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Abstract. This paper deals with the computation of optical flow and wsicin
detection in the case of large displacements. We proposgesta approach to
the optical flow problem and solve it by means of differenthniques. The im-
ages are regarded as noisy measurements of an underlyiagirtrage-function.
Additionally, the image data is considered incompletehagense that we do not
know which pixels from a particular image are occluded indtfeer images. We
describe an EM-algorithm, which iterates between estimyatalues for all hid-
den quantities, and optimizing the current optical flowrasties by differential
techniques. The Bayesian way of describing the problensleathore insight in
existing differential approaches, and offers some nagxinsions to them. The
resulting system involves less parameters and gives arpistation to the re-
maining ones. An important new feature is the photometriect®n of occluded
pixels. We compare the algorithm with existing optical floettrods on ground
truth data. The comparison shows that our algorithm geeethe most accurate
optical flow estimates. We further illustrate the approadth wome challenging
real-world examples.

1 Introduction

A fundamental problem in the processing of image sequerscd®ei computation of
optical flow. Optical flow is caused by the time-varying pajen of objects onto a
possibly moving image plane. It is therefore the most gdnenasformation, assigning
a two dimensional displacement vector to every pixel. Thaist other image motion
representations that restrict optical flow to parametriclet® (affine, homography) or
to one dimensional disparities as in the case of stereoc@ltbw estimation has been
extensively studied. The most common methods are diffelefrequency-based, block
matching and correlation-based methods. We refer theestied reader to Barrost
al. [4] for a description and comparison of important opticaifi@chniques.

In this paper we focus on differential techniques and ingagt the explicit de-
tection of occluded pixels. Differential techniques wénethe context of optical flow
computation, introduced by Horn and Schunck [7]. They agetdan the Optical Flow
Constraint (OFC) equation that relates spatial and tenhpaghtness gradients to the
two components of the optical flow field. Additional constitgion this displacement
field have to be added to overcome the ill-possedness of ti#egm. Originally Horn



and Schunck used an isotropic smoothness constraint, vghich able to deal with dis-
continuities. Other researchers investigated anisatrepisions of smoothness based
on image gradients [9,2] and optical flow gradients [5,3}hese approaches, new pa-
rameters controlling the strength of anisotropy are intigedl. A taxonomy of different
smoothness constraints, of which some are also used inneanldiffusion filtering,

is presented in [12]. Proesmaetal [10] present a third way to introduce anisotropy.
They define a consistency function that depends on the €iftar of matching image
one to image two and vice verse (so-cafledvard-backwardnatching). In their work,
occluded pixels are characterized by a low value of the stersty function. A similar
forward-backward strategy for occlusion detection, buhwtiructure tensor regulariza-
tion, is used by Alvareet al.[1]. However, these authors require the forward-backward
optical flow computatiomndadditional parameters for solving the occlusion problem.

We formulate the correspondence problem in a probabifistinework. This results
in an EM algorithm, whose maximization step involves diftusequations similar to
the ones previously described. However, the probabilgsgcription now gives an in-
terpretation to the most important parametéryhich controls the balancing between
image matching and flow field smoothness. The formulaticsdeaturally to the detec-
tion of occlusions based on the image values themself, wirietents the computation
of the two (forward-backward) optical flow fields. Our algbrn needs no additional
parameters for detecting occlusions, and the relativeriboion of the spectral com-
ponents to the matching term is handled automatically.

This paper is organized as follows. We proceed with the egtian of the prob-
abilistic framework and its EM-based solution. Section aldavith the actual optical
flow computation. We introduce two algorithms that differthgir anisotropic smooth-
ness term and discuss the implications of the probabiNétie to the matching term.
Experiments on ground truth and real data are discussedtinisd, where we compare
our two algorithms with an implementation of Alvaretal[2].

2 Probabilistic account for optical flow and occlusions estnhation

Suppose we are given two imagésandZ,, which associate a 2D-coordinatewith
an image valu€;(x). If we are dealing with color images, this value is a 3-vector
and for intensity images it is a scalarOur goal is to estimate the two-dimensional
displacement or optical flow fielé(x) such thafZ; (x) is brought into correspondence
with Zs (x + F(x)).

Faithful to the Bayesian philosophy, we regard the inputgesas noisy measure-
ments of an unknown image irradiari€g. This allows us to write:

Ti(x) =I{(x) + ¢ 1)
Io(x+ F(x)) = Ty (x) + ¢ @)
e~N(0,X%) 3)

1 n fact one could add other features such as filter respongée image [5]. We continue the
discussion for general-band images.



where N () is a normal noise distribution with zero-mean and covagamadtrix X,
which we assume to be equal for all images. Both the irragianctrue’ imageZ; and
3} are unknown, and their estimation becomes part of the opsitioin procedure.

A major complication for larger displacements is the oddaogproblem, which
arises from the fact that not all parts of the scene, whichvaible in a particular
image, are also visible in the other images due to occlushimen computing image
correspondences, such occluded regions should be iddrdifié excluded from the
matching procedure. This will be modelled by introducingsability map V' (x), which
signal whether a scene point X that projects axia Z; is also visible in imagé&-, or
not. Every element oP(x) is a binary random variable which is eitheor 0, corre-
sponding to visibility or occlusion, respectively(x) is a hidden variable, and its value
must be inferred from the input images.

Estimating the optical flow fieldF(x) can now be formally stated as finding those
flow values which make the image correspondetfGés) < Z»(x + F(x)) restricted
to V(x) =1, most probable.

2.1 MAP estimation

We are now facing the hard problem of estimating the unknowantjtiesd = F, Z;
andX given the imageg; andZ.. Furthermore, we have introduced the unobservable
or hidden variable®, which must also be inferred over the course of the optirtupat
In a Bayesian framework, the optimal value &bis the one that maximizes the posterior
probabilityp(6|Z1,Z>). According to Bayes' rule, this posterior can be written as:
S (71,7510, V)p(8 | V)p(V)dV

p(0|11,12) DT Do) : 4)
where we have conditioned the data likelihood and the priahe hidden variables.
The denominator or 'evidence’ is merely the integral of thenerator over all possible
values of@ and can be ignored in the maximization problem. Hence, wetwjilto
optimize the numerator only. In order to find the most probalallue for, we need
to integrate over all possible valuesWiwhich is computationally intractable. Instead,
we assume that the probability density function (PDFYak peaked about a single
value, i.ep(V) is a Dirac-function centered at this value. This leads to stintation-
Maximization (EM) based solution, which iterates betwegmegtimating values foy,
given the current estimate 6f and (i) maximizing the posterior probability &, given
the current estimate af. A more detailed description of this procedure will be given
later. So, given a current estimatefor the hidden variables, we want to optimize:

4(8|71,T) = p(T1,7210,V)p(8 | V) (5)

The a-posteriori probability of is proportional to the product of two terms: the data-
likelihood p(Z:, 7|0, V) and a priop(8|V), which we callL and P, respectively. We
now discuss both terms in turn.

Under the assumption that the image noise is i.i.d. for aklsiin both views, the
data likelihoodL can be written as the product of all individual pixel probiies:

L=1]r(T(x)6) [[p(Z2(x+ F(x))|6) , (6)




where the second product is restricted to theder which V(x) = 1. Note that, by
definition, all pixels inZ; are visible inZ;. Given the current estimate of the ’true’
imageZ; (x) and the noise distributio®, we can further specify the likelihood by the
normal distributionV"

L= HH d/2|2|1/2 (* %mi(X)Tzilmi(X)) , (7)

=1 x

wherem; (x) = Z7 (x) — 71 (x) andmg (x) = 77 (x) — Z2 (x+F (x)) are the differences
of the true image function with the input imagés andZ,, the latter one estimated
at the current value ofF. The variabled in the normalization constant denotes the
dimensionality ofm;.

The formulation of an appropriate prior is slightly more q@ivated. We can mar-
ginalize P as the product of a displacemefitdependent and image dependent part:

P =p(F|I{,2)p(I. %) . (8)

Assuming we have no prior preference for the image relateahpeters, i.e. assuming
a uniform prior ovetZ;y andZ, this can be rewritten as:

P=p(F|I},%)c 9)

wherec is an appropriate constant.

The displacement prigs(F | Z7,3) will be modelled as an exponential density
distribution of the formexp(— R(Z7, )/A) Here, \ is a parameter which controls
the width of the distribution, an®(Z;, F) is a data-driven 'regularizer’. From such a
regularizer we expect that it reflects our prior belief thet world is essentially sim-
ple, i.e. for a locally smooth solutiof in the neighborhood of a particular poirt
its value should approach zero, making such a solution vkejyl Vice-versa, large
fluctuations of the optical flow field should result in largdues for the regularizer,
making such solutions less likely. Furthermore, the regggashould be data-driven: if
the imageZ; suggests a discontinuity, i.e. by the presence of a highégaadient at a
particular pointk, a large discontinuity at should not be made a-priori unlikely. Such
regularizers are commonly used in the PDE-community [2y@gre they serve dm-
age driven anisotropic diffusion operatdrsoptical flow or edge-preserving smoothing
computations. The regularizer is given by:

R(Z;,F)=VFI'T(VI))VF. (10)

Here, T(VIy) is a diffusion tensor defined by:

1
T(VI}) = ——5— (VI VItT + %1, 11
(V) IVINQHVQ( : ) (11)

wherel is the identity matrixy is a parameter controlling the degree of anisotropy and
VZI;+ is the vector perpendicular 8Z;. For color images, the tensor is defined as the
sum of the3 individual color channel tensor®(Z;, ) is low whenVF is parallel
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Fig. 1. Visibility estimation: The probability ¢f; (x) being visible, is proportional to its
value under the Gauss-curve, and the probabilitf dk) being invisible is measured
as the value under the histogram-based estimator.

to VZ;, which is exactly the desired behavior. Note that, by makirggdisplacement
prior dependent of;, it implicitly also makes it dependent on the original imatgea.
Strictly speaking, this violates the Bayesian principkg priors should not be estimated
from the data. In practice, however, it leads to more seasiblutions than setting them
arbitrarily, or using so-calledonjugatepriors, whose main justification comes from
computational simplicity [11].

We can now turn back to the optimizationéfinstead of maximizing the posterior
in (5), we minimize its negative logarithm. This leads (uptoonstant) to the following
energy:

B0 = 537 3 V00 [m (07 5 i) +log((2m) £ S]] + 1 R (), F(x)

12)

2.2 An EM solution

In the previous paragraph, an energy equation, w.r.t. theawn quantitiesd, was
derived. This energy corresponds to the negative logarithtine posterior distribution
of 8, given the current estimate of the hidden variabléNow we will derive the EM-
equations, which iterate between the estimatioi ahd the minimization oF(8).

E-step On the(k + 1)" iteration, the hidden variablg(x), are replaced by their
conditional expectation given the data, where we use theouestimate®*) for 6.
The expected value for the visibility is given B[V |Z}, X, F] = Pr(V=1|Z7, X%, F).
According to Bayes' rule, the latter probability can be eqsed as:

p(FIV=11}%)

Pr(V=1|Z7,X,F) =
V=11;,%, F) p(FIV=11:%) + p(F[V=0,1;, %) ’

(13)

where we have assumed equal priors on the probability of al figing visible or
not. Given the current estimate 6f the PDFp(F|V = 1,Z7,X) is given by the
value of the noise distribution evaluated over the coldiedénce betweeff;(x) and
To(x + F(x)):

p(FIV=1,1{,%) = N (m,;0,X) . (14)



1. InitializeV = 0.5
2. Loop over pyramidal images
M-step until convergence
ComputeZ; andX by eq.( 16)
ComputeF by solving the diffusion equation (see sectioh 3)
E-Step
Estimate new visibilitied’ by eq. (15)
3. Rescale, goto next pyramidal level
Table 1.Outline of the algorithm

The second PDF is more difficult to estimate, because it id teesay what the color
distribution of a pixel, which has no real counter-parfZi looks like. We provide a
global estimate for the PDF of occluded pixels by building a histmgrof the color-
values inZ; which are currently invisible. This is merely the histograf; where the
contribution of each pixel is weighted ¥ — V(x)). Note that, if a particular pixel in
77 is marked as not-visible, in the next iterations this wilt@uatically decrease the
visibility estimates of all similarly colored pixels. Thinakes sense from a perceptual
point of view, and has a regularizing effect on the visipititaps. The update equations
for V(x) are now:

N(mg; 0, 2)

V — )
N 4 HISTz: 1_v)(Z7})

(15)

whereN is evaluated as in (14). This is graphically depicted in fig. (

M-step At the M-step, the intent is to compute values fbthat maximizes (12),
given the current estimates df This is achieved by setting the paramet@r®o the
appropriate root of the derivative equatio;(6) /90 = 0.

For the image related paramet&isand, a closed form expressions for the roots
can be derived and the update equations are:

1
T 1V

— m Z ml(x)ml(x)T + V(x)mgy (x)mg(x)T . (16)

x

Zi (%) (71 () + V) L2 (x + F(x)))

In order to arrive at these expressions, we ignored thetsffgf; andX on the
regularization term. This is admissible because their émfie onR is small compared
to their influence on the matching ter®. is only indirectly related taR through the
computation of the visibility maps, which have an effect Brvia the computation
of Z7. The imageZ; has an effect orR via its gradient, which is used to define a
guadratic norm on the depth gradient (10). Changeg;ofvill therefore only have a
minor influence onR.

However, for the update of the optical flow fiefdlwe are not so lucky, becauge
strongly influences both the matching and the regularinaéam. To minimizer w.r.t.
F, we solve the diffusion equation that can be derived fromi&qusing the Euler-
Lagrange formalism. The outline of the overall algorithngiigen in table 1.



Fig. 2. One of the synthetic scenes used in the experiments. Lefirtages: input;
middle right: ground truth optical flow; right: ground trutbcclusions

3 \Variational Optical flow estimation

In this section we will derive two update equations for théia flow field. The first
one, with image based anisotropic smoothness, followstjr&om the previous con-
siderations. The second one has a visibility based anjsietssnoothness term. We will
also discuss the differences between these approachegandifferential optical flow
techniques that have the ability to deal with large displaests.

3.1 Image induced anisotropy

Consider the main result of the first section - the energy 1€y - where we only
consider the terms depending &ifx):

E[F(x)] = Z V(x)my (x) T2 my (x) + %V}-(X)T T(VI))VF(x). (17)

The visibilitiesV are fixed for a particular instance of the M-step. For a givexim
mization step the three unknowns are estimated in turn videdging the others fixed.
In that case the minimum of the above energy is given by therHidgrange equation.
To allow for large displacements, we split the valueFiik) into a current and a resid-
ual estimate [10,2], i.eF(x) = Fo(x) + F.(x). Cutting of terms> O(F?) from the
Taylor expansion ofnz(x), we get:

0L (x + Fo(x))

my(x) =77 — Ia(x + Fo(x)) — .

(F(x) = Fo(x))  (18)
The Euler Lagrange equation leads to the following diffagqguation:

OF (x) o *
= div(T(VZIy) VF(x)) — AV(x) (

0Ty (x + Fo(x))

T
—1
o ) Y7 my(x). (19)

We now compare this result with two other important optiaaMf{ OF) approaches,
described in [2,10]. First of all, the data term in eq.(19vremntainsX !, which per-
forms a global, relative weighting of the different spebt@mponents. Apart from this,
>~ also globally weights the importance of the matching termtvthe smoothness



Fig. 3. Resulting optical flow fields and visibilities using t& (left two images) and
374 (right two images) algorithmlog()\) = —7, histogram size 3.

term. More image noise decreases the norntof. This automatically results in a
more smooth solution, which is a desirable mechanism. Aériodification of the
data term is the local weighting of the image value diffeemioy the visibilities/(x).
When a pixel receives a low visibility score, the smoothrtess locally gets more
important. This avoids that wrongly matched occluded ixelll, by the action of the
smoothness term, neighboring unoccluded pixels in the gudinection. Another differ-
ence is related to the model imagg Instead of comparing; (x) with Zo (x + Fo(x)),
which is the usual practice in OF computation, the Bayesiaméwork tells us to use
77 (x) instead. This results again in a visibility dependent weigh?. The algorithm
has, similar to Alvareet al[2], two free parameters. They arewhich controls the de-
gree of anisotropy in eq. (11), angwhich controls the width (hence the importance) of
regularization prior. The smoothness term in eq. (19) isceptually similar to the one
used by Alvarezt al. However, their regularizer is linear whereas ours is noear
andZ; dependent.

3.2 Visibility induced anisotropy

In the second algorithm, we employ a smoothness term retatdte work by Proes-
manset al[10], which outperformed other optical flow algorithms inecent bench-
mark [8]. In [10], the basic idea is to compute optical flowfrd; to Z, and vice-versa,
which are called forward and backward diffusion respedttiveleally corresponding
forward and backward flow vectors should sum up to zero. Thesistency of the
forward-backward match is measured by two other diffusiqnations. These equa-
tions assume spatial smoothness of the consistency vahgesomstraint them to the
range[0..1]. Anisotropy is realized using these local consistencymress. This ap-
proach needs optical flow computation in two directionswfmd/backward) as well
as the two other consistency diffusion equations with tbein parameters. Instead of
using these geometric consistencies, we propose to usésibéities V(x) as a pho-
tometric consistency measure. Only the smoothness term.ifiL8) changes and we
get:

OF (x)
ot

2 recall from eq. 16, thal} (x) — Zo(x + Fo(x)) = (Z1(x) — Zo(x + Fo(x))) /(1 + V(%))

OTo(x+ Fox)\ " w_;
TO> S 'my(x). (20)

=div(V(x) VF(x)) — \V(x) (
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Fig. 4. Mean error of all visible pixels for three algorithms on twynghetic scenes (for
2 different amounts of Gaussian noise) as a functioh.dfhe different algorithms are
shown in1%!(red,+), 2"%(blue,*), 3"¢(green,0).

This smoothness term blocks diffusion from places with higibility estimates to
places with lower ones. Typically, at initialisation timisibilities start out isotropically
distributed while at the end pixels with low visibilitiesrtg to cluster near discontinu-
ities and occlusions. The algorithm has only one free paramgeing\.

We will end with a final note on the convergence propertieshef algorithms.
Dempsteret al. [6] have shown that, for Maximum-Likelihood (ML) estimatipeach
iteration of EM is guaranteed to increase the data-likelthavhich drives the parame-
ters@ to a local optimum ofL. In this work, we have included a prior on the unknown
variables, so for the moment we can not make such strong lditowever, various
trials on different data sets have confirmed the robust beha¥ the two proposed
algorithms.

4 Experiments and discussion

We tested our two optical flow algorithms, together with aupiementation of Al-
varezet al[2], on two synthetic scenes. To each of these scenes, afif@mounts of
Gaussian noise were added. One of these scenes, togethaghaigground truth dis-
placements and occlusions, is shown in fig. (2). The threlated algorithms are:
(1) image based anisotropic optical flow, our implementatib[2]

(2) image based anisotropic optical flow, with probabitistiatching term eq. (19)

(3) visibility based anisotropic optical flow, with probéisiic matching term eq. (20)

Fig. (3) shows the result of ti&#¢ and3™ algorithm for the scene in fig. (2). The
optical flow field is displayed color coded. We use the greeanakl for the horizontal
and the blue channel for the vertical component of the flowd fiethe mean error (mean
distance of ground truth with estimated optical flow) of albgcluded pixels is shown
in fig. (4) as a function of the. parameter. The left hand plot of fig. (4) displays the
results of the three algorithms on a scene with moving camedaa rotating and trans-
lating ball (not shown due to space limitations). We added<sen noise of variance
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Fig. 5. City hall scene: top: input imagek 2 and 3; middle: independently computed
optical flow fromZ; to Z, (left) and fromZ; to Z3 (right), color coding as explained in
the text; bottom: visibility maps for these two flow compiotat.

1 and3 to the three color channels, so every algorithm appeargtinithe plots. The
right hand plot in fig. (4) displays the results on the scermwshin fig. (2) under the
same experimental conditions. This scene is more compéexttie first one.

In all synthetic experiments our probabilistic matchingrigperforms better than
the algorithm of Alvarezt al[2]. Concerning the dependency anone can see that
Alvarez et al(red,+) shows the expected behavior w.r.t. the amount cdenadded.
When the amount of noise increases, the optikaahlue decreases, indicating the need
for stronger regularisation. Our algorithms ((blue,*) gadeen,0)) show an opposite
behavior. This is probably due to the fact that the ML-estarad X in eq. (16) under-
estimates the true noise level when only two images are Usednclusion, all methods
have a noise-level dependent and scene dependent optiiitak dependency can only
be resolved with prior knowledge of the complexity of thersze

When comparing our two algorithms, one can observe betsaitesfor the3™? al-
gorithm, which incorporates the visibility based anisptoosmoothness term (eq. 20).



Fig.6. 3D reconstructions from optical flow estimation: left: réswof the self-
calibration; middle,right: two rendered un-textured vigw

The effect is even more outspoken when the complexity of teae, i.e. the amount
of occlusions, increases. This result suggests that dodsigvisibilities) are estimated
well in the probabilistic framework. This can also be obserfrom fig. (3) and fig. (5).
By coupling the anisotropy to the visibilities instead afosig image gradients, espe-
cially nearby discontinuities, better flow estimates ar@ivted.

In two real data experiments, we show the results of our beopning3™ algo-
rithm. The city hall scene is characterized by large digaaents and a strong impact
of occlusions. Three images of resoluti®dv2 x 2048 have been used to compute op-
tical flow and occlusions from imagdg to Z, and from imageZ; to Zs (top images
in fig. (5)) independently. The resulting optical flow fieldsdathe visibility maps are
show in fig. (5). Because we have no ground truth for these énpadys, we decided to
evaluate the quality of the results by computing the 3D retoistion. After processing
the two image pairs we self-calibrated the scene using &t@flow correspondences
fromZ; to the other images. Only scene points with high visibilix) > 0.5) to both
views and with high spatial gradient were used. This resuliise external and internal
calibration of the cameras and a sparse3sBtpoints. These are shown together with
the camera positions on the left image in fig. (6). Using thisiera calibration and the
optical flow correspondences fraf to Zo we computed th&-D points, now for all
pixels with high visibility. The resultis shown as an untextd3-D mesh rendered from
two different virtual camera positions (right two imagedim (6)). We wish to stress
that this approach is purely for evaluation purpose. In apgllications, one would of
course restrict the correspondence search to the epijpodst However, even without
epipolar constraints, thgD optical flow matches result in a reliable 3D reconstruction
which is an indication for the quality of the computed flowdiel

The visibility maps in fig. (5) show that the occluded pixetglaliscontinuities are
accurately detected. Furthermore, they also show low ilityilvalues for the specu-
larities in the window closest to the viewer and for the flosvat the right top of the
images. This is because specularities are classified @srsulven the local estimate
of Z{ and the global estimate &. As a result, at these positions the importance of
the matching term decreases and the flow field estimate iy@teongly regularized.
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Also pixel discretisation errors at high frequency detaig( for the flowers) can bring
about a similar effect.

5 Conclusions

We have presented two differential optical flow algorithimetsimultaneously estimate
image displacements and occlusions, as well as the noisibdisn and denoised im-
age, as part of an EM algorithm. Starting from relativelaigthtforward probabilistic
considerations, we arrive at an energy formulation withrang} intuitive appeal. The
energy often taken as a point of departure in other difféakaptical flow approaches,
turns out to be a special case of this result. More specifidgaian be derived from our
formulation by assuming unit strength noise, full visityiland by setting the unknown
‘true’ irradiance equal to the first image. The estimatiorvigibilities (occlusions) is
naturally incorporated into the algorithm, similar in flawdo outlier detection in itera-
tively reweighted least squares estimation. This is a railiteconcept, however, its use
in optical flow computation and occlusion detection is newatidably, our best perform-
ing algorithm does not introduce additional parameterg#dize anisotropic diffusion
and to detect occluded pixels.
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