applying ran-
dom a ne transformations to a reference image, a tree that madels the relationships
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between neighboring keypoints is built. Each leaf-node ofhe tree then corresponds to
a speci ¢ keypoint, and matching can be done by dropping the €ature points of a new
image down the tree.

Another way to establish correspondences is to rst tackle he 2D non-rigid im-
age registration problem. Non-rigid image registration ams at nding a transformation
between two images of the same surface undergoing di erenteformations. Di erent pa-
rameterizations have been proposed to represent the transfmation, such as RBFs[Bar-
toli and Zisserman, 2004, thin-plate splines [Bookstein, 1989, or 2D meshes|Pilet et
al., 2009. Since the resulting warp is de ned over the entire image, dicrete correespon-
dences can then be obtained by sampling it. Note that, while ® non-rigid registration
can be thought of as related to 3D non-rigid reconstruction,we believe that methods
addressing the 2D case deserve their own separate review. @tefore, we will limit the
study in this survey to 3D reconstruction techniques.

For template-based approaches, the matches are establistidetween the current
image of interest and the reference image, in which the 3D shpe and the camera cali-
bration are known, as depicted in Fig. 3.2. Under such assumjons, the 3D locations of
the feature points on the template can be computed by interseting the ray between the
camera center and the 2D image measurement with the facets dlfie triangulated mesh.
This lets us represent a 3D point in terms of its barycentric @ordinates with respect to
the vertices of the facet intersected by the ray. This yields3D-to-2D correspondences
for the current image, where the 3D positions of the feature pints are de ned with
respect to the unknown 3D positions of the mesh vertices. To @cover the 3D shape,
the idea is then to nd the position of the mesh vertices that minimizes the distance
between the detected 2D features and the 3D points locationprojected into the image.

3.3 LINEAR FORMULATION

In this section, we show that recovering the 3D shape of a nomigid surface from 3D-to-
2D correspondences such as those introduced in Section 3.thaunts to solving a linear
system. Under the weak perspective projection model, exalst one third of the singular
values of the corresponding matrix are zero, which accountdor depth ambiguities.
Under the full perspective model, only one is strictly zero lut the same one third are
so small as to make the system extremely ill-conditioned.

3.3.1 Ambiguities under Weak Perspective Projection

We now show how computing the 3D mesh vertex coordinates give 3D-to-2D corre-
spondences in the weak perspective case can be formulated the solution to a linear
system and discuss its degeneracies. We start with a mesh daiming a single triangle
and extend our result to a complete one.
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Figure 3.2: Obtaining image correspondences. A feature point is deteed in the reference
image, shown in the middle. Knowing the reference 3D shape ahe mesh, on the left, and
the camera projection matrix, we can retrieve the facet to whch the feature point belongs,
and de ne the point in terms of its barycentric coordinates. The feature point can then be
matched against points detected in the input image, shown orthe right. This yields 3D-to-2D

correspondences in terms of the unknown 3D mesh vertices irhé input image.

Projection of a 3D Surface Point

Recall from Eq. 3.2 that under a weak perspective model, the pjection to a 2D image
plane of a 3D point g; whose coordinates are expressed in the camera referentighrc
be written as

" #

h i
y =Pl PO=AC I, 2|0 (3.4)
i

whered is a depth factor associated to the weak perspective camerand A%isa 2 2
matrix representing the camera internal parameters.

If g; lies on the facet of a triangulated mesh, it can be expressedsaa weighted
sum of the facet vertices. Eq. 3.4 becomes

" #
U
\%

d = PYav,+ bvy + Gva) ; (3.5)

wherev;.; ; 3 are the vectors of 3D vertex coordinates and & ; h; ¢) the barycentric
coordinates ofq;.

Reconstructing a Single Facet
Let us assume that we are given a list oN! 3D-to-2D correspondences for points lying
inside one single facet. The coordinates of its three vertesv;.; ; 3 can be computed
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by solving the linear system

2 # 3
aP® bP° PO t
Vi
e 2 3
# Vi
po 0 DO Ui §V2 -0n-
aP hP cP v Ve 0; (3.6)
S d
aNtPO b\ltpo CNtPO uNé
c c [+ VN}:

where d is treated as an auxiliary variable to recover as well. Sinceve only have one
facet, we also only have one projection matrix, therefore aiagle d corresponding to the
average depth of the facet is necessary, and allif;v;]" can be put in the same column.

SincePCis of size 2 3, it has at most rank 2. Moreover, we can show that the
last column of the global matrix also is a linear combination of the two rst columns of
P by writing

#
U; 1
v = PG@vithve+ g
h iy
= A0 =(avi+ bv,+ cv
J dg#al; bz + 6vs) )
_ 8,0 Vi o Vaa G, o Va1 .
= Jp0 Varo a0 Voo Bao Vs 3.7
d Vi d Va2 d Vzz 3.7)

wherevy; is thej™ coordinate of vertexv;. The coe cients of Eq. 3.7 are independent
of the correspondence considered and are therefore validrfany row i of the matrix.

This means that the entire last column can be expressed as anlear combination of the
other columns of the matrix. Thus, when N! 3, the rank of the matrix of Eq. 3.6 is
always 6.

Reconstructing the Whole Mesh

As discussed above, when there are several triangles, usitite weak perspective model
amounts to introducing a projection matrix per facet. However, since in reality we only
have one camera, its internal parameters, rotation matrix, and center are bound to be
the same for each triangle. This only lets us with a variable @&pth factor d; for each
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facet f among the N, facets of the mesh. We can then write the system

2 3
Vi
V
M2 g "Y =0 (3.8)
dy
dn,
with ]
2 h i 3
a;P% PO PO 0 I ci 0 e
38 8 S B8 i 38
PO ¢P® 4P 0 = 0 Yj 0
Vj
= i w i Rt
a|P° gP® 0 gPO 0 \le' 0

The left half of M2, which is of size N. 3N,, N. being the total number of
correspondences, has at most rankR, becauseP® has rank 2. We can then show that
its right half, which is of size 2N. N, has at most rank N; 1. To this end, we need
to show that its last column can be expressed as a linear combation of the others.
Assuming point N. belongs to facetf , we can write

" # " # by " # " #
e _ @Ngao0 Vei1a ca0 V21 CNe o Ves1 .
d A Vi 12 ol A Vi, 2;2 d A Vizz (3.9)

Un
VN

c

wherevy; isthej™ coordinate of thei™ vertex of facetf . This shows that the bottom
two rows of the last column can be written as a linear functionof the other columns.
However, computing this linear combination would introduce non-zero terms on the
higher rows of the last column. For points also belonging to dcet f , these terms are
directly canceled, as suggested by Eqg. 3.7. For points belging to facets sharing no
vertices with facet f , these values will be zero. For pointi belonging to a facetl sharing
two vertices with facet f , the value will be
" # . " # g " # " #l
a o0 Viiz o Vi1 _ G U G, o Vizi ,
ol A Vi, 1,2 ok A Vizz O Vi * d|A Vi3;2 - (319

Therefore, this value also is a linear combination of the otler columns ofM 2, . Similar
reasoning can be done for facets sharing a single vertex with. As a consequence, all
terms introduced on the last column by using the linear combnation of Eqg. 3.9 can
be canceled, which means that this last column is a linear cobyination of the others,
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and thus that the right half of M2 has at most rank N, 1. This means that for a
full mesh, M % has at most rank 2N, + N, 1. This leaves us withN, + 1 ambiguities.
This seems natural due rst to the scale ambiguity and secondto the fact that each
vertex is free to move along its line of sight without a ectin g the reprojection of points
inside the facets.

3.3.2 Ambiguities under Full Perspective Projection

As in the weak perspective case, we show that, given 3D-to-2[@orrespondences, the
coordinates of the mesh vertices must be solution to a lineasystem by starting with a
mesh containing a single triangle and extending our result® a complete mesh.

Projection of a 3D Surface Point
Recall from Eq. 3.3 that the perspective projection of a 3D pint g; expressed in camera
coordinates can be written as 2 3

Ui
diﬁ Vi E: Ag; ; (3.112)
1

where A is the internal parameters matrix, and d; a scalar accounting for depth.
As before, if q; lies on the facet of a triangulated mesh, it can be expressedsaa
weighted sum of the facet vertices. Eqg. 3.11 then becomes
2 3

Ui
8 v = A@vi+hv,+Gvs) ; (3.12)
1

wherev;.; ; 3 are the vectors of 3D vertices coordinates andg; iy ; ¢) the barycentric
coordinates ofq;.

Reconstructing a Single Facet

Given the sameN! 3D-to-2D correspondences lying inside one single facet am the

weak perspective case, its vertex coordinates;.; ; 3 can be computed by solving the

following equation where thed; are treated as auxiliary variables to be recovered as well
2 3

MR * 2=0; (3.13)
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with
2 # 3
Ui
aiA A A Vi 0
1
oy
Ui
Mg = aA b A GA 0 ::: Vi 0
1
2 3
Un¢
ayiA bytA cyiA 0 ::: > w4y O
1

For N! > 4, if the columns of M had become linearly independent, the system would
then have had a unique solution. However, this is not what hajpens.

To prove that M is rank-de cient, we show that its last column can always be
written as a linear combination of the others as follows. Fran Eqg. 3.12 we can write

2 3
UNé
8 iy 5= ayA 1+ buA L+ GuA ) (3.14)
1
where ; = v;j=dy; forl | 3.Forall i<N ¢, we have
aA 1+hA ,+GA 5 = 2av, ay, Sav,
dyi 5 = g0 O
u.
d '
= d 2 V; g .
N¢ 1

This implies that the last column of the matrix M; of Eq. 3.13 is indeed a linear com-
bination of the previous ones with coe cients ( 1; J; 1; di=th:;:; dye 1=C:). In
the general case, none of these coe cients is zero. Furtherore, becauseA has full rank
and the barycentric coordinates are independent in generalthe rst 9 columns of M«
are linearly independent. Thus, given the particular structure of the right half of My,
trying to write any column as a linear combination of the others but the last one would
yield wrong values on the last three rows, which could only becorrected by using the

last column. This implies that, in general, M has full rank minus 1.




26 CHAPTER 3. FORMALIZING TEMPLATE-BASED RECONSTRUCTION
Reconstructing the Whole Mesh

If we now consider a mesh made o, > 3 vertices with a total of N, correspondences
well-spread over the whole mesh, Eq. 3.13 becomes

2
Vi
V
MmE v 1=0; (3.15)
dy
dn,
with
2 # 3
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aaA bhA A 0 o ::: \Z1 0
1
S
uj
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oy
uj
alA 0 cA 0 A 0 \ 0
1

Coe cients similar to those of Eq. 3.14 can be derived to compite [uy,;Vy,; 1]
as a linear combination of the non-zero columns of the last nv. Following a similar
reasoning as in the weak perspective case, it can easily beatked that the last column
of the matrix can be expressed as a linear combination of thethers, which then are
linearly independent. Thus matrix M, of Eqg. 3.15 has still full rank minus 1. This
re ects the well-known scale ambiguity in monocular vision.

Representing the problem as in Eq. 3.15 was convenient to disiss the rank of
the matrix. However, in practice, we want to recover the vertex coordinates but are

not interested in having the d; as unknowns. We therefore eliminate them by rewriting
Eq. 3.15 as

3
Vi

M 9 ::: % =0; (3.16)
VN

v
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(@) (b)

Figure 3.3: E ective rank of matrix M. (a) 88-vertex mesh seen from the viewpoint used
for reconstruction. (b) Singular values of M for the mesh of (a). Note how the values drop
down after the 2N, = 176" one. Although M was obtained with a full perspective model, this

corresponds to the value predicted by the weak perspective ndel of Section 3.3.1. The small
graph on the right is a magni ed version of the part of the graph containing the small singular

values. The last one is zero up to the precision of the Matlab outine used to compute it and

the others are not very much larger.

with
2 3
alTl blTl cT1 0 :
o ::: ST . 4
QT GgT; doT; O =z, o uAsz
o e PR A and T = Az, VA
aT, 0 erT,

where A ; represents the last row of matrix A and A, s its rst two rows. By construc-
tion, M has the same rank as matrixM ,, therefore the previous and following results
are valid for both representations of the problem.

E ective Rank

In the previous paragraph, we showed thatM has at most full rank minus one. However,
this does not tell the whole story: In general, it is ill-conditioned and many of its singular
values are so small that, in practice, it should be treated asa matrix of even lower
rank. To illustrate this point, we projected randomly sampled points on the facets of
the synthetic 88-vertices mesh of Fig. 3.3 (a) using a known amera model. We then
computed the singular values ofM , which we plot in Fig. 3.3 (b). Even though only
one of these values is exactly zero, we can see that they dropwan drastically after the
rst 2 N, = 176. This shows that, even though the matrix may have full rank minus 1,
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(a) (b) (c)
Figure 3.4: Visualizing vectors associated to small singular values.d) Reference mesh and
mesh to which one the vectors has been added seen from the drigl viewpoint, in which they
are almost indistinguishable. (b) The same two meshes seenoim a di erent viewpoint. (c) The
reference mesh modi ed by adding the vector associated to th zero singular value. Note that
the resulting deformation corresponds to a global scaling.

the solution of the linear system would be very sensitive to wise. Therefore, in a real
situation, we would actually be closer to having N, ambiguities. In Fig. 3.4, we show
the e ect of adding two of the corresponding singular vectos|one associated to the

zero singular value and the other to a small one|to the mesh in its reference position.

Intuitively, the 3D-to-2D correspondences constrain the nesh vertices to move
along lines of sight but their exact distance to the camera igpoorly constrained because
changing it only results in minor reprojection errors for paints lying inside the facets.
As a consequence, the number of degrees of freedom corresgerio the one derived
for the weak perspective case in Section 3.3.1, except thathe global scale is directly
related to the position of the vertices along the lines of sipt, which produces one fewer
small singular value.

The fact that the depth of the mesh vertices is ill-constrained shows that 3D-to-2D
correspondences on their own are not su cient to reconstrud the shape of a surface from
a monocular image. Therefore, additional knowledge must betroduced in the problem.
This can be done by taking into account other sources of imagénformation, such as
shading. However, as mentioned earlier, the resulting metbds typically rely on strong
assumptions that are only valid for speci ¢ cases. Insteadjn the next chapter, we will
study the introduction of additional shape constraints, and discuss several formulations
that range from speci c to a particular problem to more generally applicable.
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CHAPTER 4 |

Performing Template-Based
Reconstruction

As discussed in Chapter 3, giverlN. point correspondences between a reference image
in which the 3D shape is known and an input image, recoveringlie new shape in that
image amounts to solving the linear system of Eq. 3.16. We wte it here again as

2 3
Vi

Mx = O ;wherex = 2 o % ; (4.2)
VN

v

v; contains the 3D coordinates of thei'" vertex of the N,-vertex triangulated mesh
representing the surface, andM is a matrix that depends on the coordinates of cor-
respondences in the input image and on the camera internal pameters. A solution
of this system de nes a surface such that 3D feature points tlat project at specic
locations in the reference image reproject at matching locgons in the input image.
Solving this system in the least-squares sense thereforegfils surfaces for which the
overall reprojection error is small.

Note, however, that this is not strictly equivalent to minim izing the reprojection
error because computing the actual reprojection of a 3D poihon the image plane
would involve a division by the depth factors d; of Eq. 3.15, thus yielding nonlinear
terms. In essence, solving this linear system is equivalerib performing a Direct Linear
Transformation (DLT) [Hartley and Zisserman, 2000, which gives a di erent weight to
each correspondence according to its distance to the camei@nd therefore potentially
reduces accuracy. Even more problematicallyM is a 2N, 3N, matrix with at least
N, singular values that are very small, as shown in Fig. 3.3. Beuse the system is so
ill-conditioned, many di erent shapes can produce very simlar projections, and even
small imprecisions in the point coordinates, and consequdly in the coe cients of M,
can lead to large reconstruction errors.

In this chapter, we will review some of the approaches that hee been proposed to
overcome these ambiguities and increase accuracy either @gnforcing temporal consis-
tency across images in video sequences, or by enforcing atidinal geometric constraints,
such as smoothness and preservation of geodesic distancesass the surface.
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Figure 4.1: Singular values for a 5 frames sequence under perspectivegjection [Salzmannet
al., 2007H. Left: Without temporal consistency constraints between frames, the linear system is
ill-constrained. Right: Bounding the frame-to-frame displacements transforms the ill-conditioned
linear system into a well-conditioned one. The smaller singlar values have increased and are
now clearly non-zero. Since our motion model introduces mar equations than strictly necessary,
the other values are also a ected, but only very slightly.

4.1 IMPOSING TEMPORAL CONSISTENCY

When dealing with video sequences, one can assume that the rface does not move
randomly between consecutive frames, whatever its physidgoroperties. One way to

overcome the rank de ciency of the matrix of Eq. 4.1 is therebre to perform the recon-
struction over several frames simultaneously. This amoursg to stacking the coordinate
vectorsx of EqQ. 4.1, one for each time frame, and creating a block diagal matrix whose

elements are matricesM , again one for each time frame. Without temporal constraints

to link the coordinate vectors across frames, this system igust as ill-conditioned as
before. However, because displacement speeds are limitdtie range of frame-to-frame
motion is always bounded, which can be expressed as a set ofditional linear con-

straints of the form

xt xt1=0;2 t N;; 4.2)

where x! is the coordinate vector for framet and N; is the total number of frames.
These constraints link the coordinate vectors and can be aded to the correspondence
equations in the joint system for all N; frames. The resulting linear system is much
better-conditioned as depicted by Fig. 4.1. Since this sysm is solved in the least-
squares sense, the motion equations will not be truly enford, and thus some motion
will be allowed. As a result, given the shape at the beginningand at the end of a
sequence, the surface can be simultaneously reconstructeyer the whole sequence as
shown in Fig. 4.2.

These simple temporal constraints, however, do not accuraly model the true
dynamical behavior of a non-rigid surface and, as a result, lie reconstructions are
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Figure 4.2: Reconstruction results for a very exible plastic sheet. Inspite of the many creases,
the overall shape is correctly recovered up to small errorsuke to erroneous correspondences.

not necessarily very accurate. Furthermore, as discussedbave, solving the linear sys-
tem of Eqg. 4.1 in the least-squares sense is not strictly equalent to minimizing the

true reprojection error. In [Salzmann et al., 20074, this was remedied by exploiting
techniques proposed for rigid object modeling[Kahl, 2005, Ke and Kanade, 2005,
Sim and Hartley, 2004 that expressed the minimization of the true reprojection er

ror as a Second Order Cone Programming (SOCP) probleniBoyd and Vandenberghe,
2004. In its general form, an SOCP can be written as

minimize fTx (4.3)
subjectto KA;x + bik, c¢'x+d ;1 i m;

where f is the vector that de nes the objective function, A; is a matrix, b; and c;
are vectors, andd; is a scalar. Problems of this type are convex and, thus, have a
unique minimum that can be found very e ectively using available packages such as Se;
DuMi [Sturm, 1999. Furthermore, SOCP can be used to formulate problems more ge
eral than linear programming, quadratic programming and quadratically-constrained
quadratic programming.

For the speci c case of deformable surface reconstructionminimizing the repro-
jection error can be expressed as

minimize (4.4)
SUbjeCt to k[(Pl Uipg)hi;(Pz Vipg)hi]kz qui 1 N ;

where P, contains the k" line of the projection matrix, and &; = [q] ; 1]" is the vector of
homogeneous coordinates of the 3D point matching thé" feature point. g; is obtained
from the vertex coordinates x and barycentric coordinates. is an additional slack
variable that encodes the maximum reprojection error for al feature points.

While a solution of the above problem minimizes the true repojection error, it
still is underconstrained. This is why temporal consisteny was introduced in [Salzmann
et al., 20074, to prevent the orientation of mesh edges from varying excesvely from
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t

Vi

Figure 4.3:  The orientation of the edge betweenv; and v; at time t + 1 is predicted to be the
same as at timet. The distance between the true vertexvjt+l and its prediction v}*l is then
constrained to be less than some speci ed value.

one frame to the next, as illustrated in Fig. 4.3. This can be epressed as additional

SOCP constraints of the form
|
+ + Vt Vt .
]_t 1 tl I kvjt] thkz Ly (4.5)
! 2

%
wherel;; is the original length of the edge between vertices and j, and encodes the
amount of possible motion. These temporal constraints havehe advantage of being
more realistic than the ones of Eg. 4.2 and can handle highlgleformable surfaces such
as the one of Fig. 4.4 without adding unwarranted smoothnesslt was later shown that
the resulting problem could be reformulated as an unconstrened quadratic optimiza-
tion problem, which is even easier to solvgdZhu et al., 2004. To this end, the SOCP
correspondence constraints of the problem in Eq. 4.4 are tured into equalities by in-
troducing one slack variable for each correspondence. Thaus of these slack variables
can then be expressed as a quadratic function of the shape, drdirectly minimized in
the objective function. The edge orientation constraints ae either kept as constraints
to yield a QP problem, or re-written as a quadratic regularizer, thus resulting in an un-
constrained optimization problem. Fig. 4.5 depicts the reonstruction error of these two
formulations, and compares them against the results of the SCP approach. The re-
construction error is given as the mean vertex-to-vertex détance between ground-truth
and the recovered surface.

4.2 IMPOSING GEOMETRIC CONSTRAINTS

The methods discussed in the previous section are very generin that they make very
few assumptions on the smoothness or physical properties tifie surface. However, they
are all limited by the fact that they involve frame-to-frame tracking and are therefore
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Figure 4.4: Recovering the deformations of a plastic bag with a sharp crase in it from an
86-frames video using thelSalzmannet al., 2007d method.
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Figure 4.5: Comparison of the accuracies obtained with the SOCP formulion of [Salzmann
et al., 20074 with the QP and unconstrained (QO) formulations of [Zhu et al., 2004. Recon-
structions were obtained with image noise variance 1 (leftfand 2 (right). Note that the QP and
QO approaches yield better results than the SOCP one. Courtsy of J. Zhu.

subject to drift and irrecoverable failure if there are too few valid correspondences in
any given frame. Furthermore, they require a full video segence, as well as an initial
shape estimate for the rst frame, either of which may not be available.

A useful alternative is therefore to replace temporal constency constraints by
geometric ones that allow reconstruction using a single inpt image or a very short
sequence of consecutive ones. The di culty then is to desigrthe constraints so as to
make as few unwarranted assumptions on the allowable surfacddeformations as possible.
In the remainder of this section, we classify approaches aocding to how stringent
the constraints are. We start with developable surfaces, whse deformations are very
strongly constrained. We then move on to surfaces that defan smoothly, including
those that remain globally smooth and those that need only bdocally smooth and can
therefore develop creases. We conclude by discussing inexisible surfaces.
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Figure 4.6: In [Perriollat and Bartoli, 2007], a developable surface is parameterized with a set
of guiding rules, drawn in pink, and their corresponding berding angle. Courtesy of A. Bartoli.

4.2.1 Developable Surfaces

Developable surfaces are surfaces with zero Gaussian cutuee, meaning that, for all
points and all possible deformations, one of the principal arvatures must be zero. Such
3D surfaces can be attened onto a plane without distortion and are ruled surfaces. For
example, initially at pieces of paper are developable and & often used to demonstrate
techniques that rely on this property.

As shown in [Gumerov et al., 2004, given only surface boundaries in both the
reference and input image acquired by a calibrated cameraytiis possible to recover
the 3D structure by solving Ordinary Di erential Equations . Another approach is to
explicitly parameterize the reference surface in terms of giding rules and their bending
angles [Perriollat and Bartoli, 2007], as depicted in Fig.4.6. The resulting model can
then be t to the image by minimizing the reprojection error o f matching points in the
reference and input images.

The fact that sheets of paper are developable surfaces has d&re extensively used
in the document processing community, for example to synthécally atten the images
of curved documents and remove shadows. The resulting appaeghes do not necessarily
rely on correspondences. Because of the very speci ¢ layowf printed pages, they can
take advantage of shading[Zhang et al., 2004 or of textural information [Liang et al.,
2004 to infer 3D shape.

4.2.2 Smooth Surfaces

While the methods that assume the surfaces to be developablenay be e ective in
the speci ¢ context they have been designed for, they do not gneralize naturally to
broader classes of surface deformations such as those oftbloOne way to achieve such
generalization is to replace the zero Gaussian curvature ewstraint by weaker ones that
only force the curvature to remain small and the deformatiors to be smooth.
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p

(a) (b) (c)

Figure 4.7: Specifying the 3D shape of a triangulated mesh. (a) We x the siape of the bottom
row from left to right by rotating each facet with respect to i ts left neighbor. For each following
row, we only need to set the angle between the leftmost facetral the one below and the angle
between the rightmost facet and its left neighbor. (b) The argles between the facets of the
bottom row are rst set from left to right. For each upper row, only the angle of the rst facet
need be set. (c) Attaching two hexagonal patches together. Bcause the base of each triangular
patch is attached to the body, only one single angle is requed to fully specify their rst row.

Such regularization constraints can be introduced by enfating a uniform level of
smoothness across the whole surface, which is simple to do ttends to preclude the
modeling of sharp folds and creases. A powerful alternativés to only force the surface
to be locally or piecewise smooth, which increases the algthms' descriptive power at
the cost of introducing slightly more complex models.

Global Smoothness
As discussed in Chapter 2, a well-known approach to enforcimp smoothness is to reg-
ularize shape deformations with a linear subspace model. Wle, in essence, assuming
that the shape is generated with a small number of deformatio modes does not nec-
essarily enforce smoothness, the usual ways of obtaining ¢éise modes, such as Modal
Analysis or PCA of a reprentative set of deformed versions othe surface, typically
yield smooth basis shapes representing low deformation fgeiencies. This makes sense
because these techniques tend to be employed to create geakpurpose deformation
modes. It is in contrast to the shape bases used by the NRSFM tdniques that will
be discussed in Chapter 6, which are recomputed for each neveguence and are not
restricted to smooth deformations.

Under a linear subspace model, surface deformations are regsented as linear
combinations of a relatively small number of basis vectorsThis can be expressed as

s
X = Xo+ GS = Xo+ Sc; (4.6)
i=1

wherex is the coordinate vector or Eg. 4.1, thes; are the basis vectors, and the; their
associated weights.S is a matrix whose columns are thes; and c the vector of weights.
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Figure 4.8: Screen capture of the semi-automated system that was delived to Team Alinghi
to compute the 3D shape of their sails after training sessios.

In the absence of either a sti ness matrix or su cient amount s of training data,
an approach to automatically generating deformed shapes v&aproposed in[Salzmann
et al., 20074. It relies on the fact that the shape of an inextensible triangulated mesh
can be parameterized in terms of a small subset of the angleselween its facets, as
depicted by Fig. 4.7. Thus, given a reference shape repregend as a triangulated mesh,
a representative set of deformed shapes can be synthesized tandomly sampling this
set of angles and generating the corresponding shapes. Thesulting modes, computed
via PCA, were shown to allow reconstructing very general dedfrmable surfaces. In fact,
it was observed that they produced better results than thoseobtained from a sti ness
matrix computed using a nite element package when the exactphysical parameters of
the surface were not known and had to be guesseg@®alzmann, 2009. In practice, these
modes have been used to reconstruct surfaces by optimizindhéir weights so as to min-
imize an objective function combining information provided by point correspondences,
surface boundaries, and occluding contours. The resultinglgorithm was integrated into
a semi-automated system, depicted by Fig. 4.8, that was degned to recover the 3D
shape of sails and delivered to the Team Alinghi, the syndict that won the America's
Cup in 2003 and 2007. For a surface such as the one of Fig. 4.8ahis modeled by
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Figure 4.9: (a) Singular values of the linear system of Eq. 4.1 written interms of the 243 vertex
coordinates of a mesh. As mentioned in Chapter 3, as many simgar values as the number of
vertices are close to zero. (b) Describing the shape with 50 ®A modes helps constraining the
corresponding linear system. However, there are still a numer of near zero eigenvalues.

a 1200-vertex mesh, involving 3600 degrees of freedom, 30 4® modes are typically
enough to model smooth deformations.

By reducing the number of variables to be optimized, the mod& representation
makes it easy to integrate additional information sources,which require the minimiza-
tion of a nonlinear criterion. However, while e ective, thi s kind of approach su ers from
the fact that a non-convex objective function must be minimized and that, therefore,
convergence to a desirable local optimum cannot be guaransel. When using correspon-
dences alone, this limitation can be removed as followESalzmannet al., 20084. Recall
that the 3D mesh representing the surface must be such that tk vector x obtained by
stacking the coordinates of its vertices must satisfy the lnear system of Eq. 4.1. Inject-
ing the formulation of Eq. 4.6 into Eq. 4.1 means that the weidits ¢ must be solution
of

MSc = Mxg: 4.7

Since the vectorss; are computed as eigenvectors of a covariance matrix, follawg
standard practice in modal analysis, it then makes sense todve
" #" #
MS Mx 4 cC _ .
L 0 1 - 0; (4.8)
in the least squares sense, wherk is a diagonal matrix whose elements are the in-
verse values of the eigenvalues associated to the eigenvaxs, and , is a regularization
weight. This favors the modes that correspond to the lowestirequency deformations
and therefore further enforces smoothness.
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In practice, the linear system of Eq. 4.8 is less poorly condioned than the one
of Eq. 4.1, but, as depicted by Fig. 4.9, its matrix still has a number of near zero
singular values, indicating that there are severalsmooth shapes that all yield virtually
the same projection. As a consequence, additional constnatis still need to be imposed
for the problem to become well-posed. We will see in Section.2.3 that forcing geodesic
distances to be preserved across the surface in one way of dgithis. Another is to
exploit additional sources of image information, as discused below.

In [Salzmannet al., 20084, it was proposed to treat the small singular values of
Eqg. 4.8 as if they were exactly zero and write potential soluions as linear combinations
of the corresponding singular vectors. In other words, the mde weights can be written
as X

c= imi; (4.9)

where them; are the singular vectors associated to the smallest singutavalues of the
matrix of Eq. 4.8. The unknowns become the weights ;. Each set of weights produces a
di erent 3D surface that projects at approximately the corr ect place in the input image.
Therefore, additional information must be brought to bear to choose the best possible
values of ;.

When the surface can be assumed to be lit by a distant light sorce, these ad-
ditional constraints can be obtained from shading informaton around corresponding
points to constrain the intensities of surrounding surfacepatches in the input and ref-
erence images to be related through a Lambertian re ectancenodel [Moreno-Noguer
et al., 2009. The shading information yields a system of cubic equation®n the weights

i. Since there are many such cubic constraints, they are soldeby extended lineariza-
tion [Courtois et al., 200d. While extended linearization does not guarantee an exact
solution of the constraints, it is more practical than other techniques such as Groebner
bases, which cannot handle that many equations. IfMoreno-Nogueret al., 2014, the
approach of[Moreno-Nogueret al., 2009 was extended to allow the use of more generic
shading models. Instead of writing the vectorc as a weighted sum of singular vectors,
the fact that solving the system of Eq. 4.7 is ill-conditioned was addressed as follows.
The least-squares solution of Eq. 4.7 can be expressed as

c=(B”B) 'B”b ; (4.10)

whereB = MS andb = Mx . Recall from Chapter 3 that the coe cients of the ma-
trix M of Eg. 4.1 are ultimately derived from point correspondencs, which contain
some amount of uncertainty. Assuming the image coordinate®f these point correspon-
dences to be normally distributed around their true values,the covariance matrix for
the distribution of ¢ can be expressed as

c=J W7 (4.11)
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where
_@p>B) ? @b

@ @
is the Jacobian of 8”B) 'B”b with respect to the 2D correspondence coordinates,
which can be computed analytically. , is a diagonal covariance matrix representing
the distribution of the 2D point coordinates around their tr ue locations. The algorithm
then samples the possible shapes around the mean shape givbn the least-squares
solution of Eq. 4.10 according to the covariance matrix . of Eq. 4.11. An additional
source of information, such as motion or shading, is then ugkto evaluate the quality
of the samples and resample the solution space more nely atmd the most promising
ones. When using shading, a single light source whose positi is unknown and may
be either distant or nearby is assumed. For each sample, the light source position
is estimated so that the image synthesized by shading the coesponding surface is as
similar as possible to the original one. To speedup convergee, the samples for which
this optimization yields the smallest residuals are favore in the resampling step. The
fact that the algorithm provides a reliable way to generate P shape hypotheses makes
the use of nearby light-sources practical. Without these hypotheses, such illumination
conditions are di cult to handle, since they involve solvin g a hon-convex minimization
problem. This is all the more true since the lighting parameters are initially unknown
and must be estimated from the images. In other words, while lhe lighting model used
in [Moreno-Noguer et al., 2014 is still too simple to be truly general, the approach
could, in theory at least, handle much more sophisticated ors and therefore use shading
information more e ectively than is currently done.

A dierent approach to combining texture and shading cues was proposed
in [White and Forsyth, 2006]. Textural information is exploited by rst triangulating
the image and then computing normal estimates by template-natching the individ-
ual triangles against frontal reference views. This gives ecurate normal information
up to a two-fold normal ambiguity, which is resolved by using shading information
and, when necessary, smoothness constraints. This apprdaaises more of the textu-
ral information than all those that rely solely on interest p oints, which ignore most
of the image pixels. As discussed in Chapter 2, when operatmin a well-de ned do-
main such as face reconstruction for which there exists not mly a geometric model
but also an appearance model, it becomes possible to use thenage texture even
more extensively by using an analysis-by-synthesis apprah [Blanz and Vetter, 1999,
Romdhani and Vetter, 2003 to estimate both shape and illumination parameters, as
shown in Fig. 4.10.

While the mesh-based parameterization is the most common mesentation for
template-based reconstruction, it is not the only possibleone. As mentioned in Sec-
tion 2.3, control points based parameterizations have beeproposed to model non-rigid
objects. Recently, in [Brunet et al., 2014, a free-form deformation model was recently

J B>b+(B”B) ?

(4.12)
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Figure 4.10: Matching a morphable model to a single sample imagéBlanz and Vetter, 1999.

(1) of a face results in a 3D shape (2) and a texture map estima. The texture estimate can be
improved by additional texture extraction (4). The 3D model is rendered back into the image
after changing facial attributes, such as gaining (3) and l@sing weight (5), frowning (6), or

being forced to smile (7). Courtesy of T. Vetter

used for monocular reconstruction. This model has the advatage of making it easy to
compute a global smoothness regularizer by exploiting theecond derivatives of the B-
spline basis functions that de ne the deformations. This regularizer used in conjunction
with additional distance constraints was shown to outperfam several state-of-the-art
methods in terms of reconstruction accuracy.
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Figure 4.11: Reconstruction of deformable surfaces made of di erent matrials undergoing
complex deformations. In all four cases, we show the reconsicted 3D mesh overlaid on the
input image and below a side view of the same mesh.

Local Smoothness
The methods of Section 4.2.2, which rely on regularization rodels expressed as linear
combinations of deformation modes, are good at recoveringhe shape of surfaces that
deform relatively smoothly. However, they do not perform aswell when deformations are
more local or sharper, such as those depicted by Figs. 4.4 antl11 where folds appear
on the surface. In theory, handling such local deformationsould be achieved by using a
much larger number of global modes. However, in practice, tis would mean introducing
far more variables|the weights associated to the modes|whi ch, for computational
reasons, could easily make the previous approaches impracal.

An approach to overcoming this problem by replacing global smoothness con-
straints with local ones was introduced in[Salzmannet al., 20084. It starts from the
following observations. First, locally, all parts of a physically homogeneous surface obey
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Figure 4.12: Local deformation models. The surface mesh is divided into\@rlapping patches,
whose deformations are modeled either as linear combinatis of modes or in terms of a GPLVM.
This can be used to represent surfaces of arbitrary shape oopology by adequately assembling
local patches.

the same deformation rules. Second, these local deformatis are more constrained than
those of the global surface and can be learned from fewer exges. To exploit this, it
is the manifold of local, as opposed to global, surface deforations that is represented.
In [Salzmannet al., 2008H, these local models were learned using a nonlinear technigu
However, this yields non-convex objective functions, ands therefore only appropriate
in a tracking framework. Thus, these nonlinear models weredter replaced by linear
ones, where each local patch is represented as a linear comation of modes[Salzmann
and Fua, 2011.

In [Salzmann and Fua, 201}, this representation was used to regularize the re-
construction of the global surface by penalizing large loclashape deviations from the
learned linear manifold. To this end, as shown in Fig. 4.12, he mesh representing the
surface is subdivided into overlapping patches. Each patclis taken as anN, N, square
mesh, with N, =5 in [Salzmann and Fua, 2011 Note that this does not truly limit
the approach to rectangular surfaces, since patches can bedhed partially outside the
global shape. Given an instance of a surface, each one of itsclal patches is assigned a
penalty proportional to its Mahalanobis distance to the mean shape. To avoid optimiz-
ing the individual patches independently, and therefore haing to enforce consistencya
posteriori, the technique exploits the fact that the local mode weightse can be directly
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Figure 4.13: Repetitive texture. Top Row The established correspondences between the ref
erence and the target image, reconstructed 3D mesh reprojeed into the target image, and
the same mesh seen from a di erent viewpoint for the method offSalzmann and Fua, 2011
Bottom Row  Similar outputs for the method of [Shaiji et al., 2014.

obtained from the vertex coordinates as
e=S"(x %) ; (4.13)

where S is the matrix of local modes, andx is the vector containing the mesh vertices
associated to a single patch. Note that this amounts to margnalizing out the mode
weights, as is done in probabilistic PCA [Tipping and Bishop, 1999. The resulting
regularization term for a single patch can then be expresseds

C¥™e = C™2ST (x %) , (4.14)

where C is the diagonal matrix containing the inverse eigenvalues ssociated with the
eigenvectors inS. As in the global case, this regularizer could be written as dinear
system, and added as a penalty term to the correspondence eations of Eq. 4.1. Un-
fortunately, without additional constraints, linear loca | models su er from the same
shortcomings as global ones: Some of the singular values dfd matrix of the resulting
linear system remain small and additional knowledge must bentroduced.

As a consequence, ifSalzmann and Fua, 201}, the shape regularization term of
Eq. 4.14 was used in conjunction with the geodesic distancerpservation constraints
introduced in Section 4.2.3. An iterative scheme where eachorrespondence equation is
re-weighted according to the current reprojection error alow the algorithm of [Salzmann
and Fua, 2011 to tolerate up to 30% of erroneous correspondences betweehe reference
and input image. This is enough in many practical applications, but may not su ce
in truly di cult situations, such as when the texture is high ly repetitive, as shown
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in Fig. 4.13. Reliable correspondences then become very decult to establish because,
based on image appearance alone, a 2D interest point in the ference image could
match equally well any number of points in the input image. In [Shaji et al., 2014,
the problem is recast as one of simultaneously solving for stfpe and correspondences,
which makes it possible to use geometrical consistency catngints when establishing
the correspondences. As a result, when faced with a repetite pattern such as the one
of Fig. 4.13, it yields more reliable correspondences and,saa consequence, a better
3D shape. The approach starts with the formulation of [Salzmann and Fua, 201} and
extends it by allowing one point in the reference image to pogntially correspond to
more than one point in the input image. This amounts to adding new lines in the
matrix M of Eq. 4.1 and to introducing indicator variables that encode which ones of
these correspondences are truly active. The quadratic prdem of [Salzmann and Fua,
2011 becomes a mixed integer quadratic problem, which is NP-hardNevertheless, a
branch-and-bound strategy was shown to yield good approxirate solutions [Shaji et
al., 2014, at the cost of increased computational complexity with regpect to [Salzmann
and Fua, 2011. In [Sanchez-Rieraet al., 201d, correspondences are also established
simultaneously as the shape is recovered. In that case, ginea shape prior modeled as a
mixture of Gaussians, a strategy based on Kalman Itering isemployed to progressively
reduce the number of 2D point candidates that can be matcheda a 3D point.

4.2.3 Distance Constraints

As discussed in Section 4.2.2, whether enforced locally otapally, smoothness by itself
does not su ce to make the 3D monocular surface reconstructon problem well-posed
and to guarantee a unigue solution. Additional constraints are required. Enforcing dis-
tances across the deforming surface to be preserved has pea an e ective way of
disambiguating shape recovery.

In [Salzmannet al., 20084, reconstruction was performed under a global linear
subspace model. The modal weights were expressed as the weighted sum of Eq. 4.9
and the weights ; became the unknowns of the problem. Overcoming the ambiguies
left by the smoothness constraints was done by choosing the eights ; that result
in a surface in which the Euclidean distances between neigtdsing vertices remain as
similar as possible to their value in the reference con guréion. These constraints can

be expressed as
2 .
i

kvi vjk3=12 ;8(;j)2E; (4.15)

where E is the set of mesh edges. These constraints are quadratic irhé¢ v;, and thus
in the ;, but not convex. Furthermore, there are typically many of them|several
thousands in the case of the mesh of Fig. 4.8|since there is oe per edge of the mesh.
As in [Moreno-Nogueret al., 2009, extended linearization [Courtois et al., 2004 is used
to solve the resulting large quadratic system in terms of the ;, from which the shape
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(@) (b)

Figure 4.14: (a) Under orthographic projection, even when the average deth and length of
a segment are known, the location of its 3D points is only detemined up to a front to back
reversal ambiguity. (b) Under perspective projection, knaving the length of a segment can be
used to establish upper bounds on the depth of its points. Na¢ that, for a point belonging to
two segments, several disagreeing upper bounds can be ohtad.

can then be computed. In[Salzmann and Fua, 201}, it was rst suggested to exploit
the same Euclidean distance constraints as ifSalzmannet al., 20084, and to rely on
the same extended linearization technique, but using a lodadeformation model. In
practice, however, using local instead of global models inhis way does not signi cantly
change the results as the surface is e ectively prevented &m developing sharp creases
by the constraints.

Approaches to exploiting inextensibility constraints by considering distances be-
tween interest points on the surface instead of between meshertices have also been
proposed. The one of[Ecker et al., 2009 relies on the fact that, under orthographic
projection, preserving the distance between two points costrains the segment linking
them up to a potential front to back reversal, illustrated by Fig. 4.14(a). Reconstructing
these segments whose orientation presents a binary ambigyiand regularizing them
with a spline-based smoothness term amounts to solving a SdrDe nite Programming
problem, for which e ective software tools exist [Sturm, 1999. A similar philosophy is
pursued in [Perriollat et al., 2014 but in the full projective case. In that situation, forc-
ing the distance between two feature points to remain constat can be used to establish
upper bounds on their depth, as shown in Fig. 4.14(b). The sulace reconstruction pro-
cess starts by computing these bounds for all pairs of neightring points, and iteratively
re nes them to make them consistent with each other. The resiting point cloud can
be taken as the nal solution, or can be smoothed by tting a thin-plate spline to it. A
strength of these approaches as compared tfSalzmannet al., 20084 is that, initially
at least, no assumptions need be made about surface smoothsge
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Figure 4.15: Demonstrating why constant Euclidean length constraints ae ill-suited for sharp
folds. Left: Two points of the discrete representation of a ontinuous surface in its rest con g-
uration. Right: When the surface deforms, while the geodesi distance between the two points
is preserved, the Euclidean one decreases. This suggestsathdistance inequality constraints
should be used rather than equalities.

While preserving Euclidean distances has proved e ectivejt remains an approx-
imation of the true physical behavior. What is truly preserved on a deforming inex-
tensible surface is thegeodesi¢ as opposed to Euclidean, distance between points. To
be most e ective, the techniques proposed ifEcker et al., 2008, Perriollat et al., 2014
therefore require relatively evenly placed feature pointghat can be detected and whose
distance from each other is relatively small so that the Eucidean distance is a reason-
able approximation of the geodesic one. This also true of théSalzmannet al., 20084
approach, but this requirement is more readily satis ed since the distances constrained
are those between neighboring mesh vertices, independentbf the surface texture. As
long as inter-vertex distances remain reasonably small wit respect to the local radius
of curvature, the requirement will be met.

As illustrated by Fig. 4.15, when creases develop on an inegnsible surface,
the Euclidean distance between vertices of the mesh represtng it may decrease.
It is the geodesic distance that remains constant and, in e et, bounds the Eu-
clidean one. In [Salzmann and Fua, 201}, it was therefore proposed to replace
the constant distance constraints of [Salzmann et al., 2008a, Ecker et al., 2008,
Perriollat et al., 2014 by inequality constraints that force the distance between reigh-
boring vertices to remain smaller than their geodesic distace, which can be computed
in the reference image. Because of scale ambiguities, theggequality constraints by
themselves do not su ciently constrain the solution as they do not prevent the mesh
from globally shrinking. This is handled by adding a balloon force not unlike the one
proposed in[Cohen and Cohen, 199Bthat pushes the mesh away from the camera as
far as possible without violating any of the constraints. All these constraints and forces
can be expressed directly in terms of the mesh vertex coordates, which results in an
optimization problem of the form

minimize kMx k, + k(X Xo)k, ax'd (4.16)
subjectto kvy vik ik ; 8(;k) 2E;
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Figure 4.16: Mean vertex-to-vertex distance between reconstructions ad ground-truth
meshes. The reconstructions were obtained from syntheticarrespondence (left) and SIFT cor-
respondences (right). Results were obtained with the linealocal models of [Salzmann and
Fua, 2011 with distance equalities and inequalities, as well as with he nonlinear local models
of [Salzmannet al., 2008 (green) and the global models ofSalzmannet al., 20084 with dis-
tance equalities (cyan). The largest deformation appears @und frame 60, where the di erence
in accuracy is the greatest.

where M is the matrix of Eq. 4.1, is a matrix that groups the regulari zation term
of Eq. 4.14 for all patches, andd is the vector that encodes the balloon forces, which
amount to maximizing the depth of surface points. wy is a weight that controls the
in uence of the balloon forces relative to the magnitude of reprojection errors. This is a
convex minimization problem that can be e ciently formulat ed as an SOCP problem by
introducing slack variables [Boyd and Vandenberghe, 2004 Doing so allows to re-write
the problem as

m)i(n_imize <t . gx'd (4.17)
subject to kMx Kk, e
k( X XO)kz s

kvic vik s 8(:k) 2E;

which, like the problem of Eq. 4.4, can be solved using a staratd solver [Sturm, 1999 .
As depicted by Fig. 4.16, the resulting solution of [Salzmann and Fua, 201} tends to
outperform the global smoothness methods ofSalzmannet al., 20084, as well as the
nonlinear local models of[Salzmannet al., 20084.

While the optimization problem of Eq. 4.16 is convex, it alsois very large and takes
a long time to solve. As a result, this approach is ill-suitedto real-time applications. One
way to alleviate this problem is to leverage the availability of a good initial solution to
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Figure 4.17: Modeling the deformations of a main sail by minimizing an obgctive function
under constraint. The black circles in the leftmost image ae targets that can be automatically
detected and were used to establish correspondences with éhreference con guration. The al-
gorithm can estimate the 3D deformations at a rate of approximately 10 Hz on a standard
PC.

exploit e cient least-squares resolution techniques. To this end, the problem of Eg. 4.16
can be reformulated as the constrained least-squares minization problem

minimize kMx k; + k( x  Xo)k; (4.18)
subjectto kvy vik= Il ; 8(j;k) 2E:

Note that, in this formulation, the length constraints are again equality constraints.
Consequently, the balloon forces are no longer necessary drave been dropped. We
will relax the constraints into inequalities below. Solving the problem of Eq. 4.18 is
equivalent to solving in the least-squares sense

M x=Db subjecttoe(x)= 0; (4.19)

whereM =[M; ] is the matrix obtained by stacking up the lines of M and those
of , b =[0; X.], and e(x) is the vector of deviations from the desired lengths. Its
components are terms of the formkv,  v;k I, one for each edge irE.

Assuming the mesh containsN, vertices and N, edges, this constrained opti-
mization problem involves n = 3N, variables andm = N, edge length constraints, with
m < n in all practical cases. It can therefore be solved very e edwely using an itera-
tive algorithm inspired by inverse kinematics approaches ¢ solving underconstrained
problems [Baerlocher and Boulic, 2004. At each iteration, given the current state x,
the computation goes through the two following steps:
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1. Project the n-dimensional x onto the space of constraints by nding dx such that

e(x+ dx)=0: (4.20)

By doing a rst-order Taylor approximation of the previous e quation, we can write
this projection as

Adx = e(x)) dx= AVe(x)+(I AYA) ; (4.21)

whereA isthem n Jacobian matrix of the m-dimensional constraint vector e(x),
and AY its pseudo-inverse. is an arbitrary n-dimensional vector that is projected
into the null space of the linearized constraints by multiplying it by the matrix
P =1 AYA, also known as the projector ontoA's kernel. dxo = AYe(x) is the
minimum norm solution of Eq. 4.21. Given these notations, tre dx of Eq. 4.21 can
be written as

dx = dxg+ P ; (4.22)

where acts as the new unknown of the problem. This formulation re ects the
fact that, because there are fewer constraints than variab#s, the projection is
not unique. Sincem <n, AY can be computed as lim, (AT(AA T + 1) 1, which
involves inverting an m m matrix and can be done even ifAA T itself is non
invertible. When m  n, which is the case in practice, performing the inversion in
m-dimensional rather than n-dimensional space helps reducing the computational
cost.

2. To minimize the criterion of Eq. 4.19, is taken to be the vector that yields a
value of x that solves the equationM x = b in the least-squares sense. In other
words, is the least-squares solution of

M (x+dxg+P )=1Db ; (4.23)

or, equivalently,
M P =b M (x + dxo) : (4.24)

Solving this equation yields a value of that is used to incrementx by dx, + P
The resulting coordinate vector can then be used as the new ctent state, and A
and e(x) can be recomputed.

The process stops wherdx becomes small enough. For reconstructions such as thos
depicted by Fig. 4.17 where the deformations around the restshapes are relatively
small, the optimization typically converges to a local minimum in about 10 iterations,
which allows for real-time performance. To account for largr deformations, the same
procedure can be used in a frame-to-frame tracking contextwhere the initial solution in

U
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each frame is taken as the result of the previous one. This cogsponds to the framework
proposed in[Shenet al., 2009, where the shape regularization term was dropped. As
a result, the method of [Shen et al., 2009 simply involves nding the displacement
within the null-space of the linearized inextensibility constraints that minimizes the
reprojection errors. This, unfortunately, is only possible when correspondences are well-
spread over the whole surface. By contrast, combining the rgularization and constraint
terms in the above-mentioned way gives good results even whehere are relatively few
correspondences.

For the same reasons as those discussed in the context of tH&alzmann and
Fua, 2011 approach and depicted by Fig. 4.15, even better results can é obtained by
replacing the length equality constraints e(x) = 0 of Eq. 4.19 by inequality constraints
of the form e(x) 0. As before, this means that edge lengths can shrink but not
extend beyond a certain value. This only involves a trivial modi cation of the algorithm
above: At each iteration, only currently active constraints are taken into account in the
computation of e(x) and its Jacobian A. Shrinkage to a trivial solution can then be
prevented by replacing the matrix of Eq. 4.19 by a stiness m atrix chosen so that
the regularization term k ( x xo)k§ approximates the sum of the squares of second
derivatives of the vector (x  X,), such as the one used ifFua and Leclerc, 199%. This
term both penalizes non-smooth deformations and prevents caling. Note that such
a stiness matrix also de nes local geometric constraints, since it only encodes links
between neighboring mesh vertices.

The constrained least-squares minimization method is e etive and fast, but, due
to its iterative nature and to the speci ¢ formulation of the regularization term, it re-
quires an initial shape estimate that is not too di erent fro m the desired result. It is
therefore well adapted either in a frame-to-frame trackingcontext, or to surfaces that
deform relatively little so that the reference shape can be ged to initialize the compu-
tation. For situation where a single image of a surface undegoing large deformations
is given as input, it was recently shown that an initializati on to this problem can be
computed with a discriminative predictor [Salzmann and Urtasun, 201{.

The many di erent shape regularizers and constraints that have been discussed
in this chapter have made it possible to design e ective algathms for monocular non-
rigid template-based reconstruction. In particular, local smoothness used in conjunction
with inequality constraints has proved able to recover the siape of surfaces undergoing
complex deformations with folds and creases. The major drabvack of these techniques
arises from the fact that they require a reference image in wich the shape of the surface
is known. In the next chapters, we will discuss another clas®f methods that do not
rely on this assumption.
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CHAPTER 5 |

Formalizing Non-Rigid Structure from
Motion

The template-based methods discussed in Chapter 4 are e este at resolving the am-
biguities inherent to deformable surface 3D reconstructio from a single input image,
given that another image in which the shape is known can be uskas a reference. How-
ever, in practice, such a reference may not always be availdéd and there is a need for
methods that can operate without one.

One important approach to overcoming this limitation is to t ake advantage of the
fact that tracking points over sequences can also be used taesolve ambiguities, with-
out the need for a reference shape. This has long been known the context of rigid
shape recovery and exploited by Structure-from-Motion (SAV) algorithms, usually us-
ing a variant of the factorization method [Tomasi and Kanade, 1992 Although initially
studied in [Ullman, 1983, Non-Rigid Structure-from-Motion (NRSFM) as formulated
by most recent methods was introduced in[Bregler et al., 200d and has been vigorously
pursued since then.

As in the template-based case, we rst start by describing the settings under
which most NRSFM methods operate. We then present the most cmmon NRSFM
formulations and discuss their ambiguities.

5.1 PROBLEM DEFINITION

In contrast to template-based reconstruction, NRSFM does mt rely on a reference
image where the surface shape is known. Instead, it exploithe availability of multiple
images of the object of interest, generally in the form of a uileo sequence. Note that
these images are not acquired simultaneously, and, thereffe, the shape of the object
is dierent in each image. Given frame-to-frame 2D correspadences, which can be
obtained as discussed in Section 3.2, NRSFM can be formuladeas the problem of
estimating the 3D locations of the individual feature points in each input image.

In NRSFM, the motion of the camera is explicitly modeled and taken as an addi-
tional unknown of the problem. As a consequence, 3D points rez to be expressed in a
common world coordinate system. Furthermore, in general, amera internal parameters
are not assumed to be known. In the following analysis, we wlilconsider the same two
projection models as in the template-based case, which we de ne here for the reader's
convenience.
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We will rstintroduce a general formulation of NRSFM under a weak perspective,
or a ne, camera model. In this case, the projection of a 3D point g; can be written as
" #
Ui
=Rg;+t,; (5.1)
Vi
where R contains the rst two rows of the full camera rotation matrix , and t is the
2 1 camera translation vector. Assuming no distortion, the marix of internal camera
parameters reduces to a single focal length, which was herébsorbed by the scalard.
Since, in NRSFM, the notion of facet is absent, the samal is used for all the points.
We will then discuss NRSFM under full perspective projectian, where the projection of
a 3D point q; is expressed as
2 3

Ui
a9 v E=ARq +1); (5.2)
1

with A the 3 3 matrix of internal camera parameters.

As in the case of template-based reconstruction, correspaences alone are insuf-
cient for unambiguous reconstruction. To reduce the ambiguities, most NRSFM meth-
ods rely on a linear subspace model to constrain the deformains of the 3D points.
Whereas in the template-based case, the deformation mode®uld be infered from the
reference mesh using a technique such #Salzmannet al., 20074, this is no longer the
case for NRSFM. Consequently, the modes are typically takeras additional unknown
variables and recovered at the same time as their coe cients along with the rotation
and translation for each frame of the sequence. Note that, sice the modes are obtained
neither from a large dataset of deformed surfaces as ifBalzmannet al., 2007d nor by
modal analysis, they do not necessarily favor smooth deforations. Depending on the
number of basis shapes involved, they rather encourage theeflormations to remain sim-
ple. Since most NRSFM techniques exploit this linear subspee representation, we will
describe it as part of the general approach. However, as wilbe discussed in Chapter 6,
some very recent methods depart signi cantly from this initial formulation.

In theory, NRSFM is more generally applicable than templatebased shape recov-
ery, since it requires neither a calibrated camera, nor a refrence template. In practice,
however, because of the higher number of degrees-of-freedo NRSFM methods are
subject to more ambiguities and are more sensitive to measement noise. As a con-
sequence, to be as e ective as template-based approachesely often require stronger
constraints and a good initialization. In many cases, the ldter is obtained by applying
a rigid structure-from-motion algorithm.

In the remainder of this chapter, we start by reviewing the problem formulation
for the weak perspective case as introduced ifBregler et al., 200d. We then discuss
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NRSFM in the perspective case, as proposed bfXiao and Kanade, 2005, Hartley and
Vidal, 2008].

5.2 NRSFM UNDER WEAK PERSPECTIVE PROJECTION

Recall from Eq. 5.1 that under the weak perspective model, tle projection of a 3D point

g; can be written as )

u _ 1 .
vi o a(RCIi +1); (5.3)

where R contains the rst two rows of a full rotation matrix, t is a 2 1 translation
vector, and d is a scalar.

Given N, such 3D points on a surface, the corresponding equations cdre grouped
in matrix form, which yields the system of equations

#

uj uy, _ 1 .
Vi Vo, = a(RQ +T); (5.4)

whereQ is the 3 N, matrix of 3D point coordinates, and T is the 2 N, translation
matrix whose columns all contain the same vectort. Without loss of generality, and
as was proposed in the factorization algorithm of Tomasi andKanade [Tomasi and
Kanade, 1992, the translation T can be eliminated by subtracting the mean of all 2D
points, which is equivalent to assuming that the shape is cetered at the origin. This
also removes the translation ambiguity mentioned in[Aanaes and Kahl, 2002.

A standard assumption of NRSFM methods is that the shape can e approximated
with a linear subspace model, meaning that the shape can be pressed as a linear
combination of Ng basis shapes. Under this model, Eq. 5.4 can be re-written as

Xs
us Un, _ .
v, " =R C Sy ; (5.5)

¢ k=1

where eachS, is a3 N, matrix containing one basis shape, andc is its associated
coe cient. Note that since no mesh representation is availeble here, the basis shapes will
depend on the speci ¢ con guration of feature points on the surface. Therefore they
cannot be pre-computed as in Chapter 4 and must be recoveredogether with their
coe cients. Note also that, without loss of generality, the scalar d has been absorbed
in the shape coe cients.

Given outlier-free frame-to-frame correspondences betvem the 2D surface features
in an N frame video sequence, we can write Eq. 5.5 for each frame, amgloup all the
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resulting equations in a system of the form

2 . 3

v} VA, CiR? o R* Zg S, g

TR & B e (5.6)

N N N N

uf uf CfRNf fRNf SS

5 R TR S LA e 20
" © °

W

where W is the 2Ny N, measurement matrix, C is a 2N; 3N matrix, and B is
the 3Ng N, matrix containing the shape basis. In general, we expecti8s < 2N; and
3N < N .. Therefore, W should have rank . In practice, because of measurement
noise,W usually has full rank. However, its practical rank can be obtined by nding a
signi cant drop in its singular values. This also gives a prectical solution to the problem
of estimating the number of basis shape®;.

SinceW s directly obtained from the video sequence, a typical soltion to obtain-
ing C and B is by singular value decomposition. The left-singular vecbrs corresponding
to the largest 3N, singular values are taken as an estimat€ of C, and the correspond-
ing right-singular vectors as an estimateB of B. As will be discussed in Section 5.4, this
decomposition is not unique, and additional constraints ae required to obtain mean-
ingful estimates. Given €, the rotation matrices and shape coe cients in each frame
can be recovered individually. This is done by re-ordering ad re-writing the rows ¢ of
¢ corresponding to framej as

J ] ] J ] ]
gry ary dry dry cdrl  dri

o= § ; 2; 5.7)
NPl GuTh G s G T G rh G
wherer!;:::rl are the coe cients in the rotation matrix for frame j taken row-wise.
This matrix can then be decomposed into
2 3
_ G h S i
¢ = g Z ryorhoryory kool (5.8)

which can be done by singular value decomposition. Note thatas for the decomposition
of W into C and B, this decomposition is not unique and need to be corrected tensure
that the r! truly form a rotation matrix.
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5.3 NRSFM UNDER FULL PERSPECTIVE PROJECTION

While the weak perspective camera model can be su cient wherthe variation in depth
over the whole object is fairly small, it is known that the full perspective model is
often truer to what is observed in real images. Therefore, seeral authors have proposed
NRSFM formulations for the full perspective case[Xiao and Kanade, 2005, Vidal and
Abretske, 2006, Bartoli et al., 2008, Hartley and Vidal, 2008, Lladoet al., 2010, Wang
and Wu, 201d. Here, we derive the main equations underlying these techques and
describe the di erent approaches introduced to solving then.

Recall from Eq. 5.2 that the projection under the perspective camera model of a
3D point q; represented by its homogeneous coordinateg; =[q/ ;1] can be written

as
2 3

Ui
a9 v §=Peg; P=ARjt; (5.9)
1

where A is the matrix of internal camera parameters,R is the camera rotation matrix,
and t is the camera translation vector. Although A is often assumed to be unknown,
calibrating the camera better constrains the problem[Hartley and Vidal, 2008]. Recall
that unlike in the weak perspective case, the scalar accouirig for depth d; is di erent
for every point i.

As before, we can group in matrix form the equations correspiading to N, such
points found in a single frame, which yields

2 3
diu, dy, Un,

8 divy dy.Vn, 5= PO : (5.10)
d; dn,

where Q is the 4 N, matrix of homogeneous point coordinates. By assuming again
that the shape can be described as a linear combination of b&sshapesSy, we can
re-write the previous system as

2 3
diu; dn, Un, Xs

8 dv, dyVn, 5= AR~ oS+ AT : (5.11)
d; ch k=1

where we have explicitly decomposed the projection matrix mto internal parameters,
rotation and translation, and where each column of T contains the translation vector
t.
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From the outlier-free correspondences between points ilN; frames, we can build
the system of equations representing all projections of alpoints as

2 3
diuj dy, U,
divi dy, Vi, 5 2 g 8
di o, ClAR ! o AR At? § _1 %
I - 1. 512)
dy' b dy'uy' A" AR N AR Nt AL N N
d v dvvy 5| 2 N
d’ff dsf B
I {z -}
W

where W is the 3Ny N, matrix of scaled measurements,C is a 3Ny (3Ng +1)
matrix, and B is the (3Ng+1) N, matrix containing the shape basis.

Unfortunately, while in the weak perspective caseW was known, here it depends
on the unknown perspective depth scalarszl{ . As a consequence, the solution cannot be
directly estimated by a simple singular value decompositio. To overcome this di culty,
several solutions have been proposed. IfXiao and Kanade, 2003, an iterative proce-
dure was introduced to alternatively compute the structure and motion from xed
depths, and vice-versa. Initially, the depths d{ were set to 1. In[Llado et al., 2014,
some parts of the surface were assumed to move rigidly. Thefmre, an initial solution
was computed using the results obtained with a rigid structure from motion techniques
on these parts and re ned using a nonlinear optimization mehod. Recently, in [Hart-
ley and Vidal, 2008, it was shown that the solution to perspective NRSFM could be
obtained in closed-form by exploiting the tensor estimatian and factorization method
of [Hartley and Scha alitzky, 2004]. While this gives an exact solution in the noise-free
case, the approach is sensitive to noise. As observed [Hartley and Vidal, 2008], this is
mainly due to the fact that the tensor estimation and factori zation method they relied
on [Hartley and Scha alitzky, 2004] lacks robustness to noise, as many purely algebraic
methods do.

5.4 AMBIGUITIES OF NRSFM

Even though, in many NRSFM methods, the shape is already reglarized by a linear
subspace model, ambiguities remain. This makes sense, sinthe shape basis also is an
unknown of the problem. Furthermore, while for template-based reconstruction going
from weak to full perspective theoretically yields a betterposed problem, perspective
NRSFM still su ers from the same ambiguities as the weak pergctive formulation.
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First, the decomposition of W into C and B can only be computed up to an
invertible transformation. Indeed, for any invertible 3Ns 3N matrix G, we can write

w =€GG 'B=CB: (5.13)

This was also observed for the rigid structure-from-motionproblem in the factorization
method of [Tomasi and Kanade, 1992 This matrix G is known as the corrective trans-
formation. Since, in theory, any G would do, a way must be found to choose the best
one. Typically, this is done by nding a G that ensures that the rotation matrices are
orthonormal. Details on the di erent manners to exploit thi s will be given in Chapter 6.
In [Xiao et al., 2004b, Xiao and Kanade, 200} it was argued that, even when enforc-
ing orthonormality constraints, ambiguities remained in the reconstruction. However, it
was later shown in[Akhter et al., 2009 that all solutions in this ambiguous space yield
equal structures up to a 3D rotation.

In addition to the corrective transformation, other ambiguities inherent to
NRSFM were discussed infAanaes and Kahl, 2002. One of them is the relative trans-
lation and scale between the camera center and the object. Am the template-based
case of Chapter 3, it is impossible to di erentiate between a xed camera seeing an
expanding object and a camera moving closer to a constant-s¢ object. This, in gen-
eral, is overcome either by xing the object scale, or by imp®ing temporal smoothness.
Similarly, there also is an ambiguity between the magnitude of the basis shapes and
their corresponding coe cients.

Furthermore, the same global rotation-translation ambiguity as in the rigid case
remains in non-rigid structure from motion solutions. In th e full perspective case, it
was shown in[Hartley and Vidal, 2008] that, in the uncalibrated case, the solution is
only determined up to a linear transformation. However, with a calibrated camera, this
ambiguity reduces to the same undetermined global rotationas in the weak perspective
case.

Finally, in addition to the ambiguities inherent to the prob lem that have been
formally proved in the above-mentioned papers, other ambigities have been observed
in practice. In [Torresani et al., 2003, it was noted that if too many basis shapes were
required, the reconstruction problem became ambiguous. Siilarly, in [Bartoli et al.,
2009, the problem that treating all modes equally results in ambiguities due to the
potential dependencies of the modes. Solutions to these plotem involving higher order
deformation models, or coarse-to- ne modes computation wi be discussed in Chapter 6.

5.5 THE MISSING DATA PROBLEM

A weakness of non-rigid structure-from-motion techniquess their sensitivity to missing
data and mismatches. Several solutions to these problems ti@ been proposed.
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The rst publications to address the missing data problem were [Torresani et al.,
2001, Brand, 200]1. Both proposed to exploit fully tracked points to infer the missing
data. In particular, they follow the idea introduced by [Irani, 1999] for optical ow
estimation, and establish a basis ow using the fully tracked points. More speci cally,
assuming that W has rankr, all columns of W can be modeled as linear combinations
of r basis tracks. If at leastr points have been tracked throughout the whole sequence,
this basis can be obtained by singular value decompositionfahe corresponding part
of W. To Il in the missing data in matrix W, they follow the formulation of [Lucas
and Kanade, 1981, and express the locations of the image points in terms of théasis
coe cients. The resulting system of equations is then solvel iteratively to obtain the
correct coe cients and thus predict the location of points t hat were lost during tracking.

While this is e ective when some points have been tracked in &images, it would
still fail in the more realistic case where points are visibé for some frames and then
disappear. In [Olsen and Bartoli, 2004, this problem was addressed by separating the
sequence into blocks of frames whose motion parameters cahen be estimated. Given
the motion in the individual blocks, the basis shapes can bestimated later by exploiting
priors.

A di erent line of works followed the idea introduced in [Marques and Costeira,
2009 to deal with missing data in rigid structure-from-motion. | n this paper, it was
noted that rigid SFM with missing data can become ambiguous vinen the available
points are in a degenerate con guration, such as on a plane. @ overcome this issue,
the authors introduced the notion of motion manifold, which constrains the recovered
motion to be feasible. The available tracks can then be projeted on this manifold,
which makes reconstruction robust to those degenerate scanos. In [Paladini et al.,
2009, this was extended to reconstruction of deformable and artulated objects seen
under orthographic projection. Other methods were proposd in [Wang et al., 2008,
Del Bue et al., 2014 to allow for di erent camera models, as well as to improve the
convergence properties of the original algorithm.

The above-mentioned techniques were designed to cope withissing data. A dif-
ferent problem arises from the presence of mismatches in thgoint tracks. To overcome
these outliers, the most common scheme is to rely on a RANSA(Fischler and Bolles,
1981 procedure[Olsen and Bartoli, 2008, Zhuet al., 201d. Another solution involves
using a robust estimator to weight the points according to the uncertainty of the mea-
surements[Shaji and Chandran, 2008. This technique also deals with missing data by
assigning a zero weight to the lost points.

In any event, even though there are techniques designed to evcome the missing
data problem, the theoretical solutions discussed in this bapter are not su ciently con-
strained to recover meaningful structure and motion by thenselves. As for template-
based reconstruction, additional knowledge needs to be inbduced in NRSFM algo-
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rithms. In the next chapter, we will discuss the di erent typ es of knowledge that have
been proposed so far.
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CHAPTER 6

Performing Non-Rigid Structure from
Motion

In the previous chapter, we have shown that recovering nondigid structure and mo-
tion from N, points tracked in N; frames could theoretically be done by factorizing a
measurement matrix into a product of two matrices. This can be expressed as

W = CB : (6.1)

where W is the measurement matrix, C contains products of the shape coe cients
with the motion parameters, and B contains the shape basis. However, as mentioned
in Section 5.4, this factorization is subject to ambiguities. The decomposition can only
be computed up to an invertible transformation G, up to a global scale, and up to
ambiguities between shape coe cient values and basis shapeagnitudes. In addition
to those theoretical ambiguities, the problem also is ill-@nditioned due to the presence
of image noise. As a consequence, constraints must be incanated into the factorization
to overcome these issues.

In general, adding constraints to the factorization of Eq. 61, yields an optimiza-
tion problem that can be parameterized in two di erent ways. The rst one involves
expressing the reconstruction in terms of the corrective tansform G only. This implic-
itly satis es the measurement constraints, sinceW = €B = GG B, where€ and B
are the matrices obtained by SVD. Therefore, only the additbnal regularization terms
are taken into account to nd the best G. The second way is to write the objective in
terms of the original variables S, ¢, and R’ of Egs. 5.6 or 5.12, as well a& and t! if
also optimized. This yields an optimization problem of the form

minimize W C(d,;R)B(Sy) © (6.2)
Skicl R F

where C and B are expressed as functions of the variables, ankl kg is the Frobenius

norm. Additional knowledge can then be introduced either ashard constraints or as

regularizers in the objective function.

In this chapter, we review the di erent kinds of additional c onstraints that have
been proposed in recent years. As in the case of template-bed reconstruction, temporal
and geometric consistency constraints have been used. In ddion to these, an NRSFM-
speci ¢ constraint arises from the fact that the estimated rotation matrices must be
orthonormal. We will start with this one and then move on to te mporal and geometric




62 CHAPTER 6. PERFORMING NON-RIGID STRUCTURE FROM MOTION

ones. Note that we do not di erentiate between the weak and ful perspective cases,
since these constraints generally apply to both.

6.1 ORTHONORMALITY CONSTRAINTS

The rst natural constraints that have been used to disambiguate NRSFM are orthonor-
mality constraints [Bregler et al., 2004. As in rigid structure from motion [Tomasi and
Kanade, 1993, they were introduced to encode the fact that the rotation matrices are
orthonormal. Therefore, the goal is to nd the invertible corrective transformation G
that satis es this property.

More speci cally, from the formulation of Eqg. 5.6, one can wiite orthonormality
constraints for each of the individual blocks of C. This yields equations of the form

Czi 1:2ijGIé;j 1:2j =(d<)2RjRjT =(d<)2|2 271 ] Nf;1 k Ng; (6.3

where Czj 12; IS @ 2 3Ng matrix containing the two consecutive rows of € corre-
sponding to framej, Gy is a AN 3 matrix containing three consecutive columns of
G, and c'k is the weight of the k™ basis shape in framg . These constraints are quadratic
in G, and typically need to be solved by nonlinear optimization methods.

In the closed-form solution of [Xiao et al., 20044, the authors proposed an
approach to making this step easier. To this end, they introdiced new variables
H, = GG . Given these quadratic variables, the constraints are re-vitten as

€y HCY . EyHCE]
CZ] 1Hké-2rj

The rst constraint encodes both diagonal terms of Eq. 6.3 sinultaneously, thus remov-
ing the dependency on the unknown coe cients .. The second constraint represents
the o -diagonal terms. Only one such constraint needs to be dded sinceH, can be
made implicitly symmetric, which makes both o -diagonal te rms identical.
Unfortunately, it was shown in [Xiao et al., 2004l that this linearized version of
the orthonormality constraints is not su cient to fully dis ambiguate the reconstruction
problem. This led the authors to argue that orthonormality c onstraints were insu cient
on their own. However, as was suggested ifBrand, 2009 and later proved in [Akhter
et al.,, 2009, under noise-free observations, orthonormality constraits are su cient
to overcome the corrective transformation ambiguity of NRSFM. The reason for the
remaining ambiguities found in [Xiao et al., 20044 was that no constraint was added to
force the rank of H, to be 3. In [Akhter et al., 2009, it was shown that this additional
rank constraint was su cient to determine the structure. Mo re specically, G, can
still only be determined up to a Euclidean transformation, but this ambiguity has no
in uence on the reconstructed structure. This is depicted in Fig. 6.1, which illustrates

0;1 j Nf;1 k Ng; (6.4)
0;1 j Nf;;1 k Ng: (6.5)
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Figure 6.1: Ambiguities of orthonormality constraints [Akhter et al., 2009. (Left) Reconstruc-
tion of a face. The cost function suggests that many shapes $iafy orthonormality constraints.
However, the shapes in this region are all the same up to a Eudean transformation. (Right)
Reconstruction of a cube from noise-free data. While the metod of [Bregler et al., 200q does
not give a correct solution (a), using orthonormality constraints gives a perfect reconstruction
(b). As before, there exist several solutions, but they are k the same up to a global rotation
(d-f). Courtesy of I. Akhter.

the fact that a family of shapes satis es the orthonormality constraints, but that any
point in this region gives the same structure up to a 3D rotation.

While orthonormality constraints were shown to be su cient to resolve ambigui-
ties, solving the true constraints still involves a nonlinear optimization problem, which
can lead to undesirable local minima. Several approaches tackling this problem were
proposed. For instance, in[Torresani et al., 2001, the authors relied on an iterative
scheme that involved alternatively optimizing rotations, shape basis, and shape co-
e cients. Orthonormality constraints were implicitly sat is ed by parameterizing the
rotations with exponential coordinates. For similar reasms, in [Llado et al., 2014, the
rotations were parameterized with quaternions. By contrag, in [Brand, 2009 it was
proposed to directly minimize the squared error induced by he orthonormality con-
straints of Eq. 6.3. A variable-metric quasi-Newton schemewas used and the constraint
kGkr =1 was added. In a similar constrained optimization paradigm, an algorithm
that enforced orthonormality by constraining the solution to remain on a Riemannian
manifold was developed in[Shaji and Chandran, 2008. Fig. 6.2 depicts the results ob-
tained with this method on the shark sequence ofTorresani et al., 2004, which is used
in many publications.

Despite the fact that orthonormality constraints strongly reduce the ambiguities
of NRSFM, resulting solutions often remain sensitive to imaje noise. As a consequence
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Figure 6.2: Reconstruction of the shark data using the method oflShaji and Chandran, 2008.
Here, orthonormality is enforced by constraining the soluion to remain on a Riemannian mani-
fold. Red circles correspond to ground-truth points, and blie dots to reconstructed ones. Cour-
tesy of S. Chandran.

additional constraints need to be introduced. These constaints can be roughly classi ed
into temporal consistency and geometric constraints, bothof which are discussed below.

6.2 IMPOSING TEMPORAL CONSISTENCY

As shown in Chapter 4 for template-based reconstruction, acounting for the fact that,
in a video sequence, the shape does not vary arbitrarily fronframe to frame gives very
strong reconstruction cues. This kind of knowledge is even d&iter adapted to NRSFM,
since it is speci cally designed to deal with sequences as ppsed to single frames. As
a consequence, various types of temporal constraints haveelen proposed to improve
structure and motion recovery.

In Section 4.1, we showed that zeroth order motion models are ective to con-
strain template-based frame-to-frame reconstruction. Ths remains true in NRSFM,
where they have been used extensivelJAanaes and Kahl, 2002, Del Bueet al., 2007,
Rabaud and Belongie, 2,9013 The intuition behind such models simply is that the vari-

ation of the shapeQ = |, & S¢ between two consecutive frames is small. Therefore,
the term
Xe R . -
s kQl  Ql 'K (6.6)
i=1 j=2

can be added to the objective function of Eq. 6.2. Typically, the weight ¢, which
accounts for the relative in uence of the two terms, is set mawually. In [Torresani et
al., 2004, a similar, though more general, linear dynamical model wasntroduced in a
probabilistic framework. In that case, the temporal structure takes the form

cd= o+ I (6.7)
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where ¢ is the vector of all shape coe cients for framej, isan Ng Ng transition
matrix, and 1 is a zero-mean Gaussian noise vector. This model represerttse shape
coe cients in a frame as a linear function of those in the previous one. If is taken to
be the identity matrix, this essentially becomes equivalem to the previous zeroth order
motion model.

For the same reasons that make it permissible to penalize lge frame-to-frame
shape variations, it can be assumed that the camera motion liereen two consecutive
frames is small. In[Rabaud and Belongie, 2008, Rabaud and Belongie, 20)@his was
done by relying on the same zeroth order motion model as beferand introducing the
term

W
. kR Rl K2 (6.8)
j=2
in the objective function of Eq. 6.2. As before, , is the weight that controls the relative
in uence of the terms in the objective function. A similar re gularizer can also be added
for the translation when it is optimized.

In [Olsen and Bartoli, 2004, a single term was introduced to subsume both shape
and camera temporal consistency regularizers by noting thietheir respective parameters
appear simultaneously inC. This yields a regularizer of the form

%t
m KCy 127 Cy 32 2k§; (6.9)
j=2

where, as before,C, 1, is the 2 3Ng matrix containing the two rows of C corre-
sponding to framej .

Recently, it was proposed to exploit a very di erent kind of t emporal informa-
tion [Rabaud and Belongie, 2008, Rabaud and Belongie, 2009, Ztet al., 2014. Instead
of assuming that frame-to-frame motion is small, these metbds rely on the concept of
repetitions and assume that, given a su ciently long video sequence, similar shapes will
appear several times, but seen from di erent viewpoints. Urder this assumption, several
frames picturing the same shape up to a rigid transformationcan be used together to
estimate the 3D shape.

In [Rabaud and Belongie, 2008, Zhwet al., 2014, the images were clustered based
on a reprojection error criterion. Given a pair of images, efpolar geometry can be used
to decide whether both images were generated by the same rajobject. Unfortunately,
some cases remain ambiguous, and therefore triplets of imag need to be compared.
Once the image clusters in which the shape moves rigidly havéeen found, a stan-
dard rigid structure from motion technique, such as[Tomasi and Kanade, 1992, can be
applied to reconstruct the shape in each cluster. To furtherimprove the global recon-
struction in the whole sequence, and account for temporallycontinuous deformations
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(@) (b)

Figure 6.3: Comparison of the results of[Rabaud and Belongie, 200{CSFM) with those
of [Xiao et al., 2004H(XCK) and [Torresani et al., 200§(THB) on the shark data. (a) Recon-
struction error for all frames in the sequence. (b) For a singg frame, convergence speed and
reconstruction error as a function of noise. Errors are give as mean distances between the
reconstructed points and their true location, divided by the span of the true shape. Courtesy of
V. Rabaud.

rather than piecewise rigid ones, an additional re nement $ep is performed. The major
di erence between [Rabaud and Belongie, 200Band [Zhu et al., 2014 arises from the
fact that the former uses independent clusters of at least 3rhmes, whereas the latter
looks for as large as possible overlapping groups of images.

In [Rabaud and Belongie, 2008 a di erent method to account for these repetitions
was proposed. Instead of using reprojection errors, a measel of similarity between
triplets of shapesfQ'; Q’; Q*g was introduced. It can be written as

i . 2
actijk)= Q —Q+Q?:+Qk :

h2f ijjk g F

(6.10)

Of course, this measure cannot be directly computed, sincet idepends on the 3D
shapes, which are unknown. However, its in mum and supremumcan be obtained
from the measurement matrix W . This is used to build a set of pairs of triplets
F =10k ); (% %kYjar (i;j;k ) a:(i%j%k%g, which implicitly de nes an order-
ing of triplets based on the similarity measure. Furthermore, it can be shown that ar
is related to the values of the shape coe cients, such that

ar (ij;k ) = % ke' cki+ ke ckZ+ kd  ckk3 o (6.11)

Therefore, the relations in setF can be used to de ne constraints in a Generalized
Non-metric Multi-Dimensional Scaling problem [Agarwal et al., 2007 written as a semi-
de nite program (SDP). Solving this SDP yields an estimate of the shape coe cients
c in each frame. Given the shape coe cients, the shape basis ahrotations are then
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Figure 6.4: Comparison of shape and trajectory spaces. (a) In traditioral approaches, a 3D
object is represented as a point in shape space. (b) By contst, in the approach of [Akhter
et al., 2009, the trajectory is represented by a single point in trajectary space. Courtesy of .
Akhter.

computed. Fig. 6.3 compares the reconstruction accuracy ofRabaud and Belongie,
2009 with other methods on the shark dataset. The reconstructionerrors are given as
mean distances between the reconstructed points and theirrtie location, divided by the

span of the true shape. Note that the method offRabaud and Belongie, 200Pconverges
quickly and yields better accuracy than the other approachs.

While the zeroth order motion model and the shape repetitionassumption are
very helpful, they both have their shortcomings. The former usually does not really
apply to the true dynamics of a deformable surface, and the Ider requires having long
enough sequences such that the same shape appears severaies. Furthermore, in
the above-mentioned works, temporal consistency was not scient to fully constrain
reconstruction. As a consequence, the resulting technigeehad to exploit additional
geometric constraints, as described in Section 6.3.

6.2.1 From Basis Shapes to Basis Trajectories

As mentioned in Chapter 5, while most NRSFM approaches repreent the shape with a
linear subspace models, some recent works have proposed éient formulations. Among
them, the method of [Akhter et al., 2004 introduced an alternative approach to enforc-
ing temporal consistency by formulating NRSFM in trajectory space. In other words,
instead of reconstructing the whole shape at each time instat, the trajectory over the

whole sequence of each 3D point is estimated.

To this end, the usual shape basis is replaced by a trajectorybasis, as shown
in Fig. 6.4. More specically, the x , y , and z trajectories of a 3D point ¢; =
[Xi:vi;z]" in Ny frames are dened ast* =[x} :x''|", t¥ =[y} ;yM']", and
tz =[z% ;ziN‘ ", respectively. Assuming that these trajectories can be desibed as
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a linear combination of N basis trajectories , this yields

X %t X th
ty = ay ks =

k=1 k=1

aiy N X
'k k » i
k=1

z .
Ak ks

(6.12)

whereajy , &), and &, are thex ,y , andz coe cients for point i and basis tra-
jectory k, and  is an N¢ -dimensional vector. Given this formulation, NRSFM can be

re-written as the factorization problem

2

alg a1
2 3 . .
1 :
1
2 3 a?l(-;Nt a),ilc;Nt
R* ' a{;l aKIC;l
w =3 D £ : : : ; (6.13)
N N y y
R ! y arn, anN,
z z
! ai, aN..1
N .
{z } ) ,
| al;Nt {7 aNc;Nt }

where J =] '1 : {\h] contains the j" element of all |, and W is the same mea-
surement matrix as before.W is then factorized into and , and the resulting cor-
rective transform is estimated by ensuring that the rotation matrices are orthonormal.
In practice, the [Akhter et al., 2009 method assumes that the basis trajectories |
are known and can be generated from the Discrete Cosine Trafrm. While this might
seem restrictive, it was shown to generalize to many di ereh trajectories. The results
are compared to those of{Torresani et al., 2004 and [Xiao et al., 20044 in Fig. 6.5.
Note that the reconstructions of [Akhter et al., 2004 correspond more closely to what
is depicted by the images.

In addition to its originality, this method has the advantag e of only requiring
orthonormality constraints as additional knowledge to yield accurate reconstruction.
This is due to the fact that the basis is xed, and therefore fewer unknowns need be
determined in the reconstruction process.

6.3 IMPOSING GEOMETRIC CONSTRAINTS

While temporal consistency regularizers have proved e edie in many situations, they
still assume that the input images have been acquired in an aferly sequence and,
therefore, do not generalize to cases where the images aredependent. Furthermore,
they are not always su cient to fully disambiguate the recon struction problem. As a
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Figure 6.5: Comparison of several approaches on a dance sequence fronet@MU mocap
database. The images were taken fronfAkhter et al., 200d. Note that their method produces
more accurate results than the others. Black dots representhe ground-truth points, whereas
gray circles are the reconstructed ones. Courtesy of |. Akker

consequence, many techniques have also exploited geometgroperties for structure
and motion estimation. Here, as in the template-based casewe distinguish between
global and local shape constraints.

6.3.1 Global Constraints

In contrast to the template-based approach presented in Chpter 3, the basic formu-
lation of non-rigid structure from motion techniques intro duced in Chapter 5 includes
a global linear deformation model by design, since the surfze is assumed to be gener-
ated from a linear combination of basis shapes. Note, howevgethat, in NRSFM, the
basis shapes are unknown, and thus do not provide as strong gstraints as they did in
the template-based case, where they were pre-computed andked. This explains why
additional smoothness constraints are often necessary in RSFM.

One of the rst global geometric constraints employed in NRSM involved as-
suming that the mean shape is the dominant component of the séipe in each frame.
Constraining the surface reconstruction can then be done byncouraging the shape in
each frame to remain close to the unknown mean shapiBrand, 2001], or close to an
initial estimate computed using rigid structure from motio n techniques [Aanaes and
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Figure 6.6: Comparison of the results of a weak perspective camera modgXiao et al., 20044
and a full perspective one[Xiao and Kanade, 200% when relying simultaneously on orthonor-
mality constraints and basis constraints. (1,4) Two input images. (2,5) Reconstruction with a
perspective model. (3,6) Reconstruction with a weak perspetive model. Note that, in the latter

case, some distortion can be observed. Courtesy of T. Kanade

Kahl, 2002]. In essence, this assumption simply means that the object ngily moves
rigidly, and is thus only valid for small deformations.

As mentioned in Section 5.4, recovering the basis shapes is ambiguous problem,
since there may be dependencies between them. As a conseqoenthere is a global
a ne ambiguity of the shape basis. Therefore, other types ofgeometric constraints were
proposed to disambiguate the computation of the shape basisThe methods of [Xiao
et al., 2004b, Xiao and Kanade, 200bestablished basis constraints in a similar manner
as the orthonormality constraints of Egs. 6.4 and 6.5. To ths end, they rely on the
condition number of sub-matrices of W to nd the most independent N images in the
sequence. The corresponding, unknown 3D shapes are then &k as the basis shapes.
Therefore, constraints arise from the fact that the surfacein the chosen frames must be
generated by a single basis shape. Ordering the frames so thidne chosen ones are the
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rst Ng frames in the sequence, this yields constraints of the form

¢ = 1;1 i Ng; (6.14)

¢ = 0:1 & Ns;i6j:
Following the same approach as for the orthonormality constaints of Egs. 6.4 and 6.5,
these constraints can be used to derive linear equations iretrms of the quadratic correc-
tive transform H,. When used in conjunction with the orthonormality property , these
constraints were shown to be su cient to remove the ambiguity in NRSFM [Xiao et al.,
20044. In Fig. 6.6, we compare the results obtained with orthonornality constraints
and basis constraints under a weak perspective moddKiao et al., 20044 and a full
perspective ongXiao and Kanade, 2005. Note that the weak perspective reconstruction
is distorted.

A similar idea as in [Xiao et al., 20044 was proposed in[Zhu et al., 201d. The
shape in a particular image is assumed to be generated by only subset of all the basis
shapes, and, therefore, the coe cients vectorsc! should be sparse. This is enforced by
adding the penalty term

c% ke ky ; (6.15)
j=1

to the objective function, while imposing kc' k2 = 1 8j. This proved e ective to remove
the rotation ambiguity of the shape basis.

Two other approaches have also been proposed to more diregtiencourage the
basis shapes to remain independent. IfBartoli et al., 2004, a coarse-to- ne approach
to recovering the modes was introduced. It starts by computhg the mean shape, and
then iteratively adds modes to explain as much of the remaimg variance of the data as
possible. A stopping criterion based on cross-validation &s de ned to avoid over tting
to measurement noise. In[Brandt et al., 2009, it was proposed to nd independent
basis shapes by following an ICA-based approach. To this enda regularization term
that minimizes the mutual information of the individual mod es was introduced.

In the same spirit of constraining the reconstruction of the shape basis, the notion
of shape priors was introduced in[Del Bue, 2008. The general idea was to make use of
known 3D shapes, and assume that they were generated by parf the same shape basis
as the deformation observed in the input images. More speccally, let L bethe3 N

matrix of known 3D shapes. The factorization problem of Eq. 61 can be re-written as
" #

. B
W =[C,;jC] BT ; (6.16)

to which can be added constraints for the shape prior as

L=NBj,; (6.17)
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Figure 6.7: Comparison of the results of the various algorithms propose in [Torresani et al.,
2009 (BCD-LS, EM-PPCA, EM-LDS), as well as of the methods in [Xiao et al., 20044 (XCK)
and in [Brand, 2009 (B05) on the shark data. Green circles are the ground-truth mints, and
blue dots the reconstructed ones. Courtesy of A. Hertzmann.

where J is the set of indices of the basis shapes that are common to thegrior shapes
and the unknown ones, and is the set containing the remaining indices. The factoriza-
tion of both equations can then be done simultaneously via geeralized singular value
decomposition. The shapes given as prior were shown to sigoantly help reducing the
ambiguities in the reconstructed shape basis, and, thus, irthe overall factorization.



6.3. IMPOSING GEOMETRIC CONSTRAINTS 73

=+-B05 ~=-BCD-LS |a
2 ~¥-XCK o —e~EM-PPCA
u -==BCD-LS . ~—-EM-LDS
Q. —e-EM-PPCA T°
8 ~—~EM-LDS S
4 7]
8 8
n =
5 B
5 @
8 8

L ,
45 5

25 35 2‘5 f; 3‘5 ;
number of shapes (K) number of shapes (K)

(@) (b)
Figure 6.8: Evaluation of the robustness to the number of basis shapes othe shark data for
the algorithms proposed in [Torresani et al., 200§ (BCD-LS, EM-PPCA, EM-LDS) and the
methods in [Xiao et al., 2004 (XCK) and in [Brand, 2005 (B05). The plot in (b) shows a
zoomed version of the one in (a) to highlight the di erences ketween the[Torresani et al., 2004
algorithms. Courtesy of A. Hertzmann.

Instead of adding explicit constraints on the shape coe cients, in [Torresani et
al., 2009, it was proposed to replace the linear subspace model with pbabilistic PCA
(PPCA) [Tipping and Bishop, 1999, and to introduce a Gaussian prior on the coef-
cients. A benet of using PPCA is that it makes it possible to marginalize out the
shape coe cients. Therefore, the weightsd( are never explicitty computed, which re-
moves them from the variables to optimize. This is similar in spirit to the formulation
of Section 4.2.2 for local deformation models, where the cagents were directly ob-
tained from the mesh vertices. By assuming Gaussian noise ev the measurements
and over the shape, the distribution over the measurementss also Gaussian. In this
framework, NRSFM can be formulated as maximizing the joint likelihood of the image
measurements whose negative logarithm can be written as

X

L = w o Eig’ Bl w T+ 21 BT+ 2w Eig

+ NE W T+ 21 E'+ 2| + NN In@2 ); (6.18)

21.:1
1R
21.:l
wherew! is the vector containing the two rows of W associated to framej , E! replicates
d R! across the diagonal, withd the scalar accounting for depth in framej, V is
the matrix whose k™ column contains the vectorized basis shap&,, and g contains
the vectorized mean shape. ,, and are the Gaussian noise variance of the shape
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Figure 6.9: While standard NRSFM approaches assume that the shapes lieroa linear sub-
space, the true manifold can be nonlinear. This manifold carbe better approximated by locally
smooth manifold learning [Rabaud and Belongie, 2008 Courtesy of V. Rabaud.

and of the measurements, respectively. This negative logHKelihood is minimized via
an EM procedure, whose initialization is obtained using a rgid structure from motion

technique. A comparison of the results of the di erent algolithms proposed in[Torresani
et al., 2009 and of other techniques on the shark data is shown in Fig. 6.7Fig. 6.8
depicts the robustness to the number of basis shapes of thes@ algorithms. As before,
the error is de ned as the ratio between the 3D distance to grand-truth and the span

of the true shape. Note that the error obtained by the EM procedure of [Torresani et
al., 2009 is relatively stable with respect to the number of basis shaps.

All the above-mentioned algorithms still rely on a linear subspace model to repre-
sent the deformations of the object of interest. In practice this only applies to relatively
simple deformations, especially since existing methods aronly reliable when using a
small number of basis shapes. Recently, two publications he advocated the use of
alternative models to capture more complex deformations. Tie rst one [Rabaud and
Belongie, 2008 exploits the concept of locally smooth manifold learning (LSML) [Dollar
et al., 2007. As suggested by Fig. 6.9, this relaxes the implicit constrant that the shapes
lie on a linear subspace. Instead of optimizing basis shapeamnd their coe cients, the
3D coordinates of the object's points are optimized directy, and the resulting shapes
are regularized to form a locally smooth manifold. This is dame in an iterative manner.
At each iteration, the manifold is learned from the current shape estimates. This yields
a gradient for the LMSL error term, which is combined with a gradient computed from
a temporal smoothness term explained in Section 6.2. As shawin Fig. 6.10, this ap-
proach has proved particularly well-adapted to model largedeformations that do not
lie on linear manifolds, and therefore cannot be captured bya linear subspace.

The second approach[Fayad et al., 2009 to replacing the linear subspace model
with a higher-order one exploits a quadratic deformation malel, which was originally
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Figure 6.10: Comparison of NRSFM using a locally smooth manifold represetation of
the shape space[Rabaud and Belongie, 2008 (MSFM) with a classical NRSFM method
(CSFM) [Torresani et al., 2009 and with PCA learned from known 3D shapes. Note that
the method of [Rabaud and Belongie, 200Bis better adapted to cope with this non-smooth
deformation of a circular shape. Courtesy of V. Rabaud.

introduced in the Computer Graphics community for simulation purposes[Mudller et
al., 2004. In this case, the shape of a set of points is expressed as

2 3
X1 XN
Y1 YN,
Z; VANR
h ig X XK,
Q= [ | y? Vi, 4 (6.19)
z z{,
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Y121 YNe 2N,
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| {z }
Q

where , ,and are 3 3 matrices containing the coe cients of the linear, quadratic,
and mixed terms, respectively. This formulation relies on te availability of a rest shape
@ that can be obtained from a rigid factorization algorithm. O ne advantage of this
shape parameterization is that the basis is completely detenined by the rest shape.
Therefore, there is no need to optimize it. Some of the corrgeonding basis shapes are
depicted in Fig. 6.11. One drawback of this model is that, if the values of the coe cients
are left unconstrained, it can produce unrealistic shapesOn the other hand, when
the coe cients are initialized correctly and are appropriately bounded, the resulting
technigue allows for the reconstruction of complex shapesas depicted by Fig. 6.12.

6.3.2 Local Constraints
As for template-based reconstruction, while global geometc constraints are mostly ef-
fective to reconstruct simple global deformations, local @proaches are in general better
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Figure 6.11: Quadratic deformation modes applied to a synthetic planar match [Fayad et al.,
2009. Courtesy of A. Del Bue.

BA-Quad

BA-Lin

EM-LDS

Figure 6.12: Comparison of the results obtained with global quadratic malels [Fayad et al.,
2009, global linear models with bundle adjustment [Del Bue et al., 2007 and the EM-LDS
algorithm of [Torresani et al., 2004. Note that the quadratic models are better suited to model
these large deformations. Courtesy of A. Del Bue.

suited to account for complex deformations. This is still the case when compared to the
quadratic models, which, as depicted in Fig. 6.11, produce eformation modes similar
to those of the learned linear models of Section 4.2.2, but whout requiring training
data. In this section, we present several approaches to incporating local smoothness
in NRSFM. While some of them are introduced to replace the lirear subspace model,
others are used in conjunction with it: Since the shape basiss learned during recon-
struction, which is underconstrained, it can still be improved by imposing additional
smoothness.

The rst local smoothness term in NRSFM was introduced in [Torresani et al.,
2001. As in the original Snakes[Kass et al., 198, the local constraints are encoded
as a regularizer on neighboring points. More speci cally, br neighboring points g;, and
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gi,, the regularization term is written as

s
d (Sciy  Swin)?: (6.20)

k=1

where Sy; contains the 3D coordinates corresponding to point in basisSy. The neigh-
borhood can be established by nearest neighbor search or Reinay triangulation in
image space. The weights ;,;, are taken to be inversely proportional to the 2D dis-
tance between pointsi; and i.

In [Olsen and Bartoli, 2004, a similar idea was proposed, but with an additional
temporal component. The regularizer exploits the fact that the tracks of two simulta-
neously visible points should have similar shapes. This cabe written as

2
ie O O, 5 (6.21)

whereg? is the vector concatenating the 3D coordinates of pointi in the set of frames
J. As before, the weights ;,,;, are taken as inversely proportional to the 2D distance
between the points. These constraints are included for all pirs of points that have been
tracked simultaneously for at least 10 frames.

Another approach to incorporating local constraints into NRSFM is to assume
local rigidity of the deforming surface. In [Llado et al., 201d, it was assumed that,
while some points on the surface deform, others only move ridly throughout the se-
guence. The problem then becomes one of distinguishing ridifrom non-rigid motion,
which can be done automatically[Llado et al., 201d. As the methods relying on shape
repetitions [Rabaud and Belongie, 2008, Zhuet al., 2014 introduced in Section 6.2,
this involves verifying how well points satisfy epipolar geometry. Since many points
also move non-rigidly, and therefore should be consideredsaoutliers in the fundamen-
tal matrices computation, a RANSAC algorithm is employed. Furthermore, to speedup
this procedure, a degree of non-rigidity score is de ned andused to build a prior to
guide the RANSAC algorithm. The segmented rigid points are then used to compute
the motion parameters. Finally, the non-rigid structure is estimated via a nonlinear
optimization procedure. In this case, the surface is still omputed as a linear combi-
nation of basis shapes. This assumption of rigidly moving pimts proved valid for face
reconstruction, or when several objects are moving with rgsect to each other, as shown
in Fig. 6.13. However, this does not generalize to arbitrarynon-rigid objects.

While geometric constraints have proved e ective at disamhguating reconstruc-
tion, all the methods described above still treat the object of interest as a whole. As
a consequence, similarly as the global models of Chapter 4h¢y often are limited to
relatively simple deformations. In the next section, we present approaches that address
this shortcoming by separating the object of interest into local regions.
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Frame 5 Frame 30 Frame 60

>*

Figure 6.13: Reconstruction of a deforming cushion[Llado et al., 201d. The approach re-
lies on the rigid chair to constrain the motion estimation. On the second and third rows, the
reconstructed surface is shown from two di erent viewpoints. Courtesy of A. Del Bue.

6.4 SPLITTING A GLOBAL SURFACE INTO LOCAL ONES

As discussed in Section 4.2.2, even when the global deformahs are large, purely
local ones tend to be smaller and easier to recover. Therefey it has recently been
proposed to also perform NRSFM locally, so that more complexdeformations can be
handled. As we will see, local deformations can often be moék as planar [Varol et
al., 2009, quadratic [Fayad et al., 20104, or isometric [Taylor et al., 201d. In essence,
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(a) (b) ()

Figure 6.14: Modeling the surface as a consistent collection of planar pahes [Varol et al.,
2009. (a) Image patches are reconstructed individually up to a scale mbiguity which causes
their reconstructions not to be aligned. (b) Using shared correspondences between these patche
(blue points), consistent scales for all patches are recoved and the whole surface is recon-
structed up to a single global scale(c) Optionally, a triangulated mesh is tted to the resulting
3D point cloud to account for holes and outliers. It can be usd to provide a common surface
representation across the frames and to enforce temporal osistency.

these approaches therefore perform NRSFM to recover localusface patches and then
enforce consistency between these patches to build a globsurface. These methods
have signi canlty departed from the formulation presented in Chapter 5.

The method introduced in [Varol et al., 2009 and depicted by Fig. 6.14 relies on
the fact that, when the global deformations are not too sevee, local surface patches
remain approximately planar. It takes advantage of the factthat the motion of a plane
from one image to the next can be represented as a homograpHidartley and Zisser-
man, 2004. Given corresponding points in an image pair, the rstimageis subdivided
into overlapping patches such as those of Fig. 6.14(a), whit are assumed to remain
roughly planar. Within each individual patch, the correspondences are used to compute
a homography that relates its appearance in the rst image tothat in the second one.
From this homography, the rotation, translation and patch n ormal can be computed up
to a global scale ambiguity and a twofold normal ambiguity [Zhang and Hanson, 1995,
Malis and Vargas, 2007. In other words, each 2D point in a patch can be assigned
one of several 3D interpretations. These ambiguities are iolved by using points that
belong to multiple patches, such as those shown in blue in Fig6.14(a), to enforce con-
sistency. This is done by guaranteeing that they receive thesame interpretation, no
matter what patch is used to reconstruct them. First, normal orientations are chosen
consistently across patches. Then, the scale of each patcls pptimized such that the
distance between the 3D reconstruction of the same 2D pointrbm di erent patches

is minimized. One strength of this approach is that each steponly involves solving a

n
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Figure 6.15: Using local quadratic models[Fayad et al., 2014. Top and middle rows: Recon-
struction results on a real sequence. Bottom row: Compariso with the reconstructions of [Varol
et al., 2009, depicted by a mesh with green vertices. Note that the[Fayad et al., 2014 recon-
struction is more accurate both because it was obtained froma whole video sequences and
because it allows for deformations of the patches. Courtespf A. Del Bue.

linear system, which can be done in closed-form. Furtherma, as opposed to classical
NRSFM techniques, this method allows reconstruction from aly two images depicting
two di erent shapes of the same surface.

One drawback of the[Varol et al., 2009 method is that it requires su ciently many
correspondences per local patch to reliably estimate the hnography. As a consequence,
relatively large portions of the surface are asssumed to belanar, which limits the
range of global deformation. In[Fayad et al., 2014, the authors extended this approach
to allow for more complex deformations of the individual patches, given 2D points
tracked across a video sequence. Instead of imposing locdlparity, local deformation
are regularized using the quadratic deformation model disassed in Section 6.3.1Fayad
et al., 2009. Each overlapping group of tracked 2D points is reconstrucéd independently
using the quadratic deformation model of Eq. 6.19. As in the ¢pbal case, this requires a
rest shape, which can be obtained from the rst few initial frames of the sequence using
a rigid structure-from-motion technique. As in [Varol et al., 2009, the scale ambiguity
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Figure 6.16: Reconstruction of a piece of paper being torn aparfTaylor et al., 201d. Courtesy
of A. Jepson.

of each patch, is resolved by exploiting the overlap betweelthe patches. The top two
rows of Fig. 6.15 depict results obtained on real images of aigce of paper undergoing
large deformations. The bottom row features a comparison ofhis approach with [Varol

et al., 2009. Note that the reconstructions of [Fayad et al., 2009 are more accurate than
those of[Varol et al., 2009. This seems reasonable both because the method [Fayad et

al., 2009 exploits the whole sequence instead of just two images, anddzause allowing
the patches to deform is a better approximation of the obsered phenomenon.

The two methods described above implicitly assume some amaii of smoothness
in the local deformations. By contrast, the method of [Taylor et al., 2010 relies exclu-
sively on the preservation of local Euclidean distances beteen feature points found on
the surface, much as thelEcker et al., 2008, Perriollat et al., 2014 methods introduced
in Section 4.2.2. Note, however, that in the NRSFM framework the true distances be-
tween pairs of points are unknown. To overcome this problemtriplets of neighboring
points that move rigidly are identi ed and the global shape reconstructed as a soup of
triangles whose vertices remain at a xed distance from eaclother. More speci cally,
under orthographic projection, the 3D length of an edge between pointsq;, and q;, is
related to the length of its projection in the image plane by

kqi1 qizkg k pi1 pizkg = (di1 di2)2 , (622)

where p; is the 2D projection of point i, and d; is its depth. Furthermore, the sum of
pairwise depth di erences within a single triangle is always equal to zero, which can be
written as

(d di)+(dg dp)+(dy dg)=0: (6.23)

Combining these two equations for a single triangle moving igidly in N¢ frames results
in the system of equations

d™ d 27 1+ 1¥ 11 = 0
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1
o

(6.24)
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Since the quadratic term ind is the same in all the equations, it can easily be eliminated.
This yields a linear system of equations ind, which can be solved in closed-form.
From d, the 3D triangle can be reconstructed up to a depth sign ip and a global
depth ambiguity. These ambiguities are then solved by acconting for all rigidly moving
triangles in the images. The non-rigid triangles are discaded based on their reprojection
error. A strength of this approach is that it can handle topology changes, as when the
sheet of paper depicted by Fig. 6.16 is being torn in two. A pogntial limitation that

it shares with the [Salzmann et al., 2008a, Eckeret al., 2008, Perriollat et al., 2014
methods discussed in Section 4.2.2, which also rely on 3D d&nce constraints, is that
the Euclidean distances between triplets of surface pointsloes not truly remain constant
when the surface deforms. The approximation is only valid wken the curvature of the
triangle linking them is small, which means that the points cannot be too distant from
each other.

In short, there has been a number of exciting recent advanceim NRSFM that are
now departing from its early formulations [Ullman, 1983, Bregler et al., 2004. These
new techniques are starting to produce results and appear tdoe more robust to noise
and able to handle much larger deformations than before. Trs indicates that reliable
solutions to this problem might be found in spite of its complexity.



In this survey, we have reviewed several template-based andon-rigid structure-from-

motion technigues that can be used to robustly recover 3D shge given point corre-
spondences. The former can be made very reliable when a tengté is available but
are of course inappropriate otherwise, which is often the cse in practice. When video
sequences are available, the latter can be invoked insteadnd are very e ective when
the deformations are not too complex.

geometric or temporal consistency constraints are needeaf good results. Furthermore,
when there are too few correspondences, for example becaubke surfaces are relatively
featureless, neither class of techniques performs well, wdh greatly limits their applica-
bility. To remedy this situation, we believe that future res earch should focus on taking
advantage of additional sources of image information, suclas
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CHAPTER 7

Future Directions

In both cases, shape recovery implies solving an ill-posedrgblem and additional

Silhouettes: The projected contours of a surface give powerful clues as to
their 3D shape. They already have been extensively exploitk to reconstruct

developable surfaces|Gumerov et al., 2004, Perriollat and Bartoli, 2007], as

discussed in Chapter 4. However, these approaches do not natlly gener-

alize to non-developable surfaces whose shape cannot be dmed from their

outlines, which often are occluding contours. Such contows have been used
for 3D surface reconstruction [Sullivan et al., 1994, Szeliski and Weiss, 1998,
llc et al., 2007 but most existing approaches rely on iterative schemes in wich

the occluding contours are predicted from a current shape égnate and compared

to their observed image locations. This runs contrary to the spirit of the most

e ective template-based method that perform reconstruction either in closed form

or by nding the minimum of a convex function. Further work is therefore required

to merge these two di erent strands of research.

Texture: Inferring shape from correspondences requires texture, rste the corre-
spondences typically only are established between interegpoints. However, this
only uses a fraction of the available information; The orienation of the patches sur-
rounding the interest points can also be inferred from textual deformations [Hin-
terstoisseret al., 2011. In other words, when correspondences can be established
it is usually also possible to estimate the surface normaldn [Moreno-Nogueret al.,
2009, such estimates were used to relax the inextensibility cortsaints required by
an earlier template-based method[Salzmannet al., 20084, while still computing
the 3D shape in closed-form. Other approaches discussed ihis survey could and
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should be similarly extended to make the most of the texture,especially when the
surface is not uniformly well-textured.

Shading: It has long been known as a useful but fragile source of shapaforma-
tion [Horn and Brooks, 1989, which naturally complements textural cues where
the albedos are constant or vary slowly[Fua and Leclerc, 199%. As discussed in
Chapter 4, it was used in [White and Forsyth, 2006] to disambiguate the direc-
tion of normals obtained from textural clues, in [Moreno-Noguer et al., 2009 to

provide normal estimates around interest points, and in[Moreno-Noguer et al.,

2014 to choose among competing shapes that all result in roughlytte same im-
age projections. The shading models used by these algorithen however, remain
simplistic. They would need to be extended further to prove truly useful outside
of very specialized applications, such as virtually attening a book to produce
better photocopies[Zhang et al., 2004. We believe that a promising direction is to
use modern statistical learning techniques to relate graydvel patterns within im-

age patches to local 3D shape estimates using realistic tnaing data and without

making unwarranted assumptions.

In addition to means of exploiting the image data more thorowghly, better and
more widely applicable deformation models are required to keak the ambiguities that
plague monocular 3D surface reconstruction. When the surfee is made of a material
that is known a priori, e ective models can be learned o ine using training data. In
the more general case when the surface material is not knowneforehand, the model
could be learned online using the parts of the surface that a su ciently well-textured
for a very simple regularizing prior to be enough to obtain vdid reconstructions. This
model could then be used to constrain the reconstruction of e rest of the surface.
For similar purposes, one could also exploit transfer learimg techniques that leverage
labeled data of related problems to learn a model for a di er@t problem where no,
or very few, labeled data is available. In our context, giventhe training examples for
some materials, we could learn a deformation model for a new aterial from very small
amounts of reconstructed 3D shapes.

In short, current monocular approaches to 3D surface recorguction can be well
formalized and already yield promising results on well-texured surfaces. Much work is
still required to make them fully operational on less well-textured surfaces but the way
forward seems relatively clear.



Bibliography

[Aanaes and Kahl, 2002 H. Aanaes and F. Kahl. Estimation of Deformable Structure
and Motion. In Vision and Modelling of Dynamic Scenes Workshop2002.

[Agarwal et al., 2007 S. Agarwal, J. Wills, L. Cayton, G. Lanckriet, D. Kriegman, a nd
S. Belongie. Generalized Non-Metric Multidimensional Schng. In International
Conference on Arti cial Intelligence and Statistics, 2007.

[Ahmed and Farag, 2006 A. Ahmed and A. Farag. A New Formulation for Shape
from Shading for Non-Lambertian Surfaces. InConference on Computer Vision and
Pattern Recognition, June 2006.

[Akhter et al., 2009 I. Akhter, Y. Sheikh, S. Khan, and T. Kanade. Nonrigid Struc-
ture from Motion in Trajectory Space. In Neural Information Processing Systems
December 2008.

[Akhter et al., 2009 1. Akhter, Y. Sheikh, and S. Khan. In Defense of Orthonormality
Constraints for Nonrigid Structure from Motion. In Conference on Computer Vision
and Pattern Recognition, June 2009.

[Baerlocher and Boulic, 2004 P. Baerlocher and R. Boulic. An Inverse Kinematics Ar-
chitecture for Enforcing an Arbitrary Number of Strict Prio rity Levels. The Visual
Computer, 2004.

[Bara and Witkin, 1998 ] D. Bara and A. Witkin. Large Steps in Cloth Simulation.
In ACM SIGGRAPH , pages 43{54, 1998.

[Barbc and James, 200 J. Barbt and D.L. James. Real-Time Subspace Integration
for St. Venant-Kirchho Deformable Models. ACM SIGGRAPH , 24(3):982{990, Au-
gust 2005.

[Bartoli and Zisserman, 2004 A. Bartoli and A. Zisserman. Direct Estimation of Non-
Rigid Registration. In British Machine Vision Conference, September 2004.

[Bartoli et al., 2004 A. Bartoli, V. Gay-Bellile, U. Castellani, J. Peyras, S. Olsen, and
P. Sayd. Coarse-to-Fine Low-Rank Structure-from-Motion. In Conference on Com-
puter Vision and Pattern Recognition, 2008.

[Bathe, 1983 K.-J. Bathe. Finite Element Procedures in Engineering Analysis Prentice
Hall, 1982.




86 BIBLIOGRAPHY

[Belkin and Niyogi, 2001] M. Belkin and P. Niyogi. Laplacian Eigenmaps and Spec-
tral Techniques for Embedding and Clustering. In Neural Information Processing
Systems pages 585{591. MIT Press, 2001.

[Bhat et al., 2003 K. S. Bhat, C. D. Twigg, J. K. Hodgins, P. K. Khosla, Z. Popovic,
and S. M. Seitz. Estimating Cloth Simulation Parameters from Video. In ACM
Symposium on Computer Animation 2003.

[Blanz and Vetter, 1999 V. Blanz and T. Vetter. A Morphable Model for the Synthesis
of 3D Faces. INACM SIGGRAPH , pages 187{194, August 1999.

[Blanz et al., 2003 V. Blanz, C. Basso, T. Poggio, and T. Vetter. Reanimating Faces
in Images and Video. InEurographics September 2003.

[Bookstein, 1989 F.L. Bookstein. Principal warps: Thin-plate splines and the decom-
position of deformations. IEEE Transactions on Pattern Analysis and Machine In-
telligence 11(6):567{585, 1989.

[Botsch et al., 2007 M. Botsch, M. Pauly, M. Wicke, and M. Gross. Adaptive Space
Deformations Based on Rigid Cells. InEurographics, 2007.

[Boyd and Vandenberghe, 2008 S. Boyd and L. Vandenberghe. Convex Optimization.
Cambridge University Press, 2004.

[Bradley et al., 2009 D. Bradley, T. Popa, A. She er, W. Heidrich, and T. Boubekeur .
Markerless Garment Capture. ACM Trans. Graph., 27(3), 2008.

[Brand, 2001 M. Brand. Morphable 3D Models from Video. Journal of Machine Learn-
ing Research 2001.

[Brand, 2009 M. Brand. A Direct Method of 3D Factorization of Nonrigid Mot ion
Observed in 2D. In Conference on Computer Vision and Pattern Recognition pages
122{128, 2005.

[Brandt et al., 2009 S.S. Brandt, P. Koskenkorva, J. Kannala, and A. Heyden. Un-
calibrated non-rigid factorisation with automatic shape basis selection. InSecond
Workshop on Non-Rigid Shape Analysis and Deformable Image llgnment (NOR-
DIA'09) , 2009.

[Bregler et al., 200q C. Bregler, A. Hertzmann, and H. Biermann. Recovering Non-
Rigid 3D Shape from Image Streams. InConference on Computer Vision and Pattern
Recognition, 2000.

[Bridson et al., 2004 R. Bridson, R. Fedkiw, and J. Anderson. Robust Treatment of
Collisions, Contact and Friction for Cloth Animation. In ACM Transactions on
Graphics, pages 594{603, 2002.



BIBLIOGRAPHY 87

[Bridson et al., 2003 R. Bridson, S. Marino, and R. Fedkiw. Simulation of Clothing
With Folds and Wrinkles. In ACM Symposium on Computer Animation, 2003.

[Brunet et al., 2014 F. Brunet, R. Hartley, A. Bartoli, N. Navab, and R. Malgouyre s.
Monocular Template-based Reconstruction of Smooth and Ingtensible Surfaces. In
Asian Conference on Computer Vision 2010.

[Carr et al., 2001 J.C. Carr, Richard R.K. Beatson, J.B. Cherrie, T.J. Mitchel |,
W. Richard Fright, B.C. McCallum, and T.R. Evans. Reconstru ction and Repre-
sentation of 3D Objects With Radial Basis Functions. In ACM SIGGRAPH , 2001.

[Catmull and Clark, 1978] E. Catmull and J. Clark. Recursively Generated B-Spline
Surfaces on Arbitrary Topological Meshes.Computer Aided Design Journal 10:350{
355, 1978.

[Cirak et al., 2004 F. Cirak, M. Ortiz, and P. Schmeder. Subdivision Surfaces: a New
Paradigm for Thin-Shell Finite-Element Analysis. International Journal for Numer-
ical Methods in Engineering, 47:2039{2072, 2000.

[Cohen and Cohen, 199BL.D. Cohen and I. Cohen. Finite-Element Methods for Active
Contour Models and Balloons for 2D and 3D ImagesIEEE Transactions on Pattern
Analysis and Machine Intelligence 15(11):1131{1147, November 1993.

[Comon, 1994 P. Comon. Independent Component Analysis, a New Conceptdournal
of Machine Learning Research 36(3):287{314, 1994.

[Cootes and Taylor, 1992 T. F. Cootes and C. J. Taylor. Active Shape Models - 'smart
Snakes. InBritish Machine Vision Conference, pages 266{275, 1992.

[Cooteset al., 1999 T.F. Cootes, G.J. Edwards, and C.J. Taylor. Active Appearance
Models. In European Conference on Computer Vision pages 484{498, June 1998.

[Coquillart, 1990] S. Coquillart. Extended Free-Form Deformation: a Sculpturing Tool
for 3D Geometric Modeling. ACM SIGGRAPH , 24(4):187{196, 1990.

[Coskeret al., 2004 D.P. Cosker, A.D. Marshall, P.L. Rosin, and Y.A. Hicks. Speeh-
driven facial animation using a hierarchical model. Vision, Image and Signal Pro-
cessing 151(4):314{321, 2004.

[Courtois et al., 2000 N. Courtois, A. Klimov, J. Patarin, and A. Shamir. E cient
Algorithms for Solving Overde ned Systems of Multivariate Polynomial Equations.
In EUROCRYPT, 2000.

[de Aguiar et al., 2007 E. de Aguiar, C. Theobalt, C. Stoll, and H.-H. Seidel. Marker-
Less Deformable Mesh Tracking for Human Shape and Motion Caire. In Confer-
ence on Computer Vision and Pattern Recognition June 2007.




88 BIBLIOGRAPHY

[Del Bue et al., 2007 A. Del Bue, F. Smeraldi, and L. Agapito. Non-Rigid-Structur e
from Motion Using Ranklet-Based Tracking and Non-Linear Optimization. Image
Vision Computing, 25:297{310, March 2007.

[Del Bue et al., 2014 A. Del Bue, J. Xavier, L. Agapito, and M. Paladini. Bilinear F ac-
torization via Augmented Lagrange Multipliers. In European Conference on Com-
puter Vision, 2010.

[Del Bue, 2008 A. Del Bue. A Factorization Approach to Structure from Motio n With
Shape Priors. In Conference on Computer Vision and Pattern Recognition June
2008.

[Delingette et al., 1991 H. Delingette, M. Hebert, and K. lIkeuchi. Deformable Surfaces:
A Free-Form Shape Representation. INSPIE Geometric Methods in Computer Vision,
pages 21{30, 1991.

[Dimitrijeve et al., 2004 M. Dimitrijeve, S. lle, and P. Fua. Accurate Face Models
from Uncalibrated and llI-Lit Video Sequences. In Conference on Computer Vision
and Pattern Recognition, June 2004.

[Dollar et al., 2007 P. Dollar, V. Rabaud, and S. Belongie. Non-lsometric Manifdd
Learning: Analysis and an Algorithm. In International Conference in Machine Learn-
ing, 2007.

[Doo and Sabin, 1978 D. Doo and M. Sabin. Behaviour of Recursive Division Surface
Near Extraordinary Points. Computer Aided Design Journal 10(6):356{360, 1978.

[Dyn et al., 1994 Nira Dyn, David Levine, and John A. Gregory. A Butter y Subdi vi-
sion Scheme for Surface Interpolation With Tension Control ACM Transactions on
Graphics, 9(2):160{169, April 1990.

[Eck and Hoppe, 1996 M. Eck and H. Hoppe. Automatic Reconstruction of B-Spline
Surfaces of Arbitrary Topological Type. In ACM SIGGRAPH , pages 325{334, 1996.

[Ecker et al., 2009 A. Ecker, A.D. Jepson, and K.N. Kutulakos. Semide nite Program-
ming Heuristics for Surface Reconstruction Ambiguities. h European Conference on
Computer Vision, October 2008.

[Faloutsos et al., 1997 P. Faloutsos, M. van de Panne, and D. Terzopoulos. Dynamic
Free-Form Deformations for Animation Synthesis. IEEE Transactions on Visualiza-
tion and Computer Graphics 1997.

[Fayad et al., 2009 J. Fayad, A. Del Bue, L. Agapito, and P. M. Q. Aguiar. Non-Rigi d
Structure from Motion Using Quadratic Deformation Models. In British Machine
Vision Conference, 2009.




BIBLIOGRAPHY 89

[Fayad et al., 201d J. Fayad, L. Agapito, and A. Del Bue. Piecewise Quadratic Reon-
struction of Non-Rigid Surfaces from Monocular Sequencedn European Conference
on Computer Vision, 2010.

[Finlayson et al., 2004 G.D. Finlayson, S.D. Hordley, C. Lu, and M.S. Drew. On the re-
moval of shadows from imagesIEEE Transactions on Pattern Analysis and Machine
Intelligence, 28(1):59{68, 2006.

[Fischler and Bolles, 1981 M.A Fischler and R.C. Bolles. Random Sample Consensus:
A Paradigm for Model Fitting With Applications to Image Anal ysis and Automated
Cartography. Communications ACM, 24(6):381{395, 1981.

[Forsyth and Zisserman, 1991 D.A. Forsyth and A. Zisserman. Re ections on Shading.
IEEE Transactions on Pattern Analysis and Machine Intelligence 13(7):671{679,
July 1991.

[Fua and Leclerc, 199% P. Fua and Y. G. Leclerc. Object-Centered Surface Reconstrer
tion: Combining Multi-Image Stereo and Shading. International Journal of Computer
Vision, 16:35{56, September 1995.

[Fua, 1994 P. Fua. Model-Based Optimization: Accurate and ConsistentSite Modeling.
In International Society for Photogrammetry and Remote Sensig, July 1996.

[Greminger and Nelson, 200B M.A. Greminger and B.J. Nelson. Deformable Object
Tracking Using the Boundary Element Method. In Conference on Computer Vision
and Pattern Recognition, 2003.

[Greminger and Nelson, 2008 M.A. Greminger and B.J. Nelson. A Deformable Object
Tracking Algorithm Based on the Boundary Element Method That Is Robust to
Occlusions and Spurious Edgesinternational Journal of Computer Vision , 78(1):29{
45, 2008.

[Grinspun et al., 2003 Eitan Grinspun, Anil N. Hirani, Mathieu Desbrun, and Peter
Schreder. Discrete Shells. INACM Symposium on Computer Animation, pages 62{
67, 2003.

[Gumerov et al., 2004 N.A. Gumerov, A. Zandifar, R. Duraiswami, and L.S. Davis.
Structure of Applicable Surfaces from Single Views. InEuropean Conference on
Computer Vision, May 2004.

[Harris and Stephens, 198B C.G. Harris and M.J. Stephens. A Combined Corner and
Edge Detector. In Fourth Alvey Vision Conference, 1988.




90 BIBLIOGRAPHY

[Hartley and Scha alitzky, 2004] R. Hartley and F. Scha alitzky. Reconstruction from
Projections Using Grassmann Tensors. IrEuropean Conference on Computer Vision
pages 363{375, 2004.

[Hartley and Vidal, 2008] R. Hartley and R. Vidal. Perspective Nonrigid Shape and
Motion Recovery. In European Conference on Computer Vision October 2008.

[Hartley and Zisserman, 2000 R. Hartley and A. Zisserman. Multiple View Geometry
in Computer Vision. Cambridge University Press, 2000.

[Hauth and Strasser, 2004 M. Hauth and W. Strasser. Corotational Simulation of De-
formable Solids. InInternational Conference in Central Europe on Computer Graph-
ics, Visualization and Computer Vision, pages 137{145, 2004.

[Hernandezet al., 2007 C. Hernandez, G. Vogiatzis, G. J. Brostow, B. Stenger, and
R. Cipolla. Non-Rigid Photometric Stereo With Colored Lights. In International
Conference on Computer Vision October 2007.

[Hertzmann and Seitz, 2003 A. Hertzmann and S. M. Seitz. Shape and Materials by
Example: A Photometric Stereo Approach. In Conference on Computer Vision and
Pattern Recognition, pages 533{540, 2003.

[Hinterstoisser et al., 2011 S. Hinterstoisser, S. llic, N. Navab, P. Fua, and V. Lep-
etit. Learning Real-Time Perspective Patch Recti cation. International Journal of
Computer Vision, 2011. Accepted for publication.

[Hirota et al., 2004 G. Hirota, S. Fisher, and M. Lin. Simulation of Non-Penetrating
Elastic Bodies Using Distance Fields. Technical report, Uriversity of North Carolina,
2000.

[Hoppe et al., 1994 H. Hoppe, T. Derose, T. Duchamp, M. Halstead, H. Jun, J. Mc-
donald, J. Schweitzer, and W. Stuetzle. Piecewise Smooth $face Reconstruction.
In ACM SIGGRAPH , pages 295{302, 1994.

[Horn and Brooks, 1989 B.K.P. Horn and M.J. Brooks. Shape from Shading MIT
Press, 1989.

[House and Breen, 200D Donald H. House and David E. Breen, editors.Cloth Modeling
and Animation. A. K. Peters, Ltd., 2000.

[Huang et al., 1999 W.C. Huang, D.B. Goldgof, and L.V. Tsap. Nonlinear Finite El -
ement Methods for Nonrigid Motion Analysis. In Physics-Based Modelling in Com-
puter Vision, 1995.




BIBLIOGRAPHY 91

[lle and Fua, 2002] S. llc and P. Fua. Using Dirichlet Free Form Deformation to Fit
Deformable Maodels to Noisy 3D Data. InEuropean Conference on Computer Vision
May 2002.

[llc and Fua, 2006] S. Ilc and P. Fua. Implicit Meshes for Surface Reconstructon.
IEEE Transactions on Pattern Analysis and Machine Intelligence 8(2):328{333,
2006.

[lle and Fua, 2007] S. Ilc and P. Fua. Non-Linear Beam Model for Tracking Large
Deformation. In International Conference on Computer Vision, October 2007.

[llc etal, 2007 S. llc, M. Salzmann, and P. Fua. Implicit Meshes for E ecti ve Sil-
houette Handling. International Journal of Computer Vision, 72(7), 2007.

[Irani, 1999] M. Irani. Multi-Frame Optical Flow Estimation Using Subspa ce Con-
straints. In International Conference on Computer Vision, 1999.

[Irving et al., 2004 G. Irving, J. Teran, and R. Fedkiw. Invertible Finite Elemen ts for
Robust Simulation of Large Deformation. In Symposium on Computer Animation
2004.

[James and Pai, 1999 D.L. James and D.K. Pai. Artdefo: Accurate Real Time De-
formable Objects. In ACM SIGGRAPH , pages 65{72, 1999.

[Jojic and Huang, 1997 N. Jojic and T.S. Huang. Estimating Cloth Draping Param-
eters from Range Data. InWorkshop on Synthetic-Natural Hybrid Coding and 3-D
Imaging, pages 73{76, 1997.

[Jollie, 1986] I. T. Jollie. Principal Component Analysis. Springer-Verlag, 1986.

[Kahl, 2005 F. Kahl. Multiple View Geometry and the L; -Norm. In International
Conference on Computer Vision pages 1002{1009, 2005.

[Kahraman et al., 2007 F. Kahraman, M. Gokmen, S. Darkner, and R. Larsen. An
active illumination and appearance (aia) model for face ajnment. In Conference on
Computer Vision and Pattern Recognition, 2007.

[Kambhamettu et al., 1994 A. Kambhamettu, D. Goldgo, D. Terzopoulos, and T.S.
Huang. Handbook of Pattern Recognition and Image Processing: Comyter Vision,
chapter Non Rigid Motion Analysis, pages 405{430. Academidress, 1994.

[Kasset al., 1989 M. Kass, A. Witkin, and D. Terzopoulos. Snakes: Active Contour
Models. International Journal of Computer Vision , 1(4):321{331, 1988.




92 BIBLIOGRAPHY

[Ke and Kanade, 200% Q. Ke and T. Kanade. Quasiconvex Optimization for Robust

Geometric Reconstruction. In International Conference on Computer Vision, pages
986{993, 2005.

[Kobbelt et al., 2004 Leif P. Kobbelt, Thilo Bareuther, and Hans peter Seidel. Mul-
tiresolution Shape Deformations for Meshes With Dynamic Vetex Connectivity. In
Eurographics, 2000.

[Kobbelt, 2000] Leif P. Kobbelt. Sqrt(3)-Subdivision. In ACM SIGGRAPH , 2000.

[Kriegman and Belhumeur, 1998 D.J. Kriegman and P.N. Belhumeur. What Shadows

Reveal About Object Structure. In European Conference on Computer Vision pages
399{414, 1998.

[Krishnamurthy and Levoy, 1996] V. Krishnamurthy and M. Levoy. Fitting Smooth
Surfaces to Dense Polygon Meshes. IACM SIGGRAPH , pages 313{324, 1996.

[Lawrence, 2004 N. D. Lawrence. Gaussian Process Models for VisualisationfdHigh
Dimensional Data. In Neural Information Processing Systems MIT Press, 2004.

[Lawrence, 2007 N. D. Lawrence. Learning for Larger Datasets With the Gaussan
Process Latent Variable Model. InInternational Workshop on Arti cial Intelligence
and Statistics, 2007.

[Lepetit and Fua, 2006 V. Lepetit and P. Fua. Keypoint Recognition Using Ran-
domized Trees. IEEE Transactions on Pattern Analysis and Machine Intelligence
28(9):1465{1479, September 2006.

[Liang et al., 2004 J. Liang, D. Dementhon, and D. Doermann. Flattening Curved
Documents in Images. InConference on Computer Vision and Pattern Recognition
pages 338{345, 2005.

[Llado et al., 2014 X. Llado, A. Del Bue, and L. Agapito. Non-Rigid Metric Recon-
struction from Perspective Cameras.Image Vision Computing, 28:1339{1353, 2010.

[Loop, 1987 C. Loop. Smooth Subdivision Surfaces Based on Triangles. Msder thesis,
Department of Mathematics, University of Utah, 1987.

[Lowe, 2004 D.G. Lowe. Distinctive Image Features from Scale-Invarian Keypoints.
International Journal of Computer Vision, 20(2):91{110, 2004.

[Lucas and Kanade, 198] B. Lucas and T. Kanade. An lterative Image Registration
Technique With an Application to Stereo Vision. In International Joint Conference
on Arti cial Intelligence , pages 674{679, 1981.



BIBLIOGRAPHY 93

[Malis and Vargas, 2007 E. Malis and M. Vargas. Deeper Understanding of the Ho-
mography Decomposition for Vision-Based Control. Technial report, INRIA, 2007.

[Marques and Costeira, 200P M. Marques and J. Costeira. Estimating 3D shape from
degenerate sequences with missing dat&omputer Vision and Image Understanding
113(2):261{272, 2009.

[Matthews and Baker, 2004 |. Matthews and S. Baker. Active Appearance Models
Revisited. International Journal of Computer Vision , 60:135{164, November 2004.

[Mclnerney and Terzopoulos, 1998 T. McInerney and D. Terzopoulos. A Finite Ele-
ment Model for 3D Shape Reconstruction and Nonrigid Motion Tracking. In Inter-
national Conference on Computer Vision pages 518{523, 1993.

[Mclnerney and Terzopoulos, 1995 T. McInerney and D. Terzopoulos. A Dynamic Fi-
nite Element Surface Model for Segmentation and Tracking inMultidimensional Med-
ical Images With Application to Cardiac 4D Image Analysis. Computerized Medical
Imaging and Graphics 19(1):69{83, 1995.

[Mclnerney and Terzopoulos, 1996 T. Mcinerney and D. Terzopoulos. Deformable
Models in Medical Image Analysis: A Survey. Medical Image Analysis 1:91{108,
1996.

[Metaxas and Terzopoulos, 199BD. Metaxas and D. Terzopoulos. Constrained De-
formable Superquadrics and Nonrigid Motion Tracking. IEEE Transactions on Pat-
tern Analysis and Machine Intelligence 15(6):580{591, 1993.

[Microsoft, 2010 Microsoft. Kinect Camera, 2010. http://www.xbox.com:80/ en-
US/kinect/.

[Moccozet and Magnenat-Thalmann, 1997 L. Moccozet and N. Magnenat-Thalmann.
Dirichlet Free-Form Deformation and Their Application to H and Simulation. In
Computer Animation, 1997.

[Montagnat et al., 2001 J. Montagnat, H. Delingette, and N. Ayache. A Review of De-
formable Surfaces: Topology, Geometry and Deformationlmage Vision Computing,
19:1023{1040, 2001.

[Moreno-Nogueret al., 2009 F. Moreno-Noguer, M. Salzmann, V. Lepetit, and P. Fua.
Capturing 3D Stretchable Surfaces from Single Images in Cled Form. In Conference
on Computer Vision and Pattern Recognition, June 2009.

[Moreno-Nogueret al., 2010 F. Moreno-Noguer, J. Porta, and P. Fua. Exploring Am-
biguities for Monocular Non-Rigid Shape Estimation. In European Conference on
Computer Vision, September 2010.




94 BIBLIOGRAPHY

[Maller et al., 2004 M. Mudller, J. Dorsey, L. McMillan, R. Jagnow, and B. Cutler.
Stable Real-Time Deformations. INACM Symposium on Computer Animation, pages
49{54, 2002.

[Maller et al., 2009 M. Maller, B. Heidelberger, M. Teschner, and M. Gross. MesHess
Deformations based on Shape Matching. IPACM SIGGRAPH , pages 471{478, 2005.

[Nastar and Ayache, 1996 C. Nastar and N. Ayache. Frequency-Based Nonrigid Mo-
tion Analysis. IEEE Transactions on Pattern Analysis and Machine Intelligence
18(11), November 1996.

[Nastar et al., 1994 C. Nastar, B. Moghaddam, and A. Pentland. Generalized Image
Matching: Statistical Learning of Physically-Based Deformations. In European Con-
ference on Computer Vision pages 589{598, 1996.

[Nayar et al., 1991 S.K. Nayar, K. Ikeuchi, and T. Kanade. Shape from Interre ections.
International Journal of Computer Vision, 6(3):173{195, 1991.

[Ng and Grimsdale, 1996 H.N. Ng and R.L. Grimsdale. Computer Graphics Tech-
nigues for Modeling Cloth. Computer Graphics and Applications 16(5):28{41, 1996.

[Olsen and Bartoli, 2004 S.I. Olsen and A. Bartoli. Implicit Non-Rigid Structure-fr om-
Motion With Priors. Journal of Mathematical Imaging and Vision, 31:233{244, 2008.

[Oren and Nayar, 1996 M. Oren and S.K. Nayar. A Theory of Specular Surface Ge-
ometry. International Journal of Computer Vision , 24(2):105{124, 1996.

[Paladini et al., 2009 M. Paladini, A. Del Bue, S.M. Dodig, J. Xavier, and L. Agapito .
Factorization for Non-Rigid and Articulated Structure usi ng Metric Projections. In
Conference on Computer Vision and Pattern Recognition 2009.

[Pentland and Sclaro, 1991] A. Pentland and S. Sclaro. Closed-Form Solutions for
Physically Based Shape Modeling and Recognition.|EEE Transactions on Pattern
Analysis and Machine Intelligence 13:715{729, 1991.

[Pentland, 1990 A. Pentland. Automatic Extraction of Deformable Part Model s. In-
ternational Journal of Computer Vision, 4(2):107{126, 1990.

[Perriollat and Bartoli, 2007] M. Perriollat and A. Bartoli. A Quasi-Minimal Model
for Paper-Like Surfaces. InBenCos: Workshop Towards Benchmarking Automated
Calibration, Orientation and Surface Reconstruction from Images 2007.

[Perriollat et al., 2014 M. Perriollat, R. Hartley, and A. Bartoli. Monocular Templa te-
Based Reconstruction of Inextensible Surfaceslnternational Journal of Computer
Vision, 2010.



BIBLIOGRAPHY 95

[Peyraset al., 2007 J. Peyras, A. Bartoli, H. Mercier, and P. Dalle. Segmented AAMs
Improve Person-Independent Face Fitting. In British Machine Vision Conference,
2007.

[Picinbono et al., 2004 G. Picinbono, H. Delingette, and N. Ayache. Real-Time Large
Displacement Elasticity for Surgery Simulation: Non-Linear Tensor-Mass Model.
In International Conference on Medical Robotics, Imaging And Computer Assisted
Surgery, pages 643{652, 2000.

[Pilet et al., 2009 J. Pilet, V. Lepetit, and P. Fua. Fast Non-Rigid Surface Detection,
Registration and Realistic Augmentation. International Journal of Computer Vision ,
76(2), February 2008.

[Pizarro et al., 2009 D. Pizarro, J. Peyras, and A. Bartoli. Light-invariant tti ng of ac-
tive appearance models. InConference on Computer Vision and Pattern Recognition
2008.

[Rabaud and Belongie, 200BV. Rabaud and S. Belongie. Re-Thinking Non-Rigid
Structure from Motion. In Conference on Computer Vision and Pattern Recogni-
tion, June 2008.

[Rabaud and Belongie, 200 V. Rabaud and S. Belongie. Linear Embeddings in Non-
Rigid Structure from Motion. In Conference on Computer Vision and Pattern Recog-
nition, June 2009.

[Romdhani and Vetter, 2003 S. Romdhani and T. Vetter. E cient, Robust and Ac-
curate Fitting of a 3D Morphable Model. In International Conference on Computer
Vision, 2003.

[Roweis and Saul, 200D S. Roweis and L. Saul. Nonlinear Dimensionality Reduction
by Locally Linear Embedding. Science 290(5500):2323{2326, 2000.

[Salzmann and Fua, 2011 M. Salzmann and P. Fua. Linear Local Models for Monocular
Reconstruction of Deformable SurfaceslEEE Transactions on Pattern Analysis and
Machine Intelligence, 2011.

[Salzmann and Urtasun, 2019 M. Salzmann and R. Urtasun. Combining discriminative
and generative methods for 3d deformable surface and artidated pose reconstruc-
tion. In Conference on Computer Vision and Pattern Recognition San Francisco,
CA, June 2010.

[Salzmannet al., 2007d M. Salzmann, R. Hartley, and P. Fua. Convex Optimization for
Deformable Surface 3D Tracking. InIinternational Conference on Computer Vision,
October 2007.




96 BIBLIOGRAPHY

[Salzmannet al., 20074 M. Salzmann, V. Lepetit, and P. Fua. Deformable Surface
Tracking Ambiguities. In Conference on Computer Vision and Pattern Recognition
June 2007.

[Salzmannet al., 2007d M. Salzmann, J. Pilet, S. Ilc, and P. Fua. Surface Deformation
Models for Non-Rigid 3D Shape Recovery.IEEE Transactions on Pattern Analysis
and Machine Intelligence 29(8):1481{1487, February 2007.

[Salzmannet al., 20084 M. Salzmann, F. Moreno-Noguer, V. Lepetit, and P. Fua.
Closed-Form Solution to Non-Rigid 3D Surface Registration In European Conference
on Computer Vision, October 2008.

[Salzmannet al., 20084 M. Salzmann, R. Urtasun, and P. Fua. Local Deformation
Models for Monocular 3D Shape Recovery. InConference on Computer Vision and
Pattern Recognition, June 2008.

[Salzmann, 2009 M. Salzmann. Learning and Recovering 3D Surface Deformations
PhD thesis, Ecole Polytechnique Fecerale de Lausanne, 209.

[Sanchez-Rieraet al., 201d J. Sanchez-Riera, J. Ostlund, P. Fua, and F. Moreno-
Noguer. Simultaneous Pose, Correspondence and Non-Rigich&pe. In Conference
on Computer Vision and Pattern Recognition, June 2010.

[Schoelkopfet al., 1999 B. Schoelkopf, C.J.C. Burges, and A.J. Smola. Advances in
Kernel Methods. In Support Vector Learning. MIT Press, 1999.

[Sederberg and Parry, 198b T.W. Sederberg and S.R. Parry. Free-Form Deformation
of Solid Geometric Models. ACM SIGGRAPH , 20(4), 1986.

[Shaji and Chandran, 2008 A. Shaji and S. Chandran. Riemannian Manifold Optimi-
sation for Non-Rigid Structure from Motion. In Conference on Computer Vision and
Pattern Recognition, 2008.

[Shaji et al., 2014 A. Shaji, A. Varol, L. Torresani, and P. Fua. Simultaneous Poaint
Matching and 3D Deformable Surface Reconstruction. InConference on Computer
Vision and Pattern Recognition, June 2010.

[Shenet al., 2009 S. Shen, W. Shi, and Y. Liu. Monocular 3D Tracking of Inextensble
Deformable Surfaces Under L2-Norm. InAsian Conference on Computer Vision
2009.

[Sim and Hartley, 2004 K. Sim and R. Hartley. Removing Outliers Using the L, Norm.
In Conference on Computer Vision and Pattern Recognition pages 485{494, 2006.



BIBLIOGRAPHY 97

[Sorkine et al., 2004 O. Sorkine, D. Cohen-Or, Y. Lipman, M. Alexa, C. Ressl, and H.-
P. Seidel. Laplacian Surface Editing. InSymposium on Geometry Processingpages
175{184, 2004.

[Starck and Hilton, 2005] J. Starck and A. Hilton. Spherical Matching for Temporal
Correspondence of Non-Rigid Surfaces. Idnternational Conference on Computer
Vision, pages 1387{1394, 2005.

[Starck and Hilton, 2007] J. Starck and A. Hilton. Correspondence Labelling for Wide-
Timeframe Free-Form Surface Matching. InInternational Conference on Computer
Vision, 2007.

[Sturm, 1999 J.F. Sturm. Using SeDuMi 1.02, a MATLAB toolbox for optimiza tion
over symmetric cones, 1999.

[Sullivan et al., 1994 S. Sullivan, L. Sandford, and J. Ponce. Using Geometric Dis-
tance Fits for 3D Object Modeling and Recognition. IEEE Transactions on Pattern
Analysis and Machine Intelligence 16(12):1183{1196, December 1994.

[Szeliski and Weiss, 199BR. Szeliski and R. Weiss. Robust Shape Recovery from Oc-
cluding Contours Using a Linear Smoother. International Journal of Computer Vi-
sion, 28(1):27{44, 1998.

[Tao and Huang, 1998 H. Tao and T.S. Huang. Connected Vibrations: A Modal Anal-
ysis Approach for Non-Rigid Motion Tracking. In Conference on Computer Vision
and Pattern Recognition, 1998.

[Taylor et al., 201d J. Taylor, A. D. Jepson, and K. N. Kutulakos. Non-Rigid Struc -
ture from Locally-Rigid Motion. In Conference on Computer Vision and Pattern
Recognition, June 2010.

[Tenenbaumet al., 2004 J.B. Tenenbaum, V. de Silva, and J.C. Langford. A
Global Geometric Framework for Nonlinear Dimensionality Reduction. Science
290(5500):2319{2323, 2000.

[Terzopoulos and Metaxas, 199]L D. Terzopoulos and D. Metaxas. Dynamic 3D Models
With Local and Global Deformations: Deformable Superquadics. IEEE Transactions
on Pattern Analysis and Machine Intelligence 13:703{714, 1991.

[Terzopouloset al., 1987 D. Terzopoulos, J. Platt, A. Barr, and K. Fleicher. Elastica lly
Deformable Models. ACM SIGGRAPH , 21(4):205{214, 1987.

[Terzopouloset al., 1989 D. Terzopoulos, A. Witkin, and M. Kass. Constraints on De-
formable Models: Recovering 3D Shape and Nongrid Motion Arti cial Intelligence ,
36(1):91{123, 1988.




98 BIBLIOGRAPHY

[Tipping and Bishop, 1999 M.E. Tipping and C.M. Bishop. Probabilistic Principal
Component Anlaysis. Journal of the Royal Statistical Society, B, 6(3):611{622, 1999.

[Tomasi and Kanade, 1992 C. Tomasi and T. Kanade. Shape and Motion from Im-
age Streams Under Orthography: A Factorization Method. International Journal of
Computer Vision, 9(2):137{154, 1992.

[Torresani et al., 2001 L. Torresani, D. B. Yang, E. J. Alexander, and C. Bregler.
Tracking and Modeling Non-Rigid Objects With Rank Constraints. In Conference
on Computer Vision and Pattern Recognition, pages 493{500, 2001.

[Torresani et al., 2003 L. Torresani, A. Hertzmann, and C. Bregler. Learning Non-
Rigid 3D Shape from 2D Motion. In Neural Information Processing Systems MIT
Press, 2003.

[Torresani et al., 2009 L. Torresani, A. Hertzmann, and C. Bregler. Nonrigid
Structure-From-Motion: Estimating Shape and Motion With H ierarchical Priors.
IEEE Transactions on Pattern Analysis and Machine Intelligence 30(5):878{892,
2008.

[Tsap et al., 1999 L.V. Tsap, D.B. Goldgof, S. Sarkar, and W.C. Huang. E cient
Nonlinear Finite Element Modeling of Nonrigid Objects Via O ptimization of Mesh
Models. Computer Vision and Image Understanding 69(3):330{350, March 1998.

[Tsap et al., 2004 L.V. Tsap, D.B. Goldgof, and S. Sarkar. Nonrigid Motion Analysis
Based on Dynamic Re nement of Finite Element Models. IEEE Transactions on
Pattern Analysis and Machine Intelligence 22(5):526{543, 2000.

[Ullman, 1983 Shimon Ullman. Maximizing rigidity: The incremental recovery of 3-d
structure from rigid and rubbery motion. Perception, 13:255{274, 1983.

[Urtasun et al., 2009 R. Urtasun, D. Fleet, A. Hertzman, and P. Fua. Priors for People
Tracking from Small Training Sets. In International Conference on Computer Vision,
October 2005.

[Urtasun et al., 2006 R. Urtasun, D. Fleet, and P. Fua. 3D People Tracking With
Gaussian Process Dynamical Models. II€onference on Computer Vision and Pattern
Recognition, 2006.

[Varol et al., 2009 A. Varol, M. Salzmann, E. Tola, and P. Fua. Template-Free Monocu-
lar Reconstruction of Deformable Surfaces. Innternational Conference on Computer
Vision, September 2009.

[Vidal and Abretske, 2006 R. Vidal and D. Abretske. Nonrigid Shape and Motion from
Multiple Perspective Views. In European Conference on Computer Vision 2006.




BIBLIOGRAPHY 99

[Volino and Magnenat-Thalmann, 2001 P. Volino and N. Magnenat-Thalmann. Com-
paring E ciency of Integration Methods for Cloth Simulatio n. In Computer Graphics
International , pages 265{274, 2001.

[Volino et al., 1995 P. Volino, M. Courchesne, and N. Magnenat-Thalmann. Versatle
and E cient Techniques for Simulating Cloth and Other Defor mable Objects. In
ACM SIGGRAPH , pages 137{144, August 1995.

[Wang and Wu, 2014 G. Wang and Q.M. Wu. Quasi-perspective Projection Model:
Theory and Application to Structure and Motion Factorizati on from Uncalibrated
Image Sequenceslinternational Journal of Computer Vision , 87(3):213{234, 2010.

[Wang et al., 2005 J.M. Wang, D.J. Fleet, and A. Hertzmann. Gaussian Process Dy
namical Models. In Neural Information Processing Systems 2005.

[Wang et al., 200§ G. Wang, H.T. Tsui, and Q.M. Wu. Rotation constrained power
factorization for structure from motion of nonrigid object s. Pattern Recognition Let-
ters, 29:72{80, 2008.

[Weinberger and Saul, 200% K. Q. Weinberger and L. K. Saul. Unsupervised Learning
of Image Manifolds by Semide nite Programming. In Conference on Computer Vision
and Pattern Recognition, June 2004.

[Welch and Witkin, 1994] W. Welch and A. Witkin. Free-Form Shape Design Using
Triangulated Surfaces. InACM SIGGRAPH , pages 247{256, 1994.

[White and Forsyth, 2006] R. White and D.A. Forsyth. Combining Cues: Shape from
Shading and Texture. In Conference on Computer Vision and Pattern Recognition
2006.

[White et al., 2007 R. White, K. Crane, and D.A. Forsyth. Capturing and Animatin g
Occluded Cloth. In ACM SIGGRAPH , 2007.

[Woodham, 198Q R.J. Woodham. Photometric Method for Determining Surface Ori-
entation from Multiple Images. Optical Engineering, 19(1):139{144, January 1980.

[Wu et al., 2001 Xunlei Wu, Michael S. Downes, Tolga Goktekin, and Frank Tendick.
Adaptive Nonlinear Finite Elements for Deformable Body Simulation Using Dynamic
Progressive Meshes. IrComputer Graphics Forum, pages 349{358, 2001.

[Xiao and Kanade, 2004 J. Xiao and T. Kanade. Non-Rigid Shape and Motion Re-
covery: Degenerate Deformations. InConference on Computer Vision and Pattern
Recognition, pages 668{675, 2004.




100 BIBLIOGRAPHY

[Xiao and Kanade, 2005 J. Xiao and T. Kanade. Uncalibrated Perspective Reconstrue
tion of Deformable Structures. In International Conference on Computer Vision,
2005.

[Xiao et al., 20044 J. Xiao, S. Baker, |. Matthews, and T. Kanade. Real-Time Com-
bined 2D+3D Active Appearance Models. In Conference on Computer Vision and
Pattern Recognition, pages 535{542, 2004.

[Xiao et al., 20044 J Xiao, J.-X. Chai, and T. Kanade. A Closed-Form Solution to Non-
Rigid Shape and Motion Recovery. InEuropean Conference on Computer Vision
pages 573{587, 2004.

[Zhang and Hanson, 199bZ. Zhang and A.R. Hanson. Scaled Euclidean 3D Recon-
struction Based on Externally Uncalibrated Cameras. InIEEE Symposium on Com-
puter Vision, pages 37{42, 1995.

[Zhang et al., 2004 Z. Zhang, C. Tan, and L. Fan. Restoration of Curved Document
Images Through 3D Shape Modeling. InConference on Computer Vision and Pattern
Recognition, June 2004.

[Zhou et al., 2009 K. Zhou, J. Huang, J. Snyder, X. Liu, H. Bao, B. Guo, and H.-
Y. Shum. Large Mesh Deformation Using the Volumetric Graph Laplacian. ACM
SIGGRAPH, 24(3):496{503, 2005.

[Zhu et al., 2009 J. Zhu, S. Hoi, C. Steven, Z. Xu, and M.R. Lyu. An E ective Ap-
proach to 3D Deformable Surface Tracking. InEuropean Conference on Computer
Vision, pages 766{779, 2008.

[Zhu et al., 201d S. Zhu, L. Zhang, and B.M. Smith. Model Evolution: An Incremental
Approach to Non-Rigid Structure from Motion. In Conference on Computer Vision
and Pattern Recognition, June 2010.

[Zienkiewicz, 1989 O.C. Zienkiewicz. The Finite Element Method. McGraw-Hill, 1989.

[Zorin et al., 1997 D. Zorin, P. Schreder, and W. Sweldens. Interactive Multir esolution
Mesh Editing. In ACM SIGGRAPH , pages 259{268, 1997.



