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to be more accurate. However, they require the initial esti-

mate such as the one our algorithm can provide. There are

in fact relatively few others that can do this for deformable

objects. One of them has been proposed in Gumerov et al.

(2004) but requires that the whole outline be detected,

which severely limits its scope. Another is the tracking

of Lin and Liu (2006) that exploits the repeating proper-

ties of a near regular texture to discover new texture tiles

in new frames.

Finally, the recent work presented in White and Forsyth

(2006) is related to ours in two ways. First, it registers

a texture composed of a few colors, typically 3 or 4, by

comparing color histograms. Then, it modifies the tex-

ture on the deformed surface, while handling illumination

changes. This approach to retexturing differs from ours

in that we avoid limiting the number of colors present

on the surface by introducing some irradiance smooth-

ing, which yields real-time performance on both color or

gray level images.

3. Non-rigid Surface Detection

To detect a potentially deformable object, we rely on

establishing correspondences between a model image

in which the deformations are small and an input im-

age in which they may be large. To this end, we use

the fast wide-baseline matching algorithm (Lepetit et al.,

2005) discussed in Section 2.1. Given a set C of cor-

respondences between the two images, many of which

might be erroneous, our problem can be formally stated

as follows: We are looking for the transformation TS

mapping the undeformed model surface M into the de-

formed target one TS (M) and for the subset G � C
of correct matches such that the sum of the squared

)c()b()a(

vi vj
vk

Figure 3. 2D mesh models. (a) Vertex neighborhood in an undeformed hexagonal mesh. (b) Two deformations that are not penalized. (c) Two

penalized deformations. Deformations resulting from perspective projection resemble those in (b) and are therefore much less severely penalized than

those resulting from erroneous matches.

distances between corresponding points in G is min-

imized while the deformations remain as smooth as

possible.

3.1. 2-D Surface Meshes

We represent our model M as a triangulated 2-D mesh

of hexagonally connected vertices such as the one shown

in Fig. 2. The position of a vertex v j is specified by its

image coordinates (x j , y j ). The overall shape is therefore

controlled by a state vector S that is the vector of all x
and y coordinates. Given S and the barycentric coordi-

nates Bi (p) of image point p that belongs to a specific

facet (v1, v2, v3) of the undeformed mesh, we define the

mapping

TS(p) =
3�

i= 1

Bi (p)

�
xi

yi

�
, (1)

where xi and yi are vertex coordinates of the deformed

mesh.

The mesh deforms to minimize the objective function

ε(S) = λDεD(S) + εC (S), (2)

where εC is a data term that takes point correspondences

into account, εD is a deformation energy that should be

rotationally invariant and tend to preserve the regularity

of the mesh, and λD is a constant.

We take εD(S) to be an approximation of the sum over

the surface of the square second derivatives of the x and

y coordinates. More specifically, let E be the set of ver-

tex index triplets (i, j, k) such that (vi , v j , vk) form two

connected and colinear edges, as illustrated by Fig. 3(a).

Since the undeformed mesh M has equidistant vertices,
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Figure 4. The ρ function of Eq. (9) is quadratic for distances smaller than the radius of confidence, elsewhere it is zero.

ones, fall within this broad ridge of confidence and are

given some weight. As r diminishes, ρ becomes more

peaked and selective. This formulation has the following

advantages:

€ The quadratic behavior of ρ within the ridge of con-

fidence yields a relatively convex εC that is easy to

minimize.

€ ρ is normalized so that
� 	

Š	 ρ(x, r )dx = 1 � r > 0,

which means that the εC term computed with any r val-

ues remain commensurate to the λDεD term of Eq. (2).

Therefore, we do not need to adjust either the λD pa-

rameter or the wc weights of Eq. (8). This is in contrast

to methods such as SoftAssign (Chui and Rangarajan,

2003; Wills and Belongie, 2004) in which the surface

rigidity must be progressively reduced according to a

schedule that is not necessarily easy to synchronize

with the annealing of r and may change from case to

case.

€ ρ has finite support so that correspondences that fall

outside the radius of confidence are completely ignored

and can be tagged as invalid.

These properties of the ρ estimator are what make the

straightforward approach to optimization described

below so effective.

3.3. Optimization Schedule

Minimizing ε therefore results in a mesh that moves to-

wards the desired solution but whose progression can be

blocked by outliers. To overcome this, we introduce a

simple optimization schedule in which the initial radius

of confidence r0 = 1000 is progressively reduced at a

constant rate η = 0.5: rt = ηrtŠ1. For each value of r ,

we minimize ε and use the result as the initial state for

the next minimization.

As discussed in Section 3.1, at each iteration of

our semi-implicit optimization scheme, we evaluate the

derivatives of εC . In this context, the fact that ρ has deriva-

tives whose magnitude is inversely proportional to r is

very beneficial: At the beginning when r is large, the

gradients of εD are comparatively larger than those of

εC , thus preventing erroneous matches from crumpling

the surface while allowing correct and consistent ones to

produce the right global deformation. As the optimiza-

tion progresses and r decreases, the ρ derivatives and

consequently the gradients of εC become larger. The tri-

angulation starts bending as appropriate and the influence

of the outliers progressively decreases.

The algorithm stops when r reaches a value close

to the expected precision of the matches expressed in

pixels, typically one or two. Such a deterministic algo-

rithm is guaranteed to converge but the result might be

wrong, for example because the target object is com-

pletely occluded. To decide whether or not to believe

the result, we simply count the number of correspon-

dences that fall within the ridge of confidence of our ρ

estimator. As will be shown in Section 4, this criterion

is surprisingly effective at distinguishing successes from

failures.

4. Synthetic Experiments

In this section, we use synthetic data to illustrate

the effectiveness of our implementation choices. More
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Figure 5. Image and meshes used for our synthetic experiments. (a) Original image. (b) Reference mesh computed using hand-picked correspon-

dences. (c) A random initial configuration.

specifically we show that our algorithm is insensitive to

parameter choices, insensitive to initial conditions, and

effective at rejecting false matches.

Figure 5 depicts our approach to creating synthetic

data for these experiments. We fed our algorithm with

manually established correspondences between a model

image in which the sheet of paper is flat, and the image

of Fig. 5(a) until we obtained the 600-vertex deformed

mesh of Fig. 5(b), which projects correctly over its whole

surface. We treat this mesh as our reference, which can

be viewed as the ideal result that can be expected from

our algorithm. In the remainder of this section we will use

different sets of correspondences, randomized initial con-

ditions, and modified parameter settings. They produce

different results that can then be compared to our refer-

ence. Proceeding in this manner ensures that the devia-

tions we measure are strictly related to what we are trying

to measure, as opposed to pose dependent problems.

4.1. Measuring Success

We define three objective success criteria:

C1 90% of the mesh vertices are within 2 pixels of those

in the reference mesh.

C2 50% of the mesh vertices are within 2 pixels of those

in the reference mesh.

Number of good input matches

O
ut

lie
rs

 r
at

e 
in

 in
pu

t m
at

ch
es

Probability of having 90% mesh vertices within 2 pixels of the solution

0.
9

0.
9

0.9

0.
9

0.
8

0.
8

0.8

0.7

0.
7

0.
7

0.6
0.6

0.6

0.
5

0.5
0.5

0.4

0.
3

0.
2

0.1
0.1

0.2
0.3

0.
4

20 40 60 80 100 120 140 160 180
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of good input matches

O
ut

lie
rs

 r
at

e 
in

 in
pu

t m
at

ch
es

Probability of having 50% mesh vertices within 2 pixels of the solution

0.9

0.
9

0.8

0.1

0.
2

0.
3

0.
4

0.6
0.7

0.8
0.9

20 40 60 80 100 120 140 160 180
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of good input matches

O
ut

lie
rs

 r
at

e 
in

 in
pu

t m
at

ch
es

Probability of finding at least 90% of good input matches

0.90.8

0.90.
7

0.
8

0.
9

0.
9

0.8
0.7

0.
6

0.
5

0.7

0.
9

20 40 60 80 100 120 140 160 180
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C1 criterion C2 criterion C3 criterion

Figure 6. Probability of success according to the three criteria of Section 4.1 as a function of the number of valid input matches, on the horizontal

axis, and the outlier rate, on the vertical axis. White indicates values close to one and black close to zero.

C3 At least 90% of the valid correspondences given as

input are correctly labeled as such by the robust esti-

mator, as discussed in Section 3.2.

Given that the test image is of dimension 1024 × 768, C1

and C2 rate the algorithm’s accuracy and C3 its ability to

discriminate valid correspondences from spurious ones.

The 90% figure in C1 eliminates cases where a substantial

part of the mesh is incorrectly reconstructed, even though

the algorithm may have done a good job on the rest, a case

that C2 labels as correct.

To test our algorithm, we ran it about one hundred

thousand times with random initial conditions, such as

the one of Fig. 5(c) that is very far from the solution,

and using synthetic sets of correspondences containing

varying numbers of valid matches and percentages of

erroneous ones.

Accuracy and Robustness. Figure 6 depicts the success

rates according to the C1, C2, and C3 criteria introduced

above as a function of the number of valid correspon-

dences and of the outlier rate. In each plot, the color de-

picts the percentage of results that meet the corresponding

criterion. The black wiggly lines represent level lines in

this probability landscape. Note that in all three plots,

they are nearly vertical for outlier rates up to 90%, thus

indicating that the performance does not significantly de-

grade before then. Given that C1 is much more stringent
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Figure 10. Number of individual Levenberg-Marquardt steps to achieve convergence. (a) For several values of η, number of steps required to

minimize the total-energy of Eq. (2) for each successive value of r . (b) Similar plot for nine initial states, chosen to be increasingly far from the

reference mesh.

radius values but will require fewer iterations at each. If

the radius decreases faster, the situation is reversed but

the global outcome is similar.

Sensitivity to Initial Conditions. Because our algo-

rithm appears to be very effective at avoiding local min-

ima, the choice of initial condition has little bearing on

success or failure. It does however have an influence on

the time required to achieve convergence.

To demonstrate this, we again randomly picked a set

of correspondences and ran the optimizer several times

using nine different initial conditions, chosen to be in-

creasingly far from the reference mesh. The algorithm

yielded the same result in all cases and Fig. 10(b) depicts

the number of individual Levenberg-Marquardt steps per-

formed for each successive value of r during each run.

Starting close to the solution saves iterations for large

values of r but not for small ones. Nevertheless, this be-

havior could obviously be exploited in a tracking context

where a good initial estimate is usually available.

5. Results

We now turn to real images and video sequences. We

first demonstrate that our approach leads to a real-time
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Figure 12. (a) The reference image of the target surface with the model mesh overlaid. (b) An input image. (c) The mesh is correctly deformed

and registered to the input image. (d) The original pattern has been erased and replaced by a blank but correctly shaded image. (e) A virtual pattern

replaces the original one. It is correctly deformed but not yet relighted. (f) The virtual pattern is deformed and relighted.

where Ir,p and Ii,p are the pixel intensities in the reference

and input image respectively, Li,p the total irradiance in

the input image at pi , and Lr the total irradiance in the

reference image assumed to be the same at all surface

points. In general, the values of Ir,p and Ii,p are different

due to changes in both normal orientations and lighting

conditions. However, the geometric registration we have

established between the two images tells us that they cor-

respond to the same physical point, which we exploit as

follows.

Let us consider a white surface area with albedo Aw

at location w on the surface. If the target surface has no

white part, it is always possible to put a white object next

to it while taking the reference image. We can measure

on the reference image the pixel intensity Ir,w where this

white location w is projected and write

Ir,w = Lr Aw, (12)

where Lr is the irradiance of Eq. (10).

Using this white normalization Ir,w, we can compute a

new image, looking similar to the input one, except that

the surface albedo is changed to Aw. In the input image,

if there was no texture, the corresponding image intensity

should be

Ix,p = Li,p Aw = Aw Lr
Ii,p

Ir,p
= Ir,w

Ii,p

Ir,p
. (13)

Note that Ix,p is expressed exclusively in terms of image

intensities, which are readily available, as opposed to

albedoes or surface normals that are not.

Replacing the intensities Ii,p of all the pixels on the

object surface by Ix,p yields images such as the one of

Fig. 12(d) where the original texture has been replaced

by a blank but correctly shaded surface. To draw a shaded

new texture, as in Fig. 12(f), we simply multiply texture

values with their corresponding white Ix,p.

Note that, because we perform the computation locally,

it remains valid no matter how many sources there are and

what their specific characteristics may be. The only thing

that has to be true is that the contribution of the individual

light sources to the pixel intensity are all modulated by the

same diffuse albedo and do not depend on the viewpoint.

In practice, we compute the lighting factor only at mesh

vertices, averaging pixels values of both model and in-

put images over an hexagonal area surrounding it. The

resulting Ix,p values are then interpolated over triangles

by OpenGL.

In some cases, Ix,p is difficult to estimate reliably on

large single-colored areas. In the example of Fig. 13(a),

recovering the Ix,p blue component over the red area is

hard because sensor inaccuracy on remaining blue light is

amplified by a big factor. However, the visual impression

given by Fig. 13(b) is still that the original painting has

been erased and replaced.

Specularities and Saturation. The assumptions used to

derive formula 13 are clearly violated for specular ma-

terials. However, as illustrated by Fig. 14, this does not

have severe consequences even in the presence of strong

specularities and the illusion remains convincing.

This is because, when there is a specularity, the image

intensity increases and the
Ii,p

Ir,p
ratio of Eq. (13) becomes

large. As a result, the Ix,p intensity that is used to draw the

synthetic patterns also increases, which is perceptually

correct since it yields intensity maxima at specularities’

locations. In other words, the absolute value of Ix,p may

not be correct but its magnitude relative to its neighbors

remains consistent with the presence of a specularity. And
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runs at 8–10 frames per second on a 2.3 GHz laptop. It

takes advantage of wide-baseline matching, deformable

mesh and robust estimation techniques in such a way that

the resulting algorithm has very few parameters that do

not require any fine tuning. As a result, it was easy to

incorporate it into a real-time Augmented Reality system

that produces convincing illusions even when the illumi-

nation is complex.

The current computations are performed using 2-D

meshes but the formalism presented in this paper nat-

urally extend to 3-D, with only a very limited additional

computational burden. This should be key to handling

even more severe self-occlusions than the ones shown

in this paper and, also, to incorporate physical knowl-

edge about the deformation modes of the surface if they

are known. This should help us handle less textured ob-

jects than the ones we have worked with so far, that is

objects for which fewer interest points can be detected

and matched. An alternative way to deal with relatively

bland surfaces would be to broaden the definition of in-

terest points to include those that can be found along

contours, as opposed to corners, and could also be con-

sidered within our framework. We intend to pursue both

avenues of research in future work.
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